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Abstract
The spectrum of the Schrédinger operator in a quantum waveguide is known to be unstable in two and
three dimensions. Any enlargement of the waveguide produces eigenvalues beneath the continuous spectrum
[BGRS]. Also if the waveguide is bent eigenvalues will arise below the continuous spectrum [DE]. In this
paper a magnetic field is added into the system. The spectrum of the magnetic Schrédinger operator is
proved to be stable under small local deformations and also under small bending of the waveguide. The
proof includes a magnetic Hardy-type inequality in the waveguide, which is interesting in its own.

1 Introduction

It has been known for a long time that an appropriate bending of a two dimensional quantum waveguide
induces the existence of bound states, [ES], [GJ] and [DE]. From the mathematical point of view this means
that the Dirichlet Laplacian on a smooth asymptotical straight planar waveguide has at least one isolated
eigenvalue below the threshold of the essential spectrum. Similar results have been obtained for a locally
deformed waveguide, which corresponds to adding a small “bump” to the straight waveguide, see [BGRS] and
[BEGK]. In both cases an appropriate transformation is used to pass to a unitary equivalent operator on
the straight waveguide with an additional potential, which is proved to be attractive. As a result at least one
isolated eigenvalue appears below the essential spectrum for any nonzero curvature, satisfying certain regularity
properties, respectively for an arbitrarily small “bump”. The crucial point is that for low energy the Dirichlet
Laplacian in a planar waveguide in R? behaves effectively as a one dimensional system, in which the Schrédinger
operators with attractive potentials have a negative discrete eigenvalue no matter how weak the potential is.
This is related to the well known fact that the Hardy inequality fails to hold in dimensions one and two.

The purpose of this paper is to prove that in the presence of a suitable magnetic field some critical strength
of the deformation is needed for these bound states to appear. The magnetic field is not supposed to affect
the essential spectrum of the Dirichlet Laplacian. We will deal with two generic examples of magnetic field; a
bounded differentiable field with compact support and an Aharonov-Bohm field. The crucial technical tool of
the present work is a Hardy type inequality for magnetic Dirichlet forms in the waveguide.

For d > 3 the classical Hardy-inequality states that

/Rd |u|(xx|g| dx < ﬁ/ﬂ&d |Vu(z)|? de, (1.1)

for all u € HY(RY). Hence if d > 3 and V € C§°(R?), V > 0, the operator — A —eV does not have negative
eigenvalues for small values of the parameter €. However if d = 1,2 then (1.1) fails to hold (see [BS2]) and

hence the spectrum of — A —eV contains some negative eigenvalues for any ¢ > 0. If d = 2 and a magnetic
field is introduced a higher dimensional behavior appears. Let us consider the magnetic Schrodinger operator
(—iV + A)2, where A : R? — R? is a magnetic vector potential. In 1999 Laptev and Weidl proved a modified
version of the inequality (1.1) in R? for the quadratic form of a magnetic Schrédinger operator

Const Md < |(—=iV + A)u(z)|? d (1.2)
ons e r < . i u(z)|* de, .
see [LW], and gave a sharp result for the case of Aharonov-Bohm field. This was later extended in [B] to multiple
Aharonov-Bohm magnetic potentials, see also [EL] and [BEL]. In our model the spectrum of (—iV + A)? starts
from 1 and inequality (1.2) is not a good lower bound for functions in H{ (R x (0,7)). Our aim is therefore to
prove that Hardy-inequality

Const / |u(m)|22 dr < / (|(=ivV + Au(x)]? — |u(:1:)|2) dz, (1.3)
Rx(0,7) 1+ 27 R (0,7)

holds true for all u in the Sobolev space H} (R x (0,7)). Inequality (1.3) is then used to prove stability of the

spectrum of the magnetic Schrédinger operator under local geometrical perturbations.

The text is organized in the following way. In Section 3 we prove inequality (1.3) for the magnetic Schrodinger
operator with a bounded differentiable and compactly supported field, see Theorem 3.1. The main new in-
gredient of our result is that we subtract the threshold of essential spectrum. We also prove the asymptotical
behavior of the corresponding constant in the Hardy inequality in the limit of weak fields.



In Section 4 we prove the stability of the essential spectrum of the operator (—iV + A)? in the deformed
and curved waveguide for certain magnetic potentials, Theorem 4.1. The class of magnetic potentials for which
the Theorem applies also includes the Aharonov-Bohm field.

In Section 5 we use (1.3) to prove that the spectrum of (—iV + A)? is stable under weak deformations of the
boundary of the waveguide, Theorem 5.1. We also give an asymptotical estimate on the critical strength Ay of
the deformation, for which the discrete spectrum (—iV + A)? will be empty. In particular, if the magnetic field
equals aB, then )\ is proportional to a? as o — 0. Moreover, we prove by a trial function argument that the
same behavior of A\, with another constant, is sufficient also for the presence of eigenvalues below the essential
spectrum, Theorem 5.3. The latter shows that the order of a in our estimate is optimal.

Locally curved waveguides are studied in Section 6. We consider a waveguide with the curvature (v, where
[ is a positive parameter and 7y is some fixed smooth function with compact support. Similarly as in Section
5 we show in Theorem 6.1 that there exists a 3y, such that for all 3 < Gy there will be no eigenvalues in the
spectrum of (—iV + A)2. The behavior of By for in the limit of weak fields is at least proportional to a2, as
a — 0.

The Aharonov-Bohm field requires a bit different approach due to the technical difficulties coming from the
fact that the corresponding magnetic potential has a singularity. However, all the results mentioned above can
be extended also to this case. This is done in Section 7.

2 The main results

Here we formulate the main results of the paper without giving any explicit estimates on the involved constants.
For more detailed formulations see the theorems in respectively sections.

We state the Hardy inequality for magnetic Dirichlet forms separately for the case of an Aharonov-Bohm
field and for a bounded field.

Theorem 3.1. Let B € C'(R?) be a bounded, real-valued magnetic field which is non-trivial in R x (0, ).
Then there is a positive constant ¢ such that

2
C/ u 5 dedy < / (I(=iV + A)ul? = [u]?) dady, (2.1)
Rx(0,7) L+ @ Rx (0,)

for all uw € H}(R x (0,7)), where A is a magnetic vector potential associated with B.

