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TRAPPED MODES FOR AN ELASTIC STRIP WITH PERTURBATION OF
THE MATERIAL PROPERTIES

ABSTRACT. Consider the elasticity operator for zero Poisson coefficient with stress-free bound-
ary conditions on a two-dimensional strip with local perturbation of the material properties.
We discuss conditions, which imply the existence of embedded eigenvalues and we describe the
asymptotical behaviour of these eigenvalues.

1. INTRODUCTION

Let I' = {x € R? : |z3| < 27 !7} be a two-dimensional strip. Let

8’&1 2 8U2 2 8’&2 8’[1,1
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be the quadratic form of the elasticity operator
Ay = — (A + grad div), (1.2)

for zero Poisson coefficient with stress-free boundary conditions on I'. The operator Ay has
absolutely continuous spectrum. Let f € Lo (R;(—00,1]) be a function of compact support,
extended to I by f(x1,22) = f(z1) for z € T. For a € (0,1) we consider the perturbed operator
A, corresponding to the quadratic form

aa[ua u] = (1 - O[f) <2
J s

We shall discuss the existence of embedded eigenvalues of A, for a € (0,1), and we describe the
asymptotical behaviour of these eigenvalues as a@ — 0.

The topic of this paper is closely related to a series of works on trapped modes for perturbed
quantum and acoustic waveguides, see among others [6], [3], [4], [5], [7], [8] and the references
therein. These papers study the operator —A on some infinite domain and discuss the existence
and the asymptotics of eigenvalues, appearing for certain perturbations of the domain, such as a
bending of the domain, a local deformation of the boundary, an inclusion of an obstacle or a local
change of the boundary conditions.

In contrast to the Laplacian with Dirichlet boundary conditions (quantum waveguides), the
essential spectrum of the Laplacian with Neumann boundary conditions (acoustic waveguides) on
a strip-like domain fills the non-negative semi-axes. Therefore, any eigenvalue is embedded into
essential spectrum, and it is not possible to apply variational techniques directly. However, if the
perturbed domain satisfies a certain spatial symmetry, the Laplacian splits into the orthogonal
sum of two operators. Eventually the essential spectrum of the first operator is separated from
zero, and the lower discrete portion of its spectrum can be studied in the usual way [6]. It is not
difficult to extend the results of [3] to the case of Neumann boundary conditions, if one considers
the Laplacian being reduced to antisymmetric functions on a symmetric domain; the results on
the Dirichlet Laplacian in [3], [8] do not require such a symmetry.

Passing to elliptic systems of equations one finds new effects. For instance it has been shown in
[16], that in contrast to the Neumann Laplacian, the elasticity operator with stress-free boundary
conditions on a semi-strip has at least one positive eigenvalue. This effect is related to the so-
called edge-resonance, and it is due to an interaction between the spatial and the internal degrees
of freedom of the operator.
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6 TRAPPED MODES

However, beside the assumption on the spatial symmetry of the domain, one has to restrict
oneself to the operator given by the differential expression (1.2). From the physical point of view
this means that Poisson’s coefficient equals zero. This new assumption induces an additional
hidden symmetry. Only taking both the spatial and the hidden symmetry into account it is
possible to find a strictly positive reduced operator. The importance of this internal symmetry
for similar problems has already been pointed out in [11].

Besides applying these symmetries, the proof of the existence of the edge resonance exploits
another interesting fact. Note that the separation of variables for the Laplacian on I' leads to
parabolic eigenvalue branches, which achieve their minima at zero frequency. In contrast to this,
separating variables in z-direction for the reduced operator Ag on I one finds, that the branch of
the lowest eigenvalues of the respective reduced fiber operators achieves its minimal value at two
different points & = £s¢ of the Fourier coordinate £, corresponding to two opposite elastic waves
with non-zero frequencies, see Lemma 3.2. This fact also implies edge resonances for the elasticity
operator on three-dimensional semi-rods with appropriate cross sections [13].

In some sense this paper can be considered as a continuation of [16]. It is also closely related
to [17]. The proof of the existence of trapped modes applies arguments of [18], where the appear-
ance of virtual bound states has been discussed in the general case. After the existence and the
number of the trapped modes have been established, we use variational methods to calculate the
asymptotical behaviour of these bound states. In the given case this seems to be easier than to
deduce the number of trapped modes and their asymptotics at once.

1.1. Acknowledgements. The authors are grateful to D. Vassiliev, who brought the specific
properties of the elasticity operator, which are exploited in this paper, to their attention. The
authors are also grateful to M. Birman, A. Holst, A. Laptev, H. Siedentop and C. Tix for valuable
discussions.

1.2. Notation. Statements or formulae containing the index + have to be read independently
with the index “4” and “-”.

2. STATEMENT OF THE PROBLEM

We put I' =R x J with J = (—7/2,7/2) and consider the quadratic form

alu, ul :/F <cl2 )dz, (2.1)

which is well defined on functions u = (uy,u2)? € d[a] = HY(T',C?). The form (2.1) appears, for
instance, in three-dimensional elasticity theory after a separation of variables, or in plate theory.
In both models the positive constants ¢; and ¢; depend upon the density of the material, the Young
modulus and the Poisson coefficient, see [10], [15].

