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1 Introduction

For superconductors of type II the phenomenon of vortex pinning plays an important
role in technological applications. Several models have been proposed for this effect, see
[Bos94, KHS63, Bea64]. In [QGL99, Prig6] some of these models are analysed. In this
work we want to add to these analytical studies for the particular two-dimensional model
proposed in [Cha00].

For this model Q C R? be a bounded Lipschitz domain and denote by H : Q — R the
magnetic field perpendicular to the plane. The vortex tube density w : 2 — R is related
to H via the constitutive relation

W= fl(ﬁ) = aH — diV(ﬁvﬁ)a

where v and 3 are material parameters and A = \/(3/« is called the penetration depth.
The modelling assumption in [Cha00] is now that the vortex tubes will not move if the
modulus of the induced current J = VH € R? is smaller than a critical value J. and
that they move immediately if |J| = J.. The movement is then described by a mobility
function m : 2 — R which plays the role of a Lagrange multiplier. The full problem has
then the following form:

dw = div(mVH) with w= A(H),
m>0, J.—|VH|>0, (J.—|VH|)m=0
H(0,)=Hy, onQ and H(t,z)= He(t) on [0,T] x dQ.

} in [0,7] x Q, "

The first equation expresses the conservation of the vortex-tube density which is driven
by the current J. The second line contains the variational inequalities which model the
pinning as an activated process.

The aim of this work is to rewrite the problem in an energetic formulation which
provides a much easier approach to the existence and uniqueness theory. As the main
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unknown, we use H = H — G'Hey(t), where G : Q — R is defined in (2.1), choose the
state space X = H}(£2). We define the energy functional € : [0,7] x X — R via

1

E(t H) = / SACH) (@) H(2) — aHoa (1) H(r) da
Q

and a dissipation functional for v = 0, H via

T (v) zsup{ /Q A(H)(z)v(z) dx

H e H\(Q),|VH| < JC}. (1.2)

Here A denotes the self-adjoint operator A : H5(Q) — H™'(Q), H — A(H). By definition
¥ is 1-homogeneous, i.e.,

VA>0Vve X: W) =AU(v), (1.3)
and convex. This implies the triangle inequality
vvl,’UQ e X \I](Ul —+ UQ) S \I’(’Ul) —+ \II(UQ). (14)

Note that W(H; — Hy) has the physical dimension of an energy and can be interpreted
as the minimal amount of energy dissipated due to vortex movement when changing the
state from Hy to H;.

We show that (1.1) is formally equivalent to the differential inclusion

0€oV(0,H)+DEH) C XT, (1.5)

where 0W(v) is the set-valued subdifferential defined in (2.6). Moreover, the differential
inclusion is equivalent to the following energetic formulation:

For all ¢ € [0,T] we have
(S) E(t,H(t)) <&, H)+U(H — H(t)) forall He X (1.6)

(E) £t H(1)) + /O "W(OH (1)t = £(0, H(0)) — /0 t /Q O, How (1) H (7, 2) dar dr.

Under the simple assumption He € CH([0,7],R) we show that (1.5) and (1.6) have,
for each H(0) = Hy, € H}(Q) which satisfy (S) at time 0, a unique solution H €
CHP([0,T7], X).

The reformulation of problem (1.1) into (1.5) and (1.6) will be discussed in Section
2. In Section 3 we provide a self-contained existence and uniqueness proof which is a
slight generalization of the theory in [MTO04]. It is based on time-discretization and the
incremental minimization problem

E(te, H) +V(H — Hi—) — mlélér)r(lal.

We believe that the simplicity of the approach will allow for several generalizations such
that more general models in super-conductivity can be studied.



2 Reformulation of the model

We denote by (-, ) x the duality between the dual X* = H™'(Q) and X = Hg(Q). By the
general assumption that «, 5 € (0,00) are fixed, we see that A(H) = aH —V - (BVH)
defines a self-adjoint operator

X — X
H — A(H),

ie. (A(Hs),Hi)x = «(A(Hy), Hy)x. In fact, we may also assume o € L*(Q) and
B € L>*(Q,R2%2) with o, 3 > ¢ > 0 for some § > 0. We also define the auxiliary function

G € H(Q) via )
AG)=0inQ and Glog = 1. (2.1)

The choice was done such that for H = H — G H, with ﬁ(t, x) = Hey(t) for x € 0Q we
have o B
H(t,x) =0 for (t,z) € [0,T] x 02 and A(0,H)= A(0;H).