Theorem 7.1. Let A be the magnetic vector potential

&, —Y+t% z
Ay =2 <x2+<y—yo>’x2+<y—yo>)’ (22)

where ® € R\ Z and yo € (0, 7). Then there is a positive constant ¢ such that

|ul? / . 2 2
c ————dxdy < [(=iV 4+ A)v|* — |v|*) dxdy, (2.3)
/]RX(O,TI’) 2%+ (y — vo)? Rx (0,7) ( )

holds for all uw € Hj 4(R x (0,7) \ {(0,%0)})-

As an application of Theorem 3.1. and Theorem 7.1. we prove stability results for the spectrum of the
magnetic Schrodinger operator under geometrical perturbations. First we consider local deformations of a
waveguide. Let f be a non-negative function in C}(R), A > 0 and construct

D={(z,y) eR*:0<y<m+If(x)}. (2.4)
Let My be the Friedrich’s extension of the operator
(*laz + (11)2 + (*lay =+ a2)2 ) (25)

defined on C§°(€2y), where A is either the magnetic vector potential for the Aharonov-Bohm field inside the
waveguide or a magnetic vector potential associated with a magnetic field B € C§(R?), such that B is non-trivial
in Q). Then the following statement holds:



Theorem 5.1. and 7.4. There is a positive constant Ao such that for A € (0, \g) the operator My has purely
essential spectrum [1,00).

Assume that we replace the field B by aB, where a > 0 then there are constants ¢, and c. such that if
A < o0 4+ O(at), (2.6)
as a — 0, then the discrete spectrum of My is empty. But if
a? < e+ O(N?), (2.7)

as A — 0, then M, has at least one eigenvalue.
If we now consider M, being the same operator as My but in a curved waveguide €13, where 37y indicates
the curvature of the boundary of the waveguide the results are similar.

Theorem 6.1. and 7.5. There is a positive constant By such that if 5 € (0,80) then the operator M. has
purely essential spectrum [1,00).

3 A Hardy-type inequality

In this section we will prove a Hardy inequality in the case of a general bounded, differentiable magnetic field.
Let Q@ = R x (0,7) and let B be a bounded, real-valued magnetic field such that B € C'(R?) and B is
non-trivial in Q. Choose a point p € Q such that there is a ball Br(p) C  with
1

[0 = —
) 27 JB.(p)

B(z,y) dzdy (3.1)

not identically zero for r € (0, R). For simplicity let p = (0, yo), for some yo € (0, 7).
We can construct a magnetic vector potential for B as A(z,y) = (a1(x,y),a2(x,y)) defined on R? in the
following way

1
a(z,y) = = —wvo) / B(uz, u(y = yo) + yo) udu, (3.2)
0
1
aloy) = o [ Blus,uly - o) + o) udo (33
0
Then (curl A)(x,y) = Ozaz2(z,y) — Oya1(x,y) = B(z,y) and the transversal gauge A(z,y) - (z,y — yo) = 0 for

all (z,y) € R? is satisfied. Note that since ay,as € L>(R?) we have Hj 4 () = Hg (), where Hj ,(€2) denotes
the completion of C§°(€2) in the norm

HUH?LI&A(Q) = HUH%Z(Q) + [[(=1V + A)UH%Z(Q)' (3.4)

Theorem 3.1. Let B € C*(R?) be a real-valued magnetic field such that B # 0 in Q. Then

Jul? . 2 2
en [ s dvdy < [ (59 + Al = uf?) dody 5)

holds for allu € HJ(SY), where A is a magnetic vector potential associated with B and cy is a positive constant,
given in (3.31).

Proof. Due to gauge invariance of the inequality (3.5) we can without loss of generality assume that the
components of A are given by (3.2) and (3.3). Let (r,6) be polar coordinates centered at the point p. We will
prove that the inequality

c/ |u|?r dr df < / (Jur® +772| = iug + ra(r, O)u|?) rdr do, (3.6)
Br(p) Br(p)

holds for all u € H}(Q), where a(r,0) = A - (—sin6, cos) and c is a positive constant.



For fixed r we consider the operator K, = —idp + ra(r,0) in L?(0,2r), which was studied in [LW]. The
operator K, is self-adjoint on the domain H'(0,27) with periodic boundary conditions. The spectrum of K,

is discrete and the eigenvalues {Ax},- ___ and the orthonormal set of eigenfunctions {¢x},- __ are given by

21
Ao = Molr) = k + % a(r,0)do = k + ®(r), (3.7)
0
and 1
Ok (T, 9) _ eiAk0—ir f09 a(r,s) ds (38)

Ven

The quadratic form of K? satisfies the following inequality

2m 2
,u(r)Q/ lu|? do < / | — iug + raul|? do, (3.9)
0 0
for all u(r,-) € H'(0,27), where u(r) = dist(®(r),Z). Thus

2
/ M—2|u|27’ dr df < / 72| — iug + raul*r dr df, (3.10)
Br(p) " Br(p)

holds for all u € H*(Q).
Define the function x : [0, R] — [0, 1] by

2 2 -1
_ g p(r) — p(r)
X(r)="=—"5"— where po= (féﬁ’fz] r) (@10)

Since @ is piecewise continuous differentiable and ®(0) = 0 it follows that x is well defined. It is clear that
x(r) € [0,1] and that there exists at least one ro € (0, R] such that x(ro) = 1. Let v € H*(0, R) such that
v(rg) = 0, then we have the following inequalities

R 3 2 3 R

2 _

/ lo(r)|r dr < i 361: 7’0“’0/ W (r)?r dr, (3.12)
0 0

ro
and

"o 2 7"3 e
| lo(r)|“rdr < 2 | [v" () |“r dr, (3.13)

0
where vy > 2 is the first zero of the Bessel function Jy. The latter comes from the lowest eigenvalue of —A in
a circle with Dirichlet boundary conditions at the radius ro. The first inequality follows by writing

/TT o' () dt

/ |u|®rdrdd < 2/ (Ixul® + (1 = x)ul?) rdr do
Br(p) Br(p)

2

R
lo(r)]? = <(r- ro)/ |v (r)|? dr. (3.14)

To

Using (3.12) and (3.13) we conclude that

< QM(Q)/ 2| — iug + rau|®r dr df
Br(p)

27 7"2 0
w2 [ [Tl urar
0 Yo Jo

92 3 _ 2 3 R
L2 3R ”’“0/ |((lx)u)'|2rdr) do (3.15)