In this paper we stress on the special case of zero Poisson coefficient. Then both physical models
yield ¢ = 2¢7, and choosing a suitable set of units, we shall study the form

2
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aO[U7U] /1"( 8561 + 8172 + 8:61 8172 ) ( )
which is (2.1) for ¢; = V2, ¢; = 1.
The inequality
ao[u, u] < 2”’114”%[1(1-*7@2), u e Hl (1—‘7(C2), (23)

is obvious. On the other hand the class of functions u € Lo(I", C?), for which the integral (2.2) is
well defined and finite, coincides with H!(I",C?). Moreover, the reverse estimate

aolu, u] + ||u||2L2(F)C2) > C(F)||u||?{1(mc2), uwe HY(T,C?), ¢I)>0. (2.4)

holds, which is an extension of the well-known Korn inequality [9].
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Considering now the form a, for a € (0,1), as given in (1.3), we see, that this form is also
closed on the domain dfa,] = d[ag] = H'(T',C?) in H = Ly(T',C?), where it induces a positive
self-adjoint operator A, in H.

The spectrum of the operator Ay is absolutely continuous and fills the non-negative semi-axis. It
is well-known [2], that a local change of the boundary conditions or a local change of the quadratic
form leads to a trace class perturbation of the resolvent of the second order elliptic operator Ag.
Hence we are in the setting of trace class scattering theory, and the absolute continuous part of
the spectrum of A, fills the non-negative semi-axes. In this paper we shall discuss the existence
of positive eigenvalues of the operator A, which are embedded into its continuous spectrum.

3. AUXILIARY MATERIAL

3.1. Spatial and internal symmetries. For H = Lo(I',C?) let H; be the subspaces of vector
functions

H; = {u € H:uzy,—x0) = (=) Tz, 20), 1 = 172}, ji=12.
Then H = Hy; & Ho. Further let H3 be the set
Hs={ue H: u=(ui(z1),0)} .

It forms a subspace in H;. The orthogonal complement H4 to H3 in Hy consists of all functions
w = (w1, ws2) € Hy, for which

/ w1 (,Tl,l'g)dwg =0
J
for a.e. x1. Let P; be the orthogonal projections onto H;, j =1,...,4. Then P;P, = PLP; = P;
for j = 3,4. A simple calculation shows, that
d[aD)] := Pjd[as) C dlaa), j=1,...,4

and _

aolu,w] =0 forall wedal], wedad] if [,j=2,3,4 and [# .
Hence, these subspaces are reducing for the operator A, and

A=A 9 AY AP on H=H;® H,®H, , (3.1)

where the operators Agj) are the restrictions of A, to Dom A((lj) = Dom A, N H; and correspond

to the closed forms a((lj), given by the differential expression (2.2) on d[a((lj)], j=2,3,4. Put

AV = A® @ A® on H, =Hs® H, , (3.2)
being the restriction of A, to Dom A, N Hy. Then it holds
Ao =AV s A? on H=H @ H, . (3.3)

The decomposition (3.3) reflects the spatial symmetry of the operator A,, while the decomposition
(3.2) exploits the specific internal structure of A,. We point out, that the latter symmetry fails
for elasticity operators with non-zero Poisson coefficients.
=0, .
IQZi%

Applying the unitary Fourier transform ® in z;-direction and its inverse ®*, one finds that ® Aqd*
permits the orthogonal decomposition

3.2. Separation of variables for Ay. Note that ' = R x J and

6’11,2 - 8u1 6’11,2

Dom Ay = H*T,C% . —= =+ —
om Ao {Ue ( ’ ) 8172 z2:i% 8562 8171

53] 52
<I>A0<I>*:/R A(6)d¢  on H:/IR hd¢, h = Lo(J,C?).

The self-adjoint operators A(§) are given by the differential expressions

22 - &, el
A(§)=<§ ) 22_5289”32> (3.4)

)
_256_12 5 81%
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on the domains

w2

Dom A(¢) = {w € H*(J,C?): 2
2

p=ty 072
The symmetry (3.1) extends to the operators A(£). Indeed, put
hj = {hcw:w(xs) = (—1) wy(—x2), 1 =1,2}, j=1,2.

Let hs be the one-dimensional subspace, spanned by the constant vector function (1,0), and set
hy4 := h1 © hg w.r.t. the scalar product in h. Then we have

® ) ®
Hj:/R h;d¢  and @Agﬁ@*:/R AW (©de,  j=1,....4, (3.6)

where the operators A (€) are the restrictions of A(¢) to Dom AU)(¢) = Dom A(€)Nh;. Moreover,
it holds

A€) =AD& AD(E) on h=h&hs,
A = AP @ AV ® AP () on h=h3®hi®hy .
The operators A (€) correspond to the quadratic forms

(), 0] = [

—m/2

(3.7)

/2 8102

(25 Jwi|” +2 | 5= + iwy

‘ 8’[1)1

) dzs | (3.8)

being closed on the domains dja)(¢)] = H'(J,C*)Nhj, j=1,...,4.