With this definition the first equation in (1.1) can be written in weak form as
—(A(Q,H), H)x = / mV(H 4+ GH.y) - VHdz for all H € X (2.2)
Q

The conditions involving the Lagrange multiplier (or mobility factor) can be written more
precisely in terms of convex analysis. For this introduce the set

C={HeX||VH <J. ae. inQ}CX. (2.3)

Obviously, C is closed, convex and bounded. Note that 0 € C, but C has empty interior
in X. We define the set-valued normal cone N via

Nc(H) =

{v' e X*|, (", H—H)x>0 foral HeC} forHeC,
for H € C.

With this we postulate the following differential inclusion:
—A(0:H) € Ne(H + (G — 1)Hex(t)) C X* for ace. t € [0, 7). (2.4)

Proposition 2.1 If H € W“'([0, T], H(Q)) is a solution of (1.1), then H = H — G Hey
solves (2.4).

Proof: We first rewrite (1.1) by eliminating the Lagrange multiplicator m . For H €
H(92) we set

M(H) =< v e HYQ ]

Im € L>°(Q) : m > 0 and m(J. — |Vﬁ\) =0 a.e., } (2.5)

if |Vﬁ| < J, a.e. and M(H) := 0 else. Note that for each constant h we have M(H) =
M(H — h). With this definition (1.1) takes the form —A(0;H) € M(H — Hey(t)).
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Using H = H + GHey and fl(G) = 0, we see that the assertion holds if we are able
to show that M(H) C N¢(H) for all H € X. For H ¢ C we have M(H) = N¢(H) = 0.
Thus, assume H € C and take v* € M(H), we then have to show

v H—H)x >0 forall HeC.

By the definition of M(H) there exists m € L>*(Q) with m > 0 and m(J. — |[VH|) > 0
a.e. and

L H—H)x = /QmVH (VH — VH)dz.
In the last integral the integrand is in fact pointwise nonnegative a.e.. In fact, if m(x) =0
this is obvious, and if m(z) > 0 then |VH| = J, which implies
VH.(VH—-VH)=|VH*?~VH-VH > (J.)* = J|[VH| >0,
since H € C. Thus, we have ,(v*, H — H)x > 0 as desired. n

In fact, we believe that the problems (1.1) and (2.4) are equivalent. However, so far
we were unable to prove M(H) = N¢(H) in general.

It is now easy to reformulate (2.4) in several ways by using the Legendre transform, see
[Vis94, Mon93, MT04]. Introduce the convex characteristic function X via Xe(H) = 0
for H € C and oo else and its Legendre-Fenchel transform X7 = LA, via

(LXe)(v") = sup{.(v", 0)x — Ac(p) [ € X }.
Moreover, define the subdifferential df for any convex function f:Y — R U {oo} via
Of(y) ={v"eY"|VgeY: f(§) = fly)+ " 5-y}, (2.6)
where Y will be either X or X*. Then, the following standard relations hold:
(a) Ne(H)=0Xe(H),
(b) v € 0X:(H) < H € 0X;(v").

Using (a) and (b) we see that (2.4) is equivalent to H + (G — 1)Hex € 0X; (—AO0H):
Exploiting the symmetry C = —C and applying A we arrive at

—(AH — aHey) € A(0XF(AGH)) C X™, (2.7)
where we have used AG = 0 and Al = «.

Lemma 2.2 Let ¥ : X — [0,00) be defined via V(v) = sup{ .(AH,v)x | H € C}, then
U(v) = X;(Av) and 0¥ (v) = AOXS (Av) for allv € X.

Proof: By this definition we easily find AZ(v*) = sup{.(v*,H)x | H € C}. Thus we
have U(v) = XF(Av) and the result for the subdifferential follows from the chainrule and
A=A~ ]

Finally we define the energy functional

£(1, H) = . (AH, H)x - / O H (2) Ho (1)

and obtain the main result of this section, since DE(t, H) = AH — aH oy
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Proposition 2.3 Equation (2.7) is equivalent to
0€0V(0,H)+DE(t,H) forae tel0,T]. (2.8)

Using the rate-independence, which is the same as the 1-homogeneity of ¥ (see (1.3)),
and the triangle inequality for ¥ in (1.4) it is easy to see that (2.8) is equivalent to the
two conditions

(2.9)

(S)oe (DE(t,H),v)+ Y (v) >0 forallve X,
(E)oe (DE(L, H),0:H) + V(0. H) = 0.