67‘0 ro
< QM(Q)/ 72| — iug + raul®r dr df
Br(p)
+CO/ (Ix"ul® + up*) rdrdf
Br(p)
< 01/ (|ur]® + 772 — iug + raul®) r dr df,
Br(p)



where

co = dmax{yy>r, (6r0) 1 (2R* —3R%rg +13)}, (3.16)

cr = max{2uf + dcocsug, o} (3.17)
-2 /

= - . 3.18

c2 Jmase [r==(rp(r) = u(r)| (3.18)

The operator fj—; — 1 on the domain {u € H3(0,7) : u(yo) = 0} is greater or equal to
3 := 72 min {y&Q,(ﬁ—yO)_Q} -1 (3.19)

This can be easily verified by writing —d”‘l—yZZ — 1 as the direct sum (—j—; — 1) @ (—j—; — 1) on the set

HZ(0,y0) & HZ(yo, ). In terms of quadratic forms this means that for v in H*(0,7) we have
/ lv(y)|? sin? y dy < cgl/ [v/ (y)|? sin? y dy. (3.20)
0 0

Let u € HY(Q) and ¢ : (0,7) — [0, 1] be defined by

y—wol i h_(2) <y < hy(2)
_ ) VR B 0- Yy A\ 3.91
() { 1 , otherwise. ( )

where hy(x) = yo £ VR? — 22. We write u = (1 — ¢))u + ¢u and use (3.20) to obtain

™ hy ()
/ lu*sin® ydy < 2/ » |(1 —¢)ul?sin? y dy (3.22)
0 h_(x

: /W 2 2 P () |U|QSin2ydy
+ u, Y| sin” y dy + 75 o |-
cs < 0 el hew ~RP—a?

Let Qr = (—R, R) x (0,7), then by (3.15) and (3.22) we get

C1 (2R263 + 4)
czcos?(lyo — 5| + R)
4R?
+— luy|? sin? y dy dz, (3.23)
3 Jagn

/ (R? — 2®)|ul*sin® ydydx < / |(—iV + A)u|? sin? y dx dy
Qr Br(p)

for all u € HY(Q). If u = |v| where v € C*°() then by the diamagnetic inequality (see for instance [K], [S],
[AHS] and [HS]) saying that
IVIvl(z, y)| < [(=1V + A)v(z, y)| (3.24)

holds almost everywhere, it follows that

/ (R? — 22)|u|?sin® y d dy < 64/ |(—=iV + A)u|? sin? y dz dy, (3.25)
QR QR

holds for all u € C*°(Q) with
2R20163 +4c1 + 4R?
= . 3.26
“ c3 cos?(|lyo — 5| + R) ( )

We need the classical one-dimensional Hardy inequality saying that

/wwdt < 4/00 |v|? dt (3.27)
T C R ’ '
holds for any v € H!(R), such that v(0) = 0 (see [H]). Take m = % and let the mapping ¢ : R — [0,1] be
defined by
1, if |z| >m,
p(x) = { H—- (3.28)



Let u € C*(Q) N L2(Q), by writing u = uy + u(1 — ¢) and using (3.24), (3.25) and (3.27) we obtain

|ul* sin® y upl® + u(l = 9)|*
0 W dx dy S 2 0 1 T 1;2 511’12 ydm‘ dy (329)
2 2
< 16/9 (luapl? + lug'|?) SiDdexdy+2/Qm lulj#dxdy
< 16/ |u$|2sin2ydxdy+05/ (R? — 2%)|u|*sin® y dx dy
Q Qr
< 06/ |(=iV + A)u|? sin? y dx dy,
Q
where )
64 + 4R
cs = % and ce = 16 + cyc5. (3.30)

If we now substitute v(x,y) = u(x,y)siny the statement of the theorem with
CH =Cq 1 (3.31)
will follow by continuity. O

Let us replace the field B by aB, where « is a positive constant. Let ® g be defined by (3.1) with the field
B and define the following constants.

—1
k, = (Tgﬁ%]r_lfbg(r)) ) (3.32)
ka = max |[r2(r®(r) — ®5(r))), (3.33)
r€[0,R)]

(2R%c3 + 4)(2k? + 4cokik3)
czcos®(lyo — 5| + R)

k4 (3.34)
Corollary 3.2. If we replace B by aB in Theorem 3.1, then the constant cy in (3.5) satisfies the following
equality
1
cg > ——a® + 0(at), (3.35)
k/’4C5
for a — 0.

Proof. We first note that the constants cg, c3 and c¢5 are independent of a. As o — 0 the constant ¢; =
(2% +4coktk3)a™? and ¢ = koo This implies that ¢4 = kya=2+O(1) and therefore (3.35) holds as « — 0. O

4 Stability of essential spectrum

Let Q be a subset of R? with 9 being piecewise continuously differentiable and let us assume that there is
a bounded set Q¢ C R? such that Q \ Qg consists up to translations and rotations of two half strips €; and
. By a half strip we denote the set (0,00) x (0,7) \ P, where P is either empty or contains finite number of
points in R?. Let M be the operator (—iV + A)? on H{ 4(9), for some magnetic vector potential A.

Theorem 4.1. If the magnetic vector potential A = (a1,a2) is such that for j = 1,2 we have a; €
L2 .(Q1 U Qa), aj € L*T(Q) for some ¢ > 0 and the functions |A| and div A are for some R > 0 in
L? (o n{z € R?: |z| > R}), then

Gess(M) = [1, 50). (4.1)

Proof. We can without loss of generality assume that Q2 = (0,00) x (0,7). To prove that [1,00) C Tess(M) we

construct Weyl sequences. Assume that X is a non-negative real number. Let {h,,} -, be a singular sequence
2
of real-valued testfunctions for the operator —# in L?(R) at A such that supph,, € (n,c0) and such that

10



[[hnlloo and ||R] ||co are uniformly bounded in n. For instance let ¢ € C5°(R) be a non-negative function such
that [|¢||2(r) = 1 and supp ¢ C (—1,1). Let

0 ,if z<norz>n?
2 2 . (n+1)
pn(‘m) = n(nil) T n—1 ’ if n S T < %7 (42)
n(:LQ—Il) + 73111 ) if n(n;—l_) S r < 712,

then h,, can be chosen as a subsequence of (p,, * ¢)(x) - cos(y/ax) such that the functions from the subsequence
have disjoint support.
Construct the functions

gn (:L', y) = hp (:L') siny. (43)
We will prove that g, is a singular sequence for M at 1+ \. Clearly g, € D(M) for n large enough and

. T
lonlFaiy = [ A(e)*sin ydody = Fhali ey >0, (14)

for every n.
Let u be any function in L?(£2), then

(4, gn) 1200 = / siny / ho(@)u(z, ) da dy — 0, (4.5)
0 n

the latter follows since u(-,y) is in L?(R) for a.e. y € (0, 7). Finally we must show that (M — (A + 1))g, — 0,
as n — oo. There is a constant ¢ depending on ||h,||s and ||k} ||cc such that

101 = (o Mgy = [ 1= 1= A PDa m

+/ / (JA]? + | div A]?) dxdy) -0, (4.7)
0 n

as n — oo. We have proved that 1 + X € ges(M) for all non-negative A, i.e. [1,00) C gess(M).