3.3. The spectral analysis of the operator A(()4) . During this paper the spectral decomposition

of the operator Aé4) shall be of particular interest. Because of the decomposition (3.6) we have
in fact to carry out the spectral analysis of the operators A®(¢). Being the restrictions of the
non-negative second order Sturm-Liouville systems (3.4) to Dom A(£) N hy, the operators A®) (¢)
have a non-negative discrete spectrum, which accumulates to infinity only. Let {A;(£)}52; be the
non-decreasing sequence of the eigenvalues of A (¢). The quantities A;(€) are the solutions of
the well-known Rayleigh-Lamb dispersion equation

ﬁj—l sin (%ﬁj) 7] cos ( 5 ) + &% cos ( ﬁ]) vy Lsin ( ;J) =0, (3.9)

5 =50 = PO~ 8, 7y =yle) =
cf. [12] p. 117. The functions 8; and -+, take either real or purely imaginary values. It is easy to
see, that the actual choice of the branch of the square root is of no importance.

An elementary but careful analysis of the boundary problem (3.4) on Dom A(&) N hy shows,
that these eigenvalues are simple for any fixed £ € R. ! The form a(*)(¢) is a holomorphic family
of the Kato type (a), hence the operators A (¢) form a holomorphic family of the Kato type (B),
see [14] p. 395. Thus the even functions \;(£) are real analytic in £&. We shall need the following
simple assertion, the proof of which we attach to the Appendix of this paper.

where

—e2, (3.10)

Lemma 3.1. For all w € PyH'(J,C?) and £ € R the following estimate holds

a(€)[w, w] = max{(8V3 —12), 27 & }|wl|7,s.c2)- (3.11)
Hence the lowest eigenvalue A1 (€) of A® (&) satisfies the bound
A(€) > max{8/3 12,2712}, ¢eR. (3.12)

In particular, the trivial eigenfunction u = (1,0) with the eigenvalue 2¢2 of (3.4), (3.5) does not belong to hg
and has to be excluded.
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The constants in (3.11), (3.12) are not sharp but suffice for our purposes. In particular we

conclude that the spectrum U(A(()4)), which by (3.6) coincides with the union of the images of the
spectral branches A;(§) over all j € N and £ € R, is absolutely continuous and given by

c(AM) =[N, 0), A= min A (€) >8V3 —12 > 1.856 .
The following Lemma describes the structure of the global minima of the function A;(&). Its proof

uses entirely elementary tools, but since this statement is crucial for what follows, we shall provide
a sketch of the proof at the end of the paper.

Lemma 3.2. The eigenfunction M\ (§) achieves its minimal value A at exactly two points & = £,
»x > 0, and there exists a value ¢ > 0 such, that

Mt »)=A+¢*E+0(*) as e—0. (3.13)

Being solutions of transcendent equations, s, A and ¢ do not have explicit analytic expressions.
A numerical evaluation for these values gives

2 =0.6321384+107F |
A =1.887837+107° (3.14)
g = 0.849748 + 1076,

The eigenfunction corresponding to A; can be given by ¢; = 1/~Jj/||1/~1j||L2(J,(c2), where

; Bim €] RIS
i€ cos ( 24~ ) cos(yja2) + —=+ cos (L5T) cos(B;a2)

1/;‘ _ 1/; ’ _ &, 3.15
j (€, 72) —n; cos (BJT”) sin(vyjz2) + Zf_i cos (%) sin(B;x2) ( )
ifv; #0, or
Tz _ [icos((2l — D)xs) + f(_i)l - ‘ _iLd
;= (€, x0) = < in((2 1)@)(21 D)L d=lleg g, (3.16)

in the case v; = 0, which occurs for £ = (20 — 1) and \;(§) =262 =2(20 —1)%, 1 € Z.

4. STATEMENT OF THE MAIN RESULT

Let ¢ = (¢, ) = 41 (¢, -) be the normalized eigenfunction (3.15) of A®)(5) corresponding

to the eigenvalue A. Put
/2 2 (2) (1) ?
9:/ (2%"&”’ +2‘8¢’ 9¢ )dm.
A numerical evaluation with the values for sr and A as in (3.14) gives
0 =1.816478+107° . (4.1)

i ch(2)
2, + i3

|

,71-/2 8:102

Moreover, for a given function f € Lo (R; (—00,1]) of bounded support put

Ky = A/ f(‘rl)dzl + (_I)JG / ezi%zlf(zl)dzl s ] = 132 (42)
R R
Let ¢ be the respective parameter in (3.13).
Theorem 4.1. If
>0 and p2 >0, (4.3)

then for all sufficiently small positive o the spectrum of A((;l) below A consists of two eigenvalues

a?r?

vy(e) = A= Sy +ola?) (4.4)
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where j =1,2. If
w1 >0 and e <0, (4.5)

then for all sufficiently small positive o the spectrum of A((f) below A consists of one eigenvalue
vi(«), satisfying (4.4) for j = 1. If
<0 and e <0, (4.6)

then A((f) does not have spectrum below A for all sufficiently small positive a.

