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von Differenzengleichungen vierter Ordnung

Peter A. Lesky

Preprint 2006/002



Fachbereich Mathematik
Fakultät Mathematik und Physik
Universität Stuttgart
Pfaffenwaldring 57
D-70 569 Stuttgart

E-Mail: preprints@mathematik.uni-stuttgart.de

WWW: http://www.mathematik/uni-stuttgart.de/preprints

ISSN 1613-8309

c© Alle Rechte vorbehalten. Nachdruck nur mit Genehmigung des Autors.
LATEX-Style: Winfried Geis, Thomas Merkle



���������	�
����
���� ���
��������� �����������	��� ���	�  "!$#%�&�'����(&����)
�
���*!�+,�-�����
��� ��!��&�.���&�/���'01�2�����
35456"7�8:9;8=<?>A@CB�8EDGF&H,I�JK9;L�9M9;N5O,<;9
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mRo�p:Y�bdY\[fÅ\Y\[fghutY�otSVUGeZ[ZghY�[ÃiMotY�bs_aY�b	w�bsWZ[GeZ[Zg�ÙZÌrY�b	WfbdY\oqghutoqY\WZbsotghY�Ï¬Y�©GeZbdcsotkh[ZY�[�zÈÙZb�WZoqY2�.khu��;[fkh���
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ñ'ÙZb�WZoqY
�.khu��;[fkh�-uq�hcdef[ZghY\[

yn(x)
ilkh�

n
�Í_aY\[¥ò�bdQlW1ot[

x (n = 0, 1, 2, . . .)
WZY�bRm^oqprY\bdY�[`_ao�QTutghuqY\o��

SVUGeZ[Zg
P4(x)y

(IV )
n (x) + P3(x)y

′′′

n (x) + P2(x)y
′′

n(x) + P1(x)y
′

n(x) = λnyn(x)
{Ð�h�q���

Å\Y�otgl_�WfY\b��R[ZcdQT_aÅ
yn(x) =

n
∑

k=0

an,k

xk

k!
(n = 0, 1, 2, . . . ; an,n 6= 0),

{Ð�h�ó�l�

W�QlØxzÈÙZb�WZoqY��^kMY�Þ2Å\oqY\[`_aY�[1ilkh[Ã{��h���´�K[GeZb¬�.khu��M[Zkh�2Y

P4(x) = e4,0 + e4,1x + e4,2x
2 + e4,3x

3 + e4,4x
4, P3(x) = e3,0 + e3,1x + e3,2x

2 + e3,3x
3,

P2(x) = e2,0 + e2,1x + e2,2x
2, P1(x) = e1,0 + e1,1x

{��l���`�
ot[1ñ�baQTghYC©lkl�-�2Y\[=�ZPRQlSVU1WZY\�ô¢5oq[ZcdY�_aÅ�Y\[�ihkh[Ã{��h���h�Koq[Ã{Ð�h���´�ÉutoqY�zÈY�bs_*WZY�b¬�^kMY�Þ2Å\oqY\[`_aY�[GilY\bsghutY�otSVU
Ì~Y\o xn

n!

WZotY�õ�° ¸ ²Mµrö�²G³�¿�²

λn = n
{

e1,1 + (n− 1) e2,2 + (n− 1)(n− 2) e3,3 + (n− 1)(n− 2)(n− 3) e4,4

}

(n = 0, 1, 2, . . .).
{��l�¡�G�

mRY�b^�¬k;Y�Þ2Å\otY�[`_aY\[`ilY\bdglutY\oqSVUàÌ~Y\o xk

k!

uqotY�zÈY�bs_

(k − n) e1,1an,k + e1,0an,k+1 + (k − n)(k + n− 1) e2,2an,k + k e2,1an,k+1 + e2,0an,k+2+

+(k − n) [k2 + kn + n2 − 3(k + n) + 2] e3,3an,k + k(k − 1) e3,2an,k+1 + k e3,1an,k+2+