Since &(t,-) : X — R is also convex, we arrive at the energetic formulation

(S) E@t, H(t) <&t H)+V(H— H(t)) foral H € X,
(E) E(t,H(t)) + fot V(0:H (7)) dr = £(0,H(0)) — fot Jo OHexi (T)oH (7, ) d dr

The stability condition (S) has the obvious interpretation, that a state H(t) can only
occur if for no other state H we can release more energy than is dissipated by the moving
vortices. Obviously, (S)c is the same as 0 € 9V (0) + DE(t, H(t)). Using Lemma 2.2 we
find

ov(0)=AC={AH|HeC}C X~ (2.10)

and thus, (S)iee, and hence (S), is equivalent to A™'DE(t, H(t)) = A™Y(AH — aHuy) =
H + (G — 1)Hyy € C. This is of course the condition |VH| < J.

The energy balance (E) just states that the total stored energy E(t, H(t)) at time ¢
is the initial energy plus the work of the boundary conditions through the external field
H.; minus the dissipated energy.

For more exact proofs of these equivalences we refer to [MT04].

3 Existence and Uniqueness
To formulate the main result most conveniently we recall 0¥ (0) = AC.

Theorem 3.1 Let H.,, € C'([0,T]) and Hy be given with Hy+(G—1)He(0) € C. Then,
(2.8) has a unique solution H € CHUP([0,T], X) with H(0) = Hy.

This result is a special case of several well-established theories. In fact, we simplified the
problem by assuming C' smoothness of H.y; which would not be necessary. However, in
rate-independent systems we may always rescale time to gain smoothness. For instance,
combining Thm 3.1 and Prop. 3.5 in [Kre99| proves our result. Moreover, in [Vis94]
or [Mon93] corresponding results can be found. Nevertheless, we find it worthwhile to
provide an independent short proof which is based on the energetic formulation (S) and
(E), and thus is closer to the underlying physics. We follow the more general approach in
IMT99, MT04], however we have to work around their hypothesis ¥ (v) > c||v|| which is
not true in our situation.
We introduce the set S(t) of stable states at time ¢ via

St)={HeX|EtH)<EL H)+V(H—-H)forall He X }.
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The condition (S) is equivalent to H(t) € S(t). As seen at the end of Section 2 we have
S(t) = (1 = G)Hex(t) + C,

which shows that S(t) is a closed, convex, bounded set, which depends smoothly on
t € 10,77

Proof: [of Theorem 3.1] The proof relies on time discretization. For n € N subdivide
[0, T] equidistantly into 2™ intervals via ¢} = kT/2" for k =0,1,...,2". We let H} = H,
and define H}! iteratively via

Hyyy = axgmin { (1, H) + (H — H})

Hex }.
Since & is strictly convex, the minimizer exists and is unique. Moreover, we have
(A) HeS(tp) forneNandke {0,1,...,2"},
n n n n n n iy n
(B) &ty Hy) + V(Hy — Hy_y) < E(tp_y, Hi ) + ftf_l 05E(s, Hy_1) ds

To see (A) simply use that (i) H}' is a minimizer and that (ii) ¥ satisfies the triangle
inequality:

For (B) we again use that H}' is a minimizer

t
E(ty, Hy) + W(HY —H}" ) < E(ty, Hy ) = E(t .y, Hy ) + | 0:E(s, Hy ) ds.

n
tk—l

The stability in (A) is equivalent to
ADEWY, HY),v)x +¥(v) >0 forallve X, (3.1)

and the minimization property shows that for v = H}' — H}' | equality holds. Thus, we
have

SAH—Hp_y), Hi—H 1) x
= «(DE(ty, HY)—DE(ty, Hy_y), Hy—Hy 1) x
(31) n n n n n n
- _\I](Hk _kal) _*<D€(tk71>Hk71)ka _Hk71>X
— Jut {O.DE(s, Hiy), Hp—Hp_)x ds

(3.1)
< 0+ ||Hy—Hp_ Ix]|0:Hext || ol

X*(tz_t;;q)-
Since the operator A is positive definite, we obtain the a priori Lipschitz bound

[HE = Hiallx < Calty — 154
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We now define the piecewise linear interpolants H" : [0,7] — X with H"(t}) = H},
then we know || 0,H"(t)||x < C; for a.a. t € [0,T]. Thus, the Arzela-Ascoli theorem for
CO([0,T], X) yields a subsequence (not renumbered) and a limit function H : [0,7] — X
such that for all ¢ € [0,T] we have H"(t) — H(t) in X as n — oo, where — denotes weak
convergence. Moreover H is Lipschitz continuous with ||0;H(t)|| < C; a.e. in [0,T].