Obviously the eigenvalues v;(«) of Agfl) are embedded eigenvalues for the complete elasticity
operator Ag,.
5. ON THE EXISTENCE OF DISCRETE SPECTRUM

5.1. Preliminary estimates I. We recall that ® is the Fourier transform in z;-direction and
®* is its inverse. Let x4 be the characteristic function of the interval (0,2s) and let x_ be the
characteristic function of the interval (—2,0). For u € Lo(T',C?) and j € N we define

A (E) = (Pu)(&,), 5 (& N pyseey  and  @F(6) = xx()aM(€) -
Moreover put
w9 = (u) = & (aVey;)  and  oF = (Mpw) = ®*(atey) .
The operators II; and It are orthogonal projections onto invariant subspaces for Agl) in Hy,
I, II_ =0 and ILI, =0 for j#k.
Moreover it holds P, = Z;’;l IT;. Since II_ + 11 <1I;, the operator
N=pr, —-1I4y —1II_

is also an orthogonal projection onto an invariant subspace of A((34) in Hy, and we set u = Ilu.
Hence for u € P,H(T,C?) we have @, u™ € P;H'(I',C?) ¢ H'(T',C?), and the form ag can be
written as

aolu, u] = aoli, @] + aplu™,u~] + aolu™, u™]

= u(]) NQAISIGE
Z/ )| |ds+/wkx<5>| () de + .

j>2

23c
_ 2 ~ 2
+/_2%A1< i~ (©) ds+/0 M (6)[at (©)[2de

Since A;(§) is separated from A for all € if j > 2 or for || > 25 if j = 1, we have a two-sided

estimate
/ |a2dx = Z/ (14 X5( |2d§+/ (1+ A (€)|aM)2de
€| >25¢

j>2
= aola, @) + 13, co) = N3 o o) - (5.2)

On the last line we made use of Korn’s inequality. Moreover, since A1 (£) — A < (€ F »)? with the
sign “7 if £ € (0,25) and the sign “+7 if £ € (—25¢,0), we have

Fixz,
aoluut] = A [ wtPas = [ (63 210 e = /\a—“

Combining (5.1) and (5.3) we obtain

~ aefilequ
ao[u,u] — A/F |u|2dz‘ = ||u||§I1(F,C2) + /F {‘ 6(E1

for all u € P,H!(T',C?).

dz . (5.3)

} dx (5.4)

2 861-%I1u7

6%1
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5.2. Preliminary estimates II. Put

ou |? ou |? 2 dz 1 9
blu, u] :—/F<a—gc1 ‘8—302 + |ul )m, ue PH (I,C?) . (5.5)
In view of (5.4) we have obviously
bla, @) < c (ao (4, @) — A||a\|§2(r7c2)) . ue PH\(I,C?). (5.6)

The analogous bound fails for the components u®, but it can be replaced by the following state-
ment.

Lemma 5.1. Assume u € P,H*(T,C?) and

/Rai(g)dg =0. (5.7)
Then

blu*, u*] < ¢ (aofu®, ] — A2, pcn) ) - (5.8)

Proof. First note that u* € P,HY(I',C?) C H'(T,C?) implies

/ lut|? + Ou*
I
:Aa+ﬁmﬁmﬁ%<m7

6%1
and by Hélder’s inequality 4= € Li(R,C). Thus condition (5.7) is justified. Put ¢(z) = (1 +
x?)71/2. Since

2
d"]j = (i I + ﬁ dIQ 1 9 2

ou HeFixwiy*
B o I
H 0x1 Lo(I',C2) H ||L2(P’C2) 0x1 Lo(I,C2)
in view of (5.3) it is sufficient to proof that
2 out|? deFizeryE ||
Cu* + Hc— <cll—— : (5.9)
|| ||L2(P;C2) amz LQ(F,C2) axl L2(F7C2)
Let Q4 : La(R,C) — Ly(T',C?) be the integral operators
+iszxy »
h)(x1,22) i= —— eT1ahy (t £ 22, o) [t| T R(E)dE |
(Q+h)(z1, 72) N ¥ ( 2) [t h(t)
being defined on all appropriate functions h. Set w*(t) = [¢t|a* (¢ & ). Then we have
ut = Quu® and Ha(eﬂmlui)/axl||L2(F)Cz) = [|0* | w0y - (5.10)

Developing the eigenfunction 11 (€, z2), given in (3.15), (3.16) in a Taylor series near +, we find
V1 (t £ 22, @0) = Y1 (e, x0) + t75(t,20) for t € [~ 5]

where
0 i¢ o 9 € Loo([—52, 2] x J,C?) (5.11)
1 8:102 1 ) am2 e’} ) ) . .
Moreover it holds
eii%wl eii%wl .
= :l: 9 + 9
CQ+ NG 1 (F22, 22)Qo W Q17 512)
0 et T gl (f3¢, x2) eTixr1  prE ’
(5—Q+= Qo + Q1 :
Oxo Vo Oxo V2o Oz
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where Q)¢ and @), are the integral operators

d tdt

(Qoho)(Il) = C/:{ 6it$1h0(t)ﬁ and (Q1h1>($) = C/7 eitmlhl(t,IQ)W .