To prove the reverse inclusion oess(M) C [1,00) it will be enough to prove that infoess(M) > 1. We
study the operator My being M with additional Neumann boundary condition at the intersections €2y N €2
and Qg N Qy. Then My can be written as a direct sum of three operators M7 @® My ® Ms on the domain
HgyA(Ql) D HgyA(QO) D HgyA(Qg). Since the magnetic field is in L27¢() the norms in H} () and HE(Qo)
are equivalent. This implies that the spectrum of Mj is discrete. By the maximin principle we have

inf oess (M) > inf 0ess (M) = inf goss (M) > inf o(Ms). (4.8)
By the diamagnetic inequality we get that
inf o(M3) > info(—A) = 1. (4.9)

The last inequality follows since Dirichlet boundary conditions in the points contained in P don’t affect the
spectrum of —A. Hence the proof is complete. O

5 Locally deformed waveguides
Let f be a non-negative function in C3(R) and for A > 0 we construct
D={(s,) eR*:0<t <m+Anf(s)}. (5.1)

In [BGRS] it was proven that the Friedrich’s extension of —A — 1 defined on C§°(2,) had negative eigenvalues
for all A > 0. For small enough values of A > 0 there is a unique simple negative eigenvalue E(\), the function
E(\) is analytic at A = 0 and

E(\) = —\2 </R £(s) ds)2 +OM®). (5.2)

11



We will show that if we add a magnetic field to the Schrodinger operator it will prevent these negative eigenvalues
to appear for small values of \.

Assume that B € C3(R?) such that B is not identically zero in Q). Let My be the Friedrich’s extension of
the symmetric, semi-bounded operator

(—i0s + a1 (s, ) + (—id; + aa(s, 1)), (5.3)

defined on the domain C§°(2y), where A(s,t) = (a1(s,t),a2(s,t)) is a magnetic vector potential associated
with B. Due to gauge invariance we can assume that A is defined by (3.2) and (3.3). Since B is bounded and
of compact support, it follows from (3.2) and (3.3) that a;,as € L°°(R?) and for r = |(s,t)| — oo we have

laj(s,t)| = O(r~1), for j =1,2. (5.4)
This implies that the essential spectrum of My coincides by Theorem 4.1 with the half-line [1, 00).

Theorem 5.1. There is a positive number Ao depending on || flloo, ||/ loo;s |@1]lcc and |laz||ce such that for
A € (0, Ao) the discrete spectrum of Mg is empty.

Proof. We denote by q4 the quadratic form associated with My, i.e.

qalv] = / (| — it + a1¢|2 + | — ity + a2¢|2) ds dt, (5.5)

Qx

with D(qq) = HE(Q)). Define
Uy : L*(Qy) — L*(9) (5.6)

to be the unitary operator given by
(Uz)(2,y) = V14 Af(@)o(z, (L+ Af(2))y). (5.7)
The operator M, is unitary equivalent to the operator
My == U\MUy (5.8)
defined on the set U\D(My) in L?(Qp). The form associated with M) is then given by
el = aalUy ¢, (5.9)

defined on the space D(qy) = UxD(qq). If we prove that M, — 1 is non-negative, then the theorem will follow
from (5.8) and the fact that gess(Myg) = [1,00).
For convenience let g(s) =1+ Af(s), then

mle] = qaUs'e]
[ (|0 s et ets gt 0)
Qx

‘ 2

+ ’(fiat + a2(s,t))(9(5)%w(s,g(s)lt))’2> ds di

= /Q <12gg/((z;sﬁ(z,y)i%(x,y) (5.10)
iyg'(z) ?

+ g(;; py(@,y) + a1z, y)e(z,y)

2
) dx dy,

Az,y) = (a1(2,y), a2(2,y)) = Az, g(2)y). (5.11)

+ }ﬁx)gpy(l‘, y) + az(z,y)e(z, y)

where

12



Straightforward calculation gives

. ~ 2 . ~ 2
wid = | (|—wz+a1go| T =iy + a2l — [y 2
0
2

g, __ _ 1(9’) s Y9, __ _
(WP +02P) — - | =) 1@l — = (vaPy + YyPa 5.12
2g( )= ; ol g( Yy + 0y Pz) (5.12)
2(.,1\2 !~ ~

ye(g')" +1 yg'ar + Afas, 0
+7( 9)2 |<py|2+17g (0y P — ¥@y) | drdy.

Let g be the quadratic form associated with the Schrodinger operator with the magnetic vector potential A in
the space L%(g). We have

alel = leliz = ale)l = el
212/ £1\2 2 r2 N\ 2
YIN(f)? =20 f = N f LA
+/ < - leyl? =7 (=) lel?
Qo g g
y ' . N _
- (0oPy + PyPz) — 2 (0Pz + ©2P) (5.13)

L yflar+ fa _
+1/\#(gﬁygﬁ — gagay)> dz dy.