+e3,0an,k+3 + (k − n) [k3 + k2n+ kn2 + n3 − 6(k2 + kn+ n2) + 11(k + n) − 6] ·

· e4,4an,k + k(k − 1)(k − 2) e4,3an,k+1 + k(k − 1) e4,2an,k+2 + k e4,1an,k+3 + e4,0an,k+4

= 0.
{��l�ó¦h�

¦



�:eZb�¢,bdUf�hUGeZ[Zg�WfY\b��^Ì~Y\bscdotSVU`_dutotSVUf©lY\o�_���otbsWÃ{Ð�h��¦h�K[ZkMSVU1zÈkhuqghY\[fWZY\bs��QlØlY\[�eZ�2ghY\klbdWZ[ZY�_ÄÊ

an,k(k − n)
{

e1,1 + (k + n− 1) e2,2 + [k2 + kn + n2 − 3(k + n) + 2] e3,3+

+ [k3 + k2n + kn2 + n3 − 6(k2 + kn + n2) + 11(k + n) − 6] e4,4

}

+

+an,k+1

{

e1,0 + k e2,1 + k(k − 1) e3,2 + k(k − 1)(k − 2) e4,3

}

+

+an,k+2

{

e2,0 + k e3,1 + k(k − 1) e4,2

}

+ an,k+3

{

e3,0 + k e4,1

}

+ an,k+4e4,0 = 0

{��l��«`�

(k = n, n− 1, . . . , 1, 0; an,n 6= 0, an,n+1 = an,n+2 = an,n+3 = an,n+4 = 0).

mRoqYCzÈkhutghY�[ZWZY�[1iMotY�b�ñ��luqutYRY�[`_acs_dY\UZY�[¥�2oq_*WZY�b¬mRbdY�otghuqotY\Wfbdotgl©lY\o�_Kilkh[X{Ð�h�¡«`��Ê

��²G³	�X°§¿�²�

e4,0 = 1 ; e4,1 = e4,2 = e4,3 = e4,4 = 0 ; e3,1 = 2ε (ε ∈ R \ {0}) ;
e3,0 = e3,2 = e3,3 = 0 ; e2,0 = 2ετ (τ ∈ R), e2,2 = 4ε2 ; e2,1 = 0 ;
e1,1 = 4ε2 (τ − 1) ; e1,0

{}c��M�-�2Y�_dbdotcsSVU����

��
 ¸ ¼�²G³´³´²G¿�����
 e4,2 = 1 ; e4,0 = e4,1 = e4,3 = e4,4 = 0 ; e3,1 = 4, e3,2 = 2 ;
e3,0 = e3,3 = 0 ; e2,1 = υ + 4 (υ ∈ R), e2,2 =1 ; e2,0 = 0 ; e1,0 = υ − 2, e1,1 =υ.

�5² ¸ ²Mµ�Á�³´²`¿�����
 e4,0 = 1, e4,2 = −2, e4,4 = 1 ; e4,1 = e4,3 = 0 ; e3,1 = −8, e3,3 = 8 ;
e3,0 = e3,2 = 0 ; e2,0 = −4(t + 3) (t ∈ R), e2,2 = 4(t+ 3) ; e2,1 = 0 ;
e1,1 = 8t ; e1,0 = 0

{}c��M�-�2Y�_dbdotcsSVU����

��
ZºhÝ��.°§¿�����

e4,2 = 1, e4,3 = −2, e4,4 = 1 ; e4,0 = e4,1 = 0 ;

e3,1 = 4, e3,2 = −2(r + 4) (r ∈ R), e3,3 = 2(r + 2) ; e3,0 = 0 ;
e2,1 = −r(f + 4) (f ∈ R), e2,2 = r(r + f + 3) ; e2,0 = 0 ;
e1,0 = r(2 − f), e1,1 = r(rf − 2).