The operator Q1 is obviously bounded in Ly(I",C?). Next note that for functions hy € H(R, C)
with ha(0) = 0 Hardy’s inequality

[ChallLo,c) < 2[10h2/ 01| Ly c)
holds. Because of (5.7) we can apply this to hy = eT**1d*4F, what leads to

Qo™ | Lyr,c) < 2[0F | Lyric) -

Combining this with (5.11) and (5.12), we conclude

. 0 .
max { 1CQ+™ | 1y c2),s Ca—inwi

} < clld® || py o) -
L,(T,C2)

Then (5.10) implies (5.9). O

5.3. On the domain d[m] = P,H(T",C?) we define the quadratic form
mlu, u] == aglu, u] — A||u||%2(r)c2) + blu,u] . (5.13)

Then PyH'(I',C?) is a pre-Hilbert space with respect to the scalar product m. Let the Hilbert
space $) be the completion of P;H!(I',C?) with respect to m. Since ag[u,u] — AH“H%Q(F,C?) >0
for u € PyH*(I',C?), the form b extends to a bounded form on £, where it induces a non-negative
operator B. The operator norm of B does not exceed one. In fact it holds

Lemma 5.2. The point one is an isolated eigenvalue of multiplicity 2 of the operator 6. The
respective eigenspace can be represented by the two-dimensional linear set of fundamental sequences

us = {up 32y,
uj, = 19(/(1901) (<+ei’”1w1(%7 x2) + g_efi’”“wl(—%, (Eg)) , (5.14)
where s = (s4,6-) € C2, ¥ € C*(R,C) and ¥(x1) = 1 in some neighbourhood of 1 = 0.

Proof. The spectrum of 9B is a subset of the interval [0,1]. By (5.6) and (5.8) there exists a
6 > 0, such that

blu,u] < (1 —d)mlu,u] (5.15)

for all functions u € PyH' (T, C?) satisfying (5.7). Since this set of functions is of codimension two
in PyH!(T',C?), and the latter set is dense in §, the total multiplicity of the spectrum of 9B above
1 — 6 does not exceed 2.

Obviously u, € PyH'(T',C?). Using the two-sided bound (5.4) it is easy to verify that a° is
fundamental w.r.t. m, and

a™|

u ) = aofuf, uf] — A3, e — 0 as koo (5.16)

By continuity the form a” extends to a bounded non-negative form on $). The union of the
representative sequences (5.14) over ¢ € C? form a two-dimensional subspace $; in £, on which
a® vanishes. But then it holds

mlas, ) — blas, W] = a™[ac, @] =0

for all u* € H; and w € $, or equivalently Bu* = u°. Hence the point one is an isolated eigenvalue
of multiplicity two for B. O
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5.4. The Birman-Schwinger principle. Below x[p,a) and x(1,.0) are the characteristic func-
tions for the respective intervals and

v[u, u] ::/Ff <2

Glazmann’s Lemma and (1.3) imply

2
+2

2

ou
- +

8171

8u2

8562

0 0
du | Our

2
1 2
92, | O )dgc7 ue H (I',C%). (5.17)

rank X[o,a) (AW) = maxdim L ,
where the supremum shall be taken over all linear sets L C PyH* (T, C?), such that
aplu, u] — avlu, u] < A||u||%2(mc2) forall we L, u#0. (5.18)

Because of the boundedness of f the form v can be extended to a bounded hermitian form on $,
where it induces the bounded self-adjoint operator . Put B(a) := B+aU. Applying Glazmann’s
Lemma to this operator, one finds

rank X(1,00)(B()) = maxdim L,

where the supremum shall be taken over all linear sets L from the subset PyH! (T, C?) being dense
in §, such that

mlu, u] < blu,u] + av|u,u] forall we L, uz0. (5.19)
Comparing (5.18) and (5.19), one obtains the following variation of the Birman-Schwinger principle

rank xo,4)(AY) = rank x(1 o00)(B(@)), 0<a<l. (5.20)

5.5. Proof of Theorem 4.1 - Existence of eigenvalues. According to Lemma 5.2 the point
1 is an isolated eigenvalue of multiplicity 2 of B = B(0) and % has no spectrum above 1. The
perturbation family 9B («) is analytic of the Kato type (A) in « [14]. Thus for small o > 0 the
spectrum of B(«) near or above 1 will consist of two eigenvalues, which form two analytic branches

ki(o) =1 —|—om§1) +0(?%), j=12.

Hence by (5.20) the value lim, . 1o rank xjo, A)(A((f)) coincides with the quantity of the branches
kj(a), satisfying k;(a) > 1 for all sufficiently small a > 0.