Without loss of generality we can assume that A < 1. Let x be the characteristic function of the support of f.
The following lower bound holds true,

axlel — el 220 = alel — el 20 — A/Q X (e7 (|xl” + lpyl?) + cslel?) dady, (5.14)

0

where the constants are given by

cr = IfI%+ @+ llazlc)lflloe + 27" + 7+ 7llar]loo) 1 lloo, (5.15)
cs = AT+ 27 oo + mllarllooll f oo + llazlocll Fllsc. (5.16)
By the pointwise inequality
al? + 10y 2 <2 (1= iV + Al + | 420 P?) (5.17)
and Theorem 3.1 we get
2 1 2
arlel ~ lelBaan = (5~ 2%er ) (ale] ~ lel3acan) (518)
CH 2 ) |0l
— — Aeo(l+d dx d
+(2 69(+ )/S201+x21'y7
where
d=maxsupp f and co = 2(1+ |la1||% + |jaz|% )er + cs (5.19)
and cy is the constant from (3.5). Let
CH
A=—"= 5.20
0 209(1 + d2)a ( )
then the right hand side of (5.18) is positive for all A € (0, Ao). O
If we replace B by aB, A will be replaced aA. Let us define
ko = Tim co = [[fl|3 + 2] flloo + 47 £ 1I% + (14 m) [ f oo (5.21)

The following corollary is an immediate consequence of the previous Theorem and Corollary 3.2 and shows the
asymptotical behavior of \g for weak magnetic fields.
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Corollary 5.2. If we replace the magnetic field B by aB, where a € R, then

042

N> —————
0= 2k4k905(1 + d2)

+ O(a?), (5.22)

as o — 0, where the constants are given in (3.30), (3.34), (5.19) and (5.21).

Without loss of generality we assume that Q) includes a small triangle spanned by the points (—s, 1), (s,1)
and (0,7(1+ X)) with s, 8 > 0.

Theorem 5.3. Let the magnetic field B be replaced by aB, where a € R and assume that

a2 < -T0 5 L opa), (5.23)
4/ Al

as A — 0, where A is any magnetic vector potential associated with B. Then the operator My has at least one
ergenvalue below the essential spectrum.

Proof. Define the trial function ¢ introduced in [BGRS], as follows

siny e~ (Iz[=9) szl > s, 0 <y <,
0 , otherwise.
Let [|- || = || - | z2(n,)- A simple calculation gives
Vel 2 826 3
=1-2A +O(N°), (5.25)
llell? 2
for A — 0. In order to prove that the discrete spectrum of My is non-empty, it is enough to show that the
inequality
iV A)p||?
Uiy sadol? (5.26)
¥

is satisfied for certain values of A and a. By (3.2) and (3.3) it follows that |A| € L?(£2y). Since |¢]|s = 1, we
have

: Aol2 2 211 412 2 92 211 412
6V +ad)l? [Vel? | o IAR 0 %8, 0 IAR ) 5om)
l[ell el l[ell 2 l[ell
Taking into account the fact that
1 BAs
2
— [t 5.28
lell? =7 (555 + 5+ 5°) (5.28)
we get
9 wsf3 9
o < A+ O(N) (5.29)
Al Al?
and the proof is complete. o

We remark that Corollary 5.2 together with Theorem 5.3 show that the order in the asymptotical behavior
of the constant cy given in Corollary 3.2 is sharp.
6 Locally curved waveguides
Let a and b be real-valued functions in C?(R). Define the set
Q, ={(s,t) : s =a(z) —yb'(x), t = b(z) + ya'(x), where (z,y) € R x (0,7)}, (6.1)
where v is to be explained later. We assume that

d(x)* +V(x)? =1, (6.2)

14



for all z € R. The boundary of €., for which y = 0 is a curve I' € R? given by
I ={(a(z),b(x)) : z € R}, (6.3)
and the signed curvature v : R — R of I is given by

Y(&) =V (2)a” (z) — a' (x)b" (). (6.4)

Assume that v € C3(R) and let the natural condition

v(x) > —%, (6.5)

hold for all z € R. We prohibit €2, to be self-intersecting.
We will formulate the theory and results in terms of the curvature v and not in terms of the functions a
and b. Those functions a and b can be constructed from ~ uniquely up to rotations and translations from the

a(0) + /Oz cos (/O ~(22) dmg) day, (6.6)

ba) = b(0)+/0zsm (/Oz y(mdm) da. (6.7)

In 1994, Duclos and Exner [DE] gave a proof based on ideas from Goldstone and Jaffe [GJ] of existence
of bound states below the essential spectrum for the Schrodinger operator —A in €. with Dirichlet boundary
conditions, assuming that v # 0. Our aim is to prove that if we introduce an appropriate magnetic field into
the system it will make the threshold of the bottom of the essential spectrum stable if the curvature - is weak
enough.

identities

o

—~

&
I

To be able to study weak curvatures we replace v by 8v, where 3 is a small positive real number. We will
use the notation g for the set Qg.,. Let B € C}(R?) be a magnetic field such that B is not identically zero in
Qg. Let the operator M. be the Friedrich’s extension of the symmetric, semi-bounded operator

(i85 + a1)” + (=8 + az)’ (6.8)

on the domain C§°(Q3), where A(s,t) = (a1(s,t),az2(s,t)) is a magnetic vector potential associated with B.
Without loss of generality we can assume that A is defined by the identities (3.2) and (3.3). By (5.4) and
Theorem 4.1 we have gess(M,.) = [1, 00).

Theorem 6.1. There exists positive number By depending on ||V|loos |7 ]loos l@1]loo and ||azlleo such that for
B € (0,080) the discrete spectrum of M. is empty.

Proof. The quadratic form g, associated with M, is given by
aclt] = [ (1= v+ ardf o+ |~ v+ aau?) st (6.9)

on D(q.) = H}(s). Define the unitary operator
Us : L*(95) — L*(Q) (6.10)

(Up¥) (z,y) = V1 +ypy(x) ¥(a(z) — yb'(x), b(x) + ya'(x)). (6.11)

The operator M, is unitary equivalent to the operator
Mg :=UsM.U;" (6.12)

acting on the dense subspace D(Mg) = UsD(M..) of the Hilbert space L?(€p). Our aim is to prove that the
operator Mg — 1 is nonnegative. For this we calculate the quadratic form qg associated with Mg. Our change
of variables gives us the Jacobian,

9(s,t) _ ( a'(x) —yb"(z) V'(x) + ya"(2) >
9 (z,y) —b'(x) a'(z) '

(6.13)
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Hence we have

{ 9s = (L+ypy)~' (d ()0 — (V' () +ya" (2))dy) (6.14)
O = (L+ypy)~' (¥ (2)d, — (d'(x) — yb"())dy) '
thus
asle) = 9c[U5 ' o] (6.15)
B —i(a'(x)0; — (V' (x) + ya' (x))0y) . o(z,y) ?
/szo H 1+ ypy(z) Fal ’y)} ( 1+y/6’7(x)>|
)0 (@) )0, otay) [
+H 1+y0y(z) Fal ’y)} < 1+y/6’7(x)>‘
(1 +yBy(x)) dzdy,
where