ÑKY�oôWZY\[ ÎG�;c�_aY��-Y�[ ��QlghefY\bdbsYl�äËhQlS\khÌfoÍ� Ï¬kh�-Ql[Zk�iMcd©GoÒ��ËhQlS�khÌZoÍ� Ï�kh��QT[Zk�i;cs©Go��ÐÑÉY\cdcsY\u eZ[ZW
Ï�kh��QT[Zk�i;cs©Go��Ð�,csY\eZWZk´ÓdQlS\khÌfoZÌZutY�otÌ~Y\[�oq[1{��h�¡«`�EzÈÙZ[fzÈghuqotY\WfbdotglYK�¬k;Y�Þ-Å�otY�[G_dY\[ZbsY\©GeZbscdotkl[ZY\[2ÌrY�cs_dY\UZY�[=�
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ñ'ÙZb¬WZoqY���khuq�M[Zkh�2ut�lcdeZ[ZglY\[
yn(x)

ihkh�
n
�Í_aY�[yò�baQlW�ot[

x (n = 0, 1, 2, . . .)
WZY�bCmRo�p:Y�bdY\[fÅ\Y\[fghutY�o��

SVUGeZ[Zg
∗

Q4(x)∆
4yn(x) +Q3(x)∆

3yn(x) +Q2(x)∆
2yn(x) +Q1(x)∆yn(x) = µnyn(x+ 2)

{��;���´�
(

∆yn(x) = yn(x + 1) − yn(x) ; ∆jyn(x) = ∆ (∆j−1yn(x))
) Å�Y\oqgl_�WZY\b��^[ZcaQT_dÅ-{s��Ô��§�

yn(x) =
n

∑

k=0

bn,k

(

x + k − 2
k

)

(n = 0, 1, 2, . . . ; bn,n 6= 0),
{��;�ó�l�

∗ � �"!�#%$'&)("*)+",.-0/21�3
µ

n
y

n
(x + 2) 4 -0*516-0798:-0;=<>,0-0?A@���BDCE1D-./�F *)&)G>H"+�H";	��,0-I&AJK&�L�/2* 4 /M;	1>/N&2O
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W�QlØxzÈÙZb�WZoqY��^kMY�Þ2Å\oqY\[`_aY�[1ilkh[Ã{Í�;���´�K[GeZb¬�.khu��M[Zkh�2Y

Q4(x) = f4,0 + f4,1x+ f4,2x
2 + f4,3x

3 + f4,4x
4, Q3(x) = f3,0 + f3,1x+ f3,2x

2 + f3,3x
3,

Q2(x) = f2,0 + f2,1x+ f2,2x
2, Q1(x) = f1,0 + f1,1x

{Í�M���`�
ot[Ãñ�baQlghY2©lkl�-�2Y\[=���5khb
WZY�� ¢,oq[ZcdY�_aÅ\Y�[Xihkh[Õ{Í�;���h��ot[Õ{��;���´��Y�bszÈkhuqghY\[vzÈÙZb
WZotY-�.khu��M[Zkh�2Yy{Í�M���`�
[ZkMSVU�glY"��otcscdY��5khbsÌrY�bdY\o�_aeZ[fghY\[=Ê

x

(

x+ k − 2
k − r

)

= (k − r + 1)

(

x+ k − 2
k − r + 1

)

+ (2 − r)

(

x + k − 2
k − r

)

(r = 1, 2, 3, 4) ;

x2

(

x + k − 2
k − s

)

= (k − s+ 2)(k − s+ 1)

(

x+ k − 2
k − s + 2

)

+ (k − s+ 1)(5 − 2s)·

·

(

x + k − 2
k − s+ 1

)

+ (s− 2)2

(

x+ k − 2
k − s

)

(s = 2, 3, 4) ;

x3

(

x + k − 2
k − t

)

= (k − t+ 3)(k − t+ 2)(k − t+ 1)

(

x + k − 2
k − t + 3

)

+ 3(k − t+ 2)·

·(k − t+ 1)(3 − t)

(

x + k − 2
k − t + 2

)

+ (k − t + 1)
[

3(3 − t)(2 − t) + 1
]

(

x+ k − 2
k − t+ 1

)

+

+(2 − t)3

(

x+ k − 2
k − t

)

(t = 3, 4) ;

x4

(

x + k − 2
k − 4

)

= k(k − 1)(k − 2)(k − 3)

(

x + k − 2
k

)

− 2(k − 1)(k − 2)(k − 3)·

·

(

x+ k − 2
k − 1

)

+ 7(k − 2)(k − 3)

(

x + k − 2
k − 2

)

− 15(k − 3)

(

x + k − 2
k − 3

)

+

+16

(

x+ k − 2
k − 4

)

.