Obviously ng-l) ;1) < 0 implies x;(a) < 1 for small a. From
(1

standard analytic perturbation theory we know [14], that the values x ;  are the eigenvalues of the
form v, being reduced to the two-dimensional eigenspace 1 of B at 1. Since we are interested in

the signs of these values only, according to (5.14) we have to calculate the signs of the eigenvalues

of the matrix
1,0) (1,0 1,0) (0,1
M = lim U[u%o 137 u%l 0;] U[u’}o 1;7 ul}o 1;]
ofug g ] vl ]

_ ( Afflw)de 6] emlf(zl)dm)
0 [ e f(xy)da A [ f(z1)dz. :

The eigenvalues of M are pi; and ps from (4.2). Then the conditions (4.3), (4.5), or (4.6) correspond
to mgl) > 0 and Iiél) > 0, ngl) > 0 and ﬁél) < 0, or Kgl) < 0 and Hgl) < 0, respectively. This

concludes the proof. O

> 0 implies x;(a) > 1 and &

(5.21)

6. THE ASYMPTOTICAL BEHAVIOR OF TRAPPED MODES

We have shown that in the setting of Theorem 4.1 the spectrum of the operator A((f) below A
consists of exactly two eigenvalues v (a) < vo(a) in the case (4.3), or exactly one eigenvalue v ()
in the case (4.5), if the positive parameter « is sufficiently small. In this section we shall calculate
the asymptotical behavior of these eigenvalues in the cases (4.3) and (4.5) as a — 0.
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6.1. Preliminary estimates III. We take a finite interval I such that supp f C I, and let x
be the characteristic function for I. For v < A we consider on Hy the two rank one operators

Ui wh)w(e, o )dgda,

iw ) = . x e:l:i;le T
T =hGome™ ) | = e Ay

Put T, = T,f + T, . Then the form
Yo lw, w] = v[T,w, T,w]

is well-defined and bounded on Ly(I",C?). Let Y, be the associated self-adjoint operator of rank
two.

Lemma 6.1. Let g be the respective parameter in (3.13) and let j1; be the eigenvalues of M in
(5.21). The eigenvalues p;(v), corresponding to the non-trivial part of Y,,, satisfy the asymptotical
equation

as v—-A—-0, j=1,2.

)

T 1
(= —" o —
Hy (V) q\/m:uﬂ 0 <m)
Proof. Let W; be the unitary scaling operator
(Wsw)(z) = Vow(dxy, x2), 6> 0.

’lﬂl :t% xg)
57 1’2 .
\/q EF o 1x)2+1
These functions are normed in Lo(T, C?). Let T be the rank one operators
(wa)(z) = 1y (d3e, T2)eT 1y 1 (1) <wv775i>L2(1‘1C2) ; d=vVA-v.
Then it holds

Put

VI l@TE =T Ws,  d=VA-v. (6.1)
Let Y, be the rank two self-adjoint operator, corresponding to the quadratic form
G [w, w] = v[T,w, T,w), T,=T5+T; .
Further set
s =03 (515 ) Ly o
In5 = n5 (15 18 ) 0oy lLare2)
Let Sy, 5’,, : H* — C? be the operators

Ns =

(3 78) Ly(r,c2)

.nt .nT
S, = <§ 7Z‘S_>L2(F’C2)> and S, = << 777:; >L2(F1@2)> , S=vVA—v.
s/ Ly(T,C2)

The operator S, is a partial isometric mapping from the linear span of nf onto C2. The identity
gvlw,w] = (MS,w, S,w)c. implies Y, = S;MS,. The eigenvalues of the non-trivial part of
SyMS, are ;. Since <775 Ny >L2(F e 0 as § — 0, we have

S*MS V—S*MS —S*MS, —-0 as v—A-0.

By (6.1) the eigenvalues u;(v) of Y, coincide with the eigenvalues of the non-trivial part of the
operator 7q¢~167'Y,, § = v/A — v. But then

qr i WVA—v —p; as v—A—-0, j=12.0
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6.2. Preliminary estimates IV. Let R, = (A((J4) —v)~! be the resolvent of A((34) at the spectral
point v. For v < A the operator RY/? is a bounded mapping from Hy to dfa'?] = PyH'(T',C?) C
HY(T,C?). Hence the form

2, [w, w] = v[RY?w, R/ ?w]
is well defined and bounded on Hy. Let X, be the associated bounded self-adjoint operator on
H4.

Lemma 6.2. There exist a positive constant C' such that the estimate
1X, — Y, | gc(1+1/ 4\/A—z/), (6.2)
holds for all v < A.