A(z,y) = (a1 (x,y), a2(2,y)) = Aa(z) — yb'(2), b(z) + yd' (2)). (6.16)
We continue without writing arguments of the functions and use the identities a’a” +b'd” = 0 and (a”)?+(b")? =

3292,

loz]? i(d'a; +bas), _ o 9
= - x - x +
qsle] /QO ((1+yﬂ’y)2 T+ By (2@ — ¥Pz) + |yl

(= +ya")ar + (o' — yb")az)
1+ ypBy

(py P — ¥Py) (6.17)

L yby L By L
S0+ i P TP T gy (P P

y8 () B*~? ~2 | -9 2
* <4(1 + yBy)4 + 41 +yBv)? +ay + az) |l ) dz dy.

We write the form g as a perturbation of the form

aleli= | | =ipnt (a'ar +b'a)pl? + | — iy + (=b'a1 + a'az)el* dz dy, (6.18)
ie. 0
asle] = ez, = ale] = lellZz(ao) (6.19)
- /Q0 (W%Q%WI%IQ —iyBy(a'ay + V') (0P — ¢P3)
—iy (_ﬁ'Yb/dl + Bya’as + %) (4P — ¥ Py)
+2(1?fi;;,7)3 (¢Pz + 2P) + % (¥Py + 0y P)

(RO 329 2> dnd
(4(1 Tyt a0 +yﬁ7)2> ol ) e

We can easily arrive at the following estimate
asle] = lelliz@y = alel = leliza,) (6.20)

_ﬁ/Q X (c10 (|exl® + loy[*) + crulel?) dady,
0

where x is the characteristic function of the support of v and

™
€10 7T2H7||c2,o+2ﬂ(1+||a1|\oo+||a2|\oo)||7||oo+§|h'||ooa (6.21)

1 T
o = (5 + 3rflar oo + 3w||a2||oo> o + 311l (6.22)

16



By using (3.5) and (5.17) we get

1
aslel = el = (5~ 20cm) (al6] = oo (6.23)
CH 2 ) |
— - 14+d dzd
+(2 fera(1+d7) /Qol+a:2 e
where
d=maxsuppy and ci2 =2 (1+ |lai]|Z + llaz||Z) cro + i1 (6.24)
The right hand side is positive if 3 € (0, 8p), with
CH
= 6.25
Bo (L + &) (6.25)
Hence the operator My has empty discrete spectrum. o
If we replace B by aB, A will be replaced aeA. Let us define
. 201112 -1 31
kiz = lim ez = 207|715 + (4m +27) [Vlloe + <117l (6.26)
Corollary 6.2. If we replace the magnetic field B by aB, where a € R, then
a?
Bo > +0(a?), (6.27)

- 2k4C5012(1 + d2)

as o — 0, where the constants are given in (3.34), (3.30) and (6.24).

7 Aharonov-Bohm field

In this last section we consider the Aharonov-Bohm field. The field is generated by a magnetic vector potential
having a singularity in one point.

7.1 A Hardy-type inequality

Let p be the point (0,y0) € R?, where 3o € (0, 7) and define A : R? — R? to be the vector field

_ &, —Y + Yo z
A(‘Tay) - ((11($,y),(12(1‘,y)) = <$2 + (y — y0)25 2 + (y — y0)2> ) (71)

for ® € R. The vector field A is a magnetic vector potential for the Aharonov-Bohm magnetic field. The
magnetic field B : R? — R is for (z,y) # p given by

B(z,y) = 0ya2 — Oya; =0 (7.2)

and the constant 27® is the magnetic flux through the point p, i.e. let I' be a closed simple curve containing
p, then

7{ ay dx + as dy = 270®. (7.3)
r
Let 2 C R? be given by Q = R x (0, 7). The following Hardy-inequality holds true.

Theorem 7.1. Let A € L} (R?) be a given real-valued magnetic vector potential such that there exists a ball

Br(p) C Q, for which (z,y) € Br(p) implies that

& —Y+% z
Aley) =2 <w2 + (Y —v0)? 22+ (y — yo)Q) ’ (74)

where ® € R\ Z. Then for all v e Hj 4,(2\ {p}) the following inequality holds

|v|* dz dy / . .
¢ — 7 < — iV + Av]? — [v]?) dx dy, 75
AB/Q:L,QJr(yiyO)Q Q(' | | | ) Yy ( )
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where
R*W2cos? (Jyo — 5| + R)

_ 7.6
CAB =3 (2R2W2 + (21392 + 1 + 2¢13)(9R? + 1672))’ (7.6)
U = min | — k|, (7.7)
kEZ
472
= . 7.8
8T T Tmax (y2, (7 — v0)%) 9
For the proof of the Theorem we need two lemmas.
Lemma 7.2. Let R be chosen such that Br(p) C Q, then the inequality
2 _ 2 2 dx d
/ | —iVu + Aul|*sin® y do dy > \112/ cos (|($’yg pl) lul 51211 yaray (7.9)
Br(p) Br(p) 2%+ (Y — vo)

holds true for all u € C*(Br(p)) such that uw = 0 in a neighborhood of p, where U is given in (7.7).

Proof. We follow ideas from [LW]. Let us introduce polar coordinates centered at the point p and let D,, =

{(r,0) : (n —1)RN~! <r <nRN~'}, where N is a natural number. Let u € C°°(Bg(p)) such that u =0 in a
neighborhood of p. In each D,, we have

/ | —iVu + Aul? sin® y da dy = / (Jur? 4+ 772| — iug 4+ Pul® cos?(rsin6)) r dr do
DTI,

n

R
> cos? (n_) / Y — iug + Qul® dr do. (7.10)
N /) /p,
To study the form (7.10) we make use of the one-dimensional self-adjoint operator K on L?(0,7) given by
K = —i0p + @, (7.11)
defined on the set
D(K) = {u e H"(0,2m) : u(0) = u(2m)} . (7.12)

The spectrum of K is discrete and its eigenvalues {Ay }, o, and the complete orthonormal system of eigenfunc-
tions {@4 },c, are given by
Mo=k+@ (7.13)

and i
or(0) = \/—Q_Felew—q’). (7.14)