{Í�M�¡�G�
ñ�Y\bs[ZY\b&Ì~YÄQTSVUG_dY���Ql[

yn(x+ 2) = ∆2yn(x) + 2∆yn(x) + yn(x)
�ZcskxW�QlØx�2oq_KWZY\� �R[ZcdQT_aÅ2{��;�ó�l�

yn(x+ 2) =

n
∑

k=2

bn,k

(

x+ k − 2
k − 2

)

+ 2

n
∑

k=1

bn,k

(

x+ k − 2
k − 1

)

+

n
∑

k=0

bn,k

(

x+ k − 2
k

)

{Í�M�ó¦h�
Y\[`_dcs_aY�U`_Ä� P^QlSVU WZY�� ¢5oq[ZcdY�_aÅ�Y\[ ilkh[ {Í�M�ó�h� ot[ {Í�M�q�´� eZ[ZW �^kMY�Þ2Å\oqY\[`_aY�[GilY\bsghutY�otSVU
Ì~Y\o ( x + n− 2

n

) Y�bdghY�ÌrY�[�csotSVU1WZotY�õ�° ¸ ²Mµrö�²G³�¿�²

µn = n
[

f1,1 +(n− 1)f2,2 +(n− 1)(n− 2)f3,3 +(n− 1)(n− 2)(n− 3)f4,4

]

(n = 0, 1, 2, . . .).{Í�M��«`�
�:eZ�A�^efzÈÌ�Qle	WZY\bK{}Å�eZ[E�lSVUZc�_¤zÈÙZ[fzÈglutotY�WZbdoqghY\[��=Ï¬Y�©Mefbdcdoqkh[ �ÉY\bsWZY\[�WZotY5iMotY\b.Î;ef�-�-Ql[ZWZY�[	ilkh[�{Í�M�q�´�
eZ[`_aY�bdcseZSVU`_Ä���KkhÌ~Y\o�QTeZSVUàW�QTcRÎG_a�hbsghutoqY\W��5Y�b2�ÉY\[ZWZef[Zg���[ZWfY�_ÄÊ

­



[

f1,0 + f1,1x
]

n
∑

k=1

bn,k

(

x+ k − 2
k − 1

)

=

=
n

∑

k=1

bn,k

(

x + k − 2
k − 1

)

[

f1,0 + f1,1

]

+
n

∑

k=0

bn,k

(

x + k − 2
k

)

k f1,1 ;

[

f2,0 + f2,1x + f2,2x
2
]

n
∑

k=2

bn,k

(

x + k − 2
k − 2

)

− µn

[ n
∑

k=2

bn,k

(

x+ k − 2
k − 2

)

+

+ 2

n
∑

k=1

bn,k

(

x+ k − 2
k − 1

)

+

n
∑

k=0

bn,k

(

x + k − 2
k

) ]

=

=

n
∑

k=2

bn,k

(

x + k − 2
k − 2

)

[

f2,0 − µn

]

+

n
∑

k=1

bn,k

(

x+ k − 2
k − 1

)

[

(k − 1)f2,1 +

+ (k − 1)f2,2 − 2µn

]

+
n

∑

k=0

bn,k

(

x + k − 2
k

)

[

k(k − 1)f2,2 − µn

]

;

[

f3,0 + f3,1x + f3,2x
2 + f3,3x

3
]

n
∑

k=3

bn,k

(

x+ k − 2
k − 3

)