Proof. Put 6 = vA — v. By Korn’s inequality the operator VR./? is bounded on H, for fixed
v < A. Since Rll,/ 11 is uniformly bounded for all v < A, it is then easy to see that the operator

VR is uniformly bounded for all v < A. Moreover, for v < A the operators y IVRll,/ T4 are
Hilbert-Schmidt, and

2
R L R B =
< el [ g < 8l e
P F =) +0
for all w € Hy. The same type of estimate shows that
IXrVTrul? < cad™HulZ, ey . u€ Ha (6.4)
Computing the corresponding Taylor series with remainder estimates we see, that

P (€ w)n (€, 7h) ey (£ Mmu + (€ F ) R¥(§,2,2"))

M(€) —v ¢*(§ F »)* + 02
where the functions R* are uniformly bounded on (0, 4s) x (I x J)2. But then
1/2 2 2 ¥ (&= 3)%d€
IxsV(RY?(Ty +T12) = T)ull3, . c2) < C5||U||L2(r,<c2)/0 -+ 5 (©6.5)
< cgllullF, oy -
Recall that it holds
vlu,u] < ellxrVullZ, w2 (6.6)

for u € P,H(I',C?). We decompose the form z, as follows
xy[u,u] = o[RY2(Iy + I )u, RY?*(I, + 11 )u] + r[u, u],
where by (6.3) , (6.6) the form
rlu, u] = v[RY 2w, RY/*TTu] + 2Rv[RY/ *TTu, RY/?(I1; 4 I1_ )u]
satisfies the estimate
jrlu, w]| < C(L+ 67 Jull by oo lwll o2 -

The identity

o, ] — g [, 1) = 2RU[(RY2(IL, +T1_) — T, )u, RY2(TL, +T1_)uf

+ol(Ry* (W + 1) = T Ju, (Ry* (I + 1) = T )u] + r{u, ]
implies together with (6.4), (6.5) and (6.6) that
(Xy =Yo)u,u)p,rc2y| <C (1 + 571/2) [l co)

as u € Hy. This completes the proof. O
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6.3. The proof of Theorem 4.1 - Formula (4.4). For t € R let x4 be the characteristic
function for the point . The operator X, is the Birman-Schwinger operator for the perturbed
operator family A,(f),

rank xyaX, = rank x(,1(Aq) (6.7)
and
rank X[1,00) X, = rank xo,,](Aa) (6.8)
for all v < A and 0 < e < 1, see [1]. By (6.3) and (6.6) we see that

(X)) | < 07l ooy (6.9)
Put §;( —v;(a). Then (6.7) and (6.9) imply
di(a) = O(a) as o — +0.

The estimate (6.2) transforms into

165 ()X, (0 — 8 (@) W)H<c< *F)

as @ — 0. The operators §; (a)Y,,]. () are of rank two, and by Lemma 6.1 their nontrivial eigenvalues
§;(a)p;(vj(a)) satisfy §;(a)p;(vj(a)) — g 'muj, 5 = 1,2. By standard perturbation theory we
conclude, that if u; # 0, j = 1,2, the operators d;(a)X,, (o) have all spectrum in a O(y/a)-
neighbourhood of zero, except two eigenvalues g;j(a) — ¢ tmp; for j = 1,2, respectively. In the
cases (4.5), (4.3) u; > 0 implies now that the point g;(«) becomes the jth largest eigenvalue
of §;(a)X,,(a) for sufficiently small a > 0. That means ag;(a)d; (@) becomes the jth largest
eigenvalue of aX v; (o) Which on its turn by (6.7), (6.8) equals 1. Hence

a (@) = 0j(a) — ¢ mpy

as @ — 0. This concludes the proof. O

7. APPENDIX

7.1. Sketch of the Proof of Lemma 3.1. For brevity we shall write w’; instead of dw;/0z2.
The functions w; are continuous. Since w; is symmetric and orthogonal to the constant function,
it is easy to see that

will7, e < lwilli,oe and  [wlZee < lwill.oollwllo.oe - (7.1)
On the other hand, for ws being antisymmic it holds
HwQH%Q(J,(C) < ||w/2||2L2(J,(C) and ||w2||20(J,<C) < ||w/2HL2(J,(C)HwQHLg(J,(C) . (7.2)

Minimizing the expression for a(§)[w, w] in & and using the first bound in (7.1), (7.2), respectively,
one obtains

[[w 1” JC)HwQHLQ(JC)
2w |3 00 T ||w2HL2 (J,C)

a(©)w, w] = [wilL,1c) + 2MwslL,c) —

4”le 2(J,0) + ||w2HL2 (J,C) + 2||u}1|| JC)Hw2HL2 J(C)

2”le[,2 (J,C) + ||w2HL2 (J,C)

Minimizing the r.h.s. under the restriction ||w||L2 2y = llw 13, e T llw ||L2(J(C) we arrive at

a(©)fw,w] = (8V3 = 12) wlld, e - (7.3)
For the second estimate we shall use the fact that

<wh,wa >0 < 2lwilleuellwallcue) + lwillnoe lwhll e -
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Then in view of the second of the bounds in (7.1), (7.2), respectively, we have

a(&)fw, w] = 26%|will7, e + ENw2llT, ey + 1wl + 2lwslZ, 00

- §||wi||L2(J,<c)|\w2|\L2(J,C) - §||w1HLQ(J,C)Hw/gHLz(J,C)