We can write the function u in the Fourier expansion

u(r,0) = Z wi(r)er(0). (7.15)

kEZ
Then we have
2
/ T_1| fiue+q)u|2drd9 > / rt Zwk)\kcpk do dr
Dn Dn ke
nRN ™!
> / rt Z |wr |22 dr
(n—1)RN -1 ez
> \1/2/ r~ul? dr db. (7.16)
DTI,
Finally we sum up the inequality over the rings. For any N we have
al nR
/ | —iVu + Au|?*sin* ydrdy > Z cos? (—) / Y — iug + Pul® dr db
Br(p) oyt N /) Jb,

(7.17)

Y2 Y2
< I
M= 8
ml\?
S ~
3
s =[5
@, ~
P S
= )
+ \
| 3
N——— ﬁ|
= _=
| e
_= o
= .
%) =
s &
Q.
o



Hence the desired result will follow as N — oo. O

Lemma 7.3. The inequality

T 2 d s
/ —|u(y)| s ¥y <c 3/ [u'(y)|? sin? y dy (7.18)
0 0

(y —y0)?
holds true for all functions u € H*(0,7) such that u (g) =0, where c13 is given by (7.8).

Proof. Tt is clear that

d2
7T2min{y0_2,(7r—y0)72} < “IE (7.19)
We will prove another estimate for 7;1_;27 namely the inequality
1 d?
- <4 7.20
Ay —wo)* = dy? (7:20)
for the subspace of functions v € C§°(0, ) satisfying v(yo) = 0. It will be enough to prove that
1 [P y)|? dy A
R (721)
0 Y 0
for all functions v € C§°(0, 3), where 3 is any positive number.
Let v € C§°(0, 8) be a real-valued function, then
y
lo(y)|* = 2/ v(t)' (t)dt. (7.22)
0
Hence
7 o) dy ’ 11
— = 2/vtv’t<——>dt 7.23
| RCIOICE (7.23)
N2\ !
< 2 _— —> dt / [v/ ()| dt
0 B 0
B 5o !
)2 dt
<o [(ROEE) ([T wopa
0 0
from what (7.21) follows. The estimates (7.19) and (7.20) imply that
d2
T < = 1), 7.24
(y—yo) 13< dy? > (629
which in terms of the quadratic form means that
" Ju(y)|? dy /7r o2 2
——— < ¢ v (y)]* — |v(y)|” dy, 7.25
| o2 < s [ W @F - o) (7.25)

holds for all v € H}(0, ) such that v(yo) = 0. The substitution v(y) = u(y) siny implies that u € H*(0, ) and
that u(yo) = 0. From (7.25) we get

™ Ju(y)|?sin’y dy /7r T2 i
<c ' (y)|* sin” y dy, 7.26
/0 (y —50)? s f, W (7.26)
for functions u € H(0, ) such that u(yg) = 0. O

Now we are in position to prove Theorem 7.1. Since the method used in the proof doesn’t give a sharp
constant we will not put an effort in using optimal inequalities with the risk of being lost in technicalities.
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Proof of Theorem 7.1. If we substitute v(z,y) = u(z,y)siny then inequality (7.5) becomes
|u|? sin? y dx dy
o %+ (y —yo)?
We need to prove the inequality (7.27) for all u € C*°(Q) N L?(2) such that v = 0 in a neighborhood of the
point p.
Define for R € (0, dist(yo, 0)) the set Qr = (=R, R) x (0,7) and let hy(z) = yo £ VR? — 22. Assume
r € (=R, R), x # 0, 1 is defined by (3.21) and let u € C*(Q) N L?(Q) such that u = 0 in a neighborhood of
the point p. Since u(z, )1 € H1(0,7) we have by Lemma 7.3 that

T |ul?sin® y dy /ﬂ 12 . o he @) )2 sin? y dy
— 7 . < 23 |uyt + u)’|” sin® y dy + 2 _—
/0 22 + (y — yo)? o ho@ T+ (Y —w0)?

CAB < / | fiVu+Au|QSin2ydz dy. (7.27)
Q

IN

4013/ |uy | sin® y dy (7.28)
0

4c13R? @) )2 sin? y dy
2t 2 2 27
R2—22) Ji_(zy **+ (y— o)

where c¢y13 is given by (7.8). Thus the inequality

/’T |u|?(R? — 2?)sin® y dy
0 22+ (y — yo)?

< 4013R2/ |uy|? sin® y dy (7.29)
0

he (@) |u|? sin? y dy
+2R%(1 + 2c13 / _—
( ) ho(z) T2+ (Y —v0)?
holds. By continuity the inequality can be extended to u(x, ) € H*(0,7). We will make use of the diamagnetic
inequality (3.24), for functions v € Hg ,(2\ {p}). Let u(z,-) = |w(z,-)|, where w € C>(Q) N L*() such that
w = 0 in a neighborhood of the point p, then u(z,-) € H(0,7) and by Lemma 7.2, (3.24) and (7.29) we have

/ |w|?(R? — 2?) sin® y dx dy
Qr 22+ (y — yo)?

< ¢4 / | —iVw 4 Aw|? sin® y dz dy, (7.30)
O

where the constant

4R?>V2ci3 4 2R? + 4R%cy3
U2 cos?(lyo — 5| + R)

Let m = % and define ¢ by (3.28). For u € C*(Q2) N L?(2) such that u vanishes in a neighborhood of the

point p, y € (0,7), y # yo, we write u = up + u(1l — ) and use (3.27) to get

* |ul? dz > 2 " /12
[ oty < o) wrasis [ wira

m |u|? dz
—ma?+ (y—3)

[e’e) m 2d
= 16/ |ugc|2 dl‘—i—C15/ |u| <

—00 —-m 2 + (y - y0)2 ’

Cl4 =

(7.31)

where c15 = 18 + 3}2{;2. Since y # yo the inequality can by continuity be extended to functions u(-,y) € Hg(R).