=

=

n
∑

k=3

bn,k

(

x + k − 2
k − 3

)

[

f3,0 − f3,1 + f3,2 − f3,3

]

+

n
∑

k=2

bn,k

(

x+ k − 2
k − 2

)

[

(k − 2) ·

· f3,1 − (k − 2)f3,2 + (k − 2)f3,3

]

+

n
∑

k=1

bn,k

(

x + k − 2
k − 1

)

(k − 1)(k − 2)f3,2+

+

n
∑

k=0

bn,k

(

x + k − 2
k

)

k(k − 1)(k − 2)f3,3 ;

[

f4,0 + f4,1x + f4,2x
2 + f4,3x

3 + f4,4x
4
]

n
∑

k=4

bn,k

(

x+ k − 2
k − 4

)

=

=

n
∑

k=4

bn,k

(

x + k − 2
k − 4

)

[

f4,0 − 2f4,1 + 4f4,2 − 8f4,3 + 16f4,4

]

+

n
∑

k=3

bn,k

(

x + k − 2
k − 3

)

·

·
[

(k − 3)f4,1 − 3(k − 3)f4,2 + 7(k − 3)f4,3 − 15(k − 3)f4,4

]

+
n

∑

k=2

bn,k

(

x+ k − 2
k − 2

)

·

·
[

(k − 2)(k − 3)f4,2 − 3(k − 2)(k − 3)f4,3 + 7(k − 2)(k − 3)f4,4

]

+

n
∑

k=1

bn,k·

·

(

x + k − 1
k − 2

)

[

(k − 1)(k − 2)(k − 3)f4,3 − 2(k − 1)(k − 2)(k − 3)f4,4

]

+

+

n
∑

k=0

bn,k

(

x+ k − 2
k

)

k(k − 1)(k − 2)(k − 3)f4,4.
{Í�M�ó­h�

ËlY�_dÅ�_,oqcs_.Y\bs©lY\[f[MÌZQlb\�hWZQlØC�-Ql[�WZefbdSVU��ReZcscdSVU�QTuq_aef[Zg�WZY\b¤ò�uqotY�WZY\b��-o�_�WZY\� ñ�Ql©`_akhb (

x + k − 2
k − 3

)

eZ[ZW (

x + k − 2
k − 4

) Å\e?Y\oq[ZY\b-WZbdY�otghuqotY\WfbdotglY\[jÏ�Y\©GeZbdcsotkh[¯ghY\utQl[ZghY�[?©ÂQl[Z[:�KmRoqY\csYà�RefcdcdSVUZQluq_deZ[Zg
ghY�utot[fgl_*WZeZbsSVUà¢,b�zÈÙZutuqeZ[Zg�ihkl[
f3,0 = f3,1−f3,2 +f3,3 ; f4,0 = 2f4,1−4f4,2 +8f4,3−16f4,4 ; f4,1 = 3f4,2−7f4,3 +15f4,4

{Í�M��Ô`�

Ô



�RefØhY\bsWZY\� otc�_R[ZkMSVUyY\oq[ZY	]^��zÈkhbd��ef[Zg�WZY�b^ilY\bdÌfutY\oqÌrY�[ZWZY�[%ÑKot[Zkl�-otQlut©Tk;Y�Þ-Å�otY�[G_dY\[1[Z�l_dotgZ��mCQTÅ\e
Ì~Y\bdY�SVUZ[ZY�_R�-Ql[

(

x + k − 2
k − 1

)

=

(

x+ k − 1
k − 1

)

−

(

x + k − 2
k − 2

)

;

(

x + k − 2
k

)

=

=

(

x+ k
k

)

− 2

(

x + k − 1
k − 1

)

+

(

x+ k − 2
k − 2

)

{Í�M���`�

eZ[ZW1Y\bsUE�lu�_¬QleZc	{Í�;��­h�

[

f1,0 + f1,1x
]

n
∑

k=1

bn,k

(

x+ k − 2
k − 1

)