- 25\/leHLQ(J,C)Hw/lHLz(J,(C)||w2||L2(J,(C)||wl2||L2(J,(C) .
This chain of inequalities can be continued as follows
a(§)lw,w] > 26| wilZ, (50 + Elw2llZ, 0y + Wi, e + 21whllZ, )

= (14 8)€l|wil| oy lwallacrey — (1 + 8 )elwnll oy lwhl| Loy
(146°1)2 (1+94)°
> (2- 8 DY 0+ € (1- S5 ) Bualie

for all § > 0. In particular for § = /2 — 1 we conclude

-16v2 ,
a(é)|lw,w| > + w > —&7lw . 7.4
(©)[w, w] 4(\/5_ e ———= &, e 5 lwall,r.c) 2 = 17, sc2) (7.4)
It remains to combine (7.3), (7.4) and to apply this to
M (5) - w€P4HI-}ilrgJ,C2) ||w||Z§(J1C2)a(§)[w, ’LU] - o

7.2. Proof of Lemma 3.2. First note, that by (7.1) and (7.2) it holds
a(§)lw, w] > 2min{€*, BHw|], o) and  a(0)fw,w] > 2Jwlli, ez
for all w € PyH'(J,C?), w # 0. Moreover, if

w(@)_<—§m$( E) + 5 Cosg r) 4 AT \/ﬁ)

vain () + 2 5in ()

then w € PyH'(J,C?) and

a(47'V7) [w,w]  21468v/27 — 3033072 + 1120 + 5601/2
lwl? s ce 938421 — 1516572 + 1280 + 640+/2
2(J,C2)

1.91 . (7.5)

Hence
A =8V3—12< A <191 =), (7.6)

and the non-constant analytic function A;(£) achieves its global minima A at a finite number of
points &, such that 0 < £2 < \,/2. In a neighbourhood ¢,, of these points &, we have \;(£) < 2
and hence 0 <1 < 1, 81 > 0. Now it is easy to see, that the equation (3.9) has no solution with
y1=00r f <1as¢€e,. Hence 1 — A\1(£)/2 <~E(€) < Ai(£)/2 and

REOTBLE) +ET(n(E) =0  for  E€en, (7.7)

where Y(x) = 2~ !tan(wz/2). Differentiating (7.7) with respect to z = ¢2 and applying (7.7),
(3.10), we claim that

T(v) = (27> =AY +877Y) (22 +AN)Y(y) —4n ) —2A+ 3272 =0 (7.8)

at the points v = /A/2 — £2. Note that 2A — 32772 > 0. Consider (7.8) as an equation in
v € (/1= Xo/2,4/Ao/2). The second factor on the Lh.s. is positive and increasing in v. Using
(7.6) it is not difficult to see, that the first factor is increasing in v as well, hence the product
is increasing where it is non-negative, and the equation(7.8) has not more than one solution
v € (V1= Doy v/ Ao/2). We conclude that A;(§) achieves its minimal value at exactly two points
£ =% # 0.

Next we sharpen the estimate on v = \/A/2 — &. By (7.6) we see that

TH) < ((27% = A)YA) +8771) (232 + Xo)Y(F) — 4m 1) — 2X, + 3272 (7.9)
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if (292 —=A\)Y(§) +87~1 >0 and

T(H) > ((25% = X)Y(F) + 8771 (27% + A) Y (F) — dm 1) — 20, + 3272
(7.10)

if (292 — Xo)Y(7) + 87~ > 0. By the same monotonicity argument as above the functions on the
r.h.s. of (7.9), (7.10) have only one root 7y, ¥, respectively, within (1 — X,/2,,/2). But then
Yu < v < 9,. Evaluating (7.9), (7.10) at the points ¥ = v, = 11/16 and 4 = ~, = 25/32, where
T (%) can be calculated explicitly, one claims v, < Y, <7 <, < Yo.

Differentiating (7.7) twice w.r.t. 2z = £2, we see that d?\1(£)/d¢?|¢=+¢, = 0 would imply

0= <6A2~y2 — %wz‘x* + 167 4+ 440y* — 28872 — 67572\ + 1072 A2y 4+

1
+g772)\372) sin (L;) + (1676 + 62292 — 2221 4 171'2)\4 +2a%72 A\

1 3
—5mA? 440+ 47%2) sin (%7) + (10m9° X + 4797 + 3wA2y°

3
—27r)\37) cos (?) + (—157r)\273 — 66ma® X — 2017 + 27T)\3’7) cos (%)

for A = A and v = \/A/2—&2. However, the function on the r.h.s. is negative for all pairs
(1, A) € (YusYo) X (Au, Ao) and thus d*A;(€)/d€?|¢=+e, # 0. A respective numerical calculation
can be made rigorous by estimating the sin and cos by appropriate finite Taylor series, inserting
these estimates into the r.h.s. of the equation above, estimating the derivatives of the resulting
polynomial and evaluating the polynomial on a sufficiently dense finite set of test points. O
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