By using (3.24) one gets

e |u|? dx e )

N /m |u|? dz

c 5, /. N9

P @+ (g = p0)?

for all u € C*°(Q) N L%(2) such that u = 0 in a neighborhood of p. Combining the inequalities (7.30) and

(7.33) we have

|u|? sin? y da dy

< ci6 | | —iVu+ Aul? sin? y da dy, (7.34)
o 2+ (y —yo)? Q
where the constant ¢14 = 16 + 2‘}‘2‘% This proves the inequality (7.27) with the constant cap = 01_61. O
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7.2 Locally deformed waveguides

Let f be a non-negative function in C}(R) and for A > 0 we define
O = {(z,y) eR*: 0 <y <m+ A f(2)} \ {p}, (7.35)
where p = (0, y9). Let My be the Friedrich’s extension of the symmetric, semi-bounded operator
(=8 + a1 (s, 1))* + (—i0; + as(s, 1)), (7.36)

on the domain C§°(2,), where the magnetic vector potential is for ® € R\ Z is defined by (7.1). For simplicity
we assume that supp f C [5,00). Since divA = 0 and |A| € L?((1,00) x (0,7)) we have by Theorem 4.1 that
the essential spectrum of M, equals [1,00). The following Theorem says that the spectrum of My is stable
under small deformations.

Theorem 7.4. There exists a value Ao depending on || f|le and ||f'|lcc such that for X € (0, o) the discrete
spectrum of My is empty.

Proof. Let the unitary mapping Uy be given by (5.6) and (5.7). The operator My is unitary equivalent to
My == U\MU (7.37)

defined on the set UxD(My) in L?(Q2). The quadratic form associated with M, is
qal)] = / | = it)s 4+ a1|* + | — ity + aztp| ds dt, (7.38)
Qx

defined on D(qq) = Hy 4(). Hence the form associated with My is

axle] = aqlU5 ¢l (7.39)

defined on the space D(qx) = UrxD(qq).

Since ess (M) = 0ess(Mg) = [1,00) it will be enough to prove that M) — 1 is non-negative. Let g(s) =
14+ Af(s) and let g be the quadratic form associated with the Schrodinger operator with the magnetic vector
potential A in the space L?(€). Without loss of generality we assume that A < 1. Tt follows from (5.13) that

aale] — ||<P||%2(szo) = qly] - ||<P||%2(Qo)
+/ TR O Mt 2Y l\) WA (A_f’)QW

Q% g? YIoa\y
yNff oo A _
——(Pzpy + PyPz) — (PP + Pz
p (PaPy + PyPa) 2g( )

yflar + fa _ _

‘H)\#(@y@_(ﬂpy)) dz dy
> ale) = lelliz (o) (7.40)

*/\/( x - (e17 (Josl® + [oyl?) + (c1s + c10(@i + @3)) |o|*) da dy,
2o

where c17 = 27| f/|| oo +3|| flloo || 1| %, c18 = 1 F 12+ 511 lloc €19 = 7| f/ [l oo+ | f|| o« and x is the characteristic
function of the support of f. From (5.17) we get

ale] = llelZa,) = alel = lelliz )

_)\/ X<2017 (| — Vo + A(p|2 _ |<P|2) (7.41)
Qo
2c17 + c13)(d? + 72 a2 1 g
( i 1) _ ) @err + e10)(@ +a2) |<P|2) dz dy,
2+ (y — yo)
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where d = maxsupp f. We use the pointwise inequality
492 (d? + n?)
(2 + (y — 90))”

to get
lel — Iel3e@y 2 ale] = lelFaa,) — 221 (ale] — lol2ay ) (7.43)
d2
,)\/ 020—+C212|¢|2 dz dy,
Qo x? + (y - yO)

where cag = 2c17 + c18 + 4P%n72(2¢17 + c19) and co1 = 72(2¢17 + c18) +4P%(2¢17 + ¢19). From Theorem 7.1 we
have

1
el = lelloay 2 (5 -2err) (a6 - ol

CAB 2 |90|2
+(——>\ cood” + co1 )/ — Y dzrdy
2 ( ) Qo $2+(y*y0)2
> 0,

for A € (0, \g), where c4p is the constant from (7.6) and

CAB

No= — 4B
0 2(c20d? + ¢21)

(7.44)

7.3 Locally curved waveguides

Let A be given as in (7.1) and let €2, be defined by (6.1) — (6.5) with the additional assumption that a(z) = =
and b(z) = 0 for < Z. To be able to study weak curvatures we replace vy by @y for arbitrary § > 0. We
denote by Qg the set 13,.

q4¢]ﬁzz;|—dws+aum2+|—dwf+aqwﬁdsdu (7.45)
B

be defined on D(q.) = Hg 4(Qs). Then q. is the quadratic form associated with the Friedrich’s extension M.
of the the symmetric, semi-bounded operator

(=8 + a1 (s, 1))* + (—i0; + as(s, 1)), (7.46)

defined on C§°(23). For simplicity we assume that suppy C [§,00). By Theorem 4.1 we get that the essential
spectrum of M, equals [1, 00).

Theorem 7.5. There exists a positive number By such that for 3 € (0,00) the discrete spectrum of M. is
empty.

Proof. Denote by Mg the operator UﬁMCUgl, where Ug is defined in (6.10) and (6.11). Let gqg be the form
associated with Mg defined on the domain D(qg) = UsD(q.). Following the calculations in (6.15) — (6.19) we
get

asle] = lellieey = alel = llellzz(o,) (7.47)
- /QO (2‘1/'6%525272|<pz|2 —iyBy(a'ay + V') (0P — ¢P3)
—iy <6vb’d1 + Bya’as + %) (Py® — ¥Py)
+2(13fi;;,7)3 (¢ + 927 + % (¢ + ¢4P)

v B2 (v)? By 2
- (4(1 Tyt AT yﬁv)2> lw' ) ded
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Without loss of generality we can assume that § < 1, hence

asle] — lellizy = alel = leliza,) (7.48)

76/( X (22 (|0l 4 ly|?) + (cos + coa(@i + a3)) ll?) dady,
2o

where
ez = 3Y]loo + 7Y% + 27 7] oo, (7.49)
ez = 27 (I1Vlloo + 7Yl (7.50)
cog = T(14+2||Y|00)- (7.51)

By the inequality (5.17), Theorem 7.1 and the fact that

42 + 72

X+ 80 S P @ (7 ) 722
where d = max suppy we obtain
wolel = Il = (5260 ) (a6~ oliacan) (7.53)
2
(5 o0 [, sty
where
cos = (d®+7%) (2c + co3 + (dist(yo, 90)) " *(2c22 + c24)) . (7.54)
If we choose
Bo = ;’2—2 (7.55)
it follows that the right hand side of 7.53 is positive. O
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