Keeping t* = k*T' /2" fixed, then for all n > n, we have H"(t*) € S(t*). Since S(t*) is
closed and convex we conclude H(t*) € S(t*). Since {k*T/2™ € [0,T] | n. € N and k* €
{0,...,2"} } is dense in [0, 7] and since H : [0,7] is Lipschitz continuous, we conclude
H(t) € S(t) for all ¢t € [0, T].

Finally we consider the energy equation. Let t* be as above and add the discrete

energy estimates (B) for n = n, over k = 1,...,k*. Note that in the case k = 1 we use
the fact that Hy = H] lies in S(0). We find

E(t", H™(t")) + /t* V(0 H™(7))dr < (0, Hy) — /t* Oy Hex (T) / oH" (1)dzdr (3.2)
0 0 Q

where H™ is the piecewise linear interpolant from above while H = is the piecewise
constant interpolant with H '~ (t) = Hp | for t € [t7_,,%). The right-hand side is weakly
continuous and on the left-hand side £(¢, ) is convex and continuous and hence weakly
lower semicontinuous. It remains us to show the following lemma.

Lemma 3.2 Assume the sequence (H™),en as above, then

t ¢
/ V(0 H (1)) dr < liminf/ V(0.H"(7))dT.
0 oo Jo

Proof: The sequence (H™),ey is bounded in CHP([0, 7], X) = WL°°([0, T], H}(Q)), which
is continuously embedded into the Hilbert space H = H'([0, 7], X). Thus, the sequnce
converges weakly in H to the limit H cocnstructed above. For this note, that the sequence
is aalso bounded in ‘H and hence it has a weakly converging subsequence. Since H is
compactly embedded in ) = L2([0, 7], L2(Q)) = L2([0, T] x Q) this subsequence converges
strongly in ). However, the convergence invoked from the Arzela-Ascoli theorem also
implies strong converge in ). Thus, the weak limit in H is unique and equal to H.

We now define the functional Z : ' H — R via Z(H) := fg V(0,H (1)) dr. Since
U : H' — [0,00) is convex we get immediately the convexity of Z. Further the upper
estimate ¥(v) < C||v||g: implies the strong continuity of Z. Together with convexity this
implies sequential weak lower semicontinuity of Z on H, which is the desired result. [

Hence we can go to the limit in (3.2) and find

0> m(t) where
m(t) == E(t, H(t)) + [2 U(8:H () dT — E(0, Ho) + [} 8;Hee(7) [y H (7, ) dz dr.

This provides one side of the energy balance.

As H is Lipschitz, we can differentiate m and obtain, after a cancellation, m(t) =
«DE(t,H(t)),0:H)x + V(0 H(t)) which is nonnegative by the stability of H(¢). Thus,
m(t) <0, m(0) =0 and r(t) > 0 imply m = 0. Thus, we have established (E) as well.
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Finally we have to show uniqueness which follows again from the variational inequali-
ties (2.9). Let H;, j = 1,2 be two solutions, then for each v we have by subtracting (S)i,c
from (E)joc

*<D(€(t, Hj), 8tHj - U>X + \IJ(&HJ) - \IJ(U) S 0.

Testing with v = 0,H3_; and adding both inequalities gives

1d
5& *<A(H1—H2),H1—H2>X — *<Dg(t,H1)—Dg(t,H2),8,5(H1—H2)>X S O
If H,(0) = H3(0), this implies H;(t) = Hs(t) and uniqueness is established. "

It should be noted that the theory in Section 7 of [MT04] can be generalized to prove
strong convergence with

IH™(t) = H(t)|[x < C(r)"? with 7, = 2i

It might be also possible to establish convergence of the order (7,,)!, see in [Mie04, Section
4.4] and the references there.
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