=

n
∑

k=0

bn,k

(

x + k
k

)

k f1,1 +

n
∑

k=1

bn,k

(

x+ k − 1
k − 1

)

·

·
[

f1,0 + f1,1 − 2kf1,1

]

+
n

∑

k=2

bn,k

(

x+ k − 2
k − 2

)

[

− f1,0 − f1,1 + k f1,1

]

;

[

f2,0 + f2,1x+ f2,2x
2
]

n
∑

k=2

bn,k

(

x + k − 2
k − 2

)

− µn

[ n
∑

k=2

bn,k

(

x + k − 2
k − 2

)

+ 2

n
∑

k=1

bn,k·

·

(

x + k − 2
k − 1

)

+
n

∑

k=0

bn,k

(

x + k − 2
k

) ]

=
n

∑

k=0

bn,k

(

x + k
k

)

[

k(k − 1)f2,2 − µn

]

+

+

n
∑

k=1

bn,k

(

x + k − 1
k − 1

)

[

f2,1 − (2k − 1)f2,2

]

(k − 1) +

n
∑

k=2

bn,k

(

x+ k − 2
k − 2

)

·

·
[

f2,0 − f2,1(k − 1) + f2,2(k − 1)2
]

;

[

f3,0 + f3,1x+ f3,2x
2 + f3,3x

3
]

n
∑

k=3

bn,k

(

x+ k − 2
k − 3

)

=
n

∑

k=0

bn,k

(

x + k
k

)

·

·k(k − 1)(k − 2)f3,3 +

n
∑

k=1

bn,k

(

x + k − 1
k − 1

)

[

f3,2 − 2k f3,3

]

(k − 1)(k − 2)+

+
n

∑

k=2

bn,k

(

x + k − 2
k − 2

)

[

f3,1 − k f3,2 + (k2 − k + 1)f3,3

]

(k − 2) ;

[

f4,0 + f4,1x+ f4,2x
2 + f4,3x

3 + f4,4x
4
]

n
∑

k=4

bn,k

(

x + k − 2
k − 4

)

=
n

∑

k=0

bn,k

(

x+ k
k

)

·

·k(k − 1)(k − 2)(k − 3)f4,4 +
n

∑

k=1

bn,k

(

x+ k − 1
k − 1

)

[

f4,3 − 2(k + 1) f4,4

]

(k − 1)(k − 2)·

·(k − 3) +

n
∑

k=2

bn,k

(

x + k − 2
k − 2

)

[

f4,2 − (k + 2) f4,3 + (k2 + k + 5)f4,4

]

(k − 2)(k − 3).

PRQTSVU¥WZY\� ¢,ot[fcdY�_dÅ\Y�[àihkh[
yn(x) =

n
∑

k=0

bn,k

(

x + k − 2
k

) ot[àWfotY	mRoqprY\bsY\[ZÅ�Y\[ZghuqY\oqSVUMef[Zg%{Í�M�q�´�
Y\[`_dcs_aY�U`_Roq[ZcdghY�caQl�	_	{}�-Ql[�ÌrY\QlSVU`_aY
WZotY�¢,bszÈÙfututef[Zg�ihkh[Ã{Í�M��Ô`�s�

�



n
∑

k=0

bn,k

(

x + k
k

)

{

k f1,1 + k(k − 1) f2,2 + k(k − 1)(k − 2) f3,3 + k(k − 1)(k − 2) ·

· (k − 3) f4,4 − µn

}

+

+
n

∑

k=1

bn,k

(

x+ k − 1
k − 1

)

{

f1,0 + f1,1 − 2k f1,1 + (k − 1) f2,1 − (k − 1)(2k − 1) f2,2+

+(k − 1)(k − 2) f3,2 − 2k(k − 1)(k − 2) f3,3 + (k − 1)(k − 2)(k − 3) f4,3 − 2(k − 1)·

·(k − 2)(k − 3)(k + 1) f4,4

}

+

+
n

∑

k=2

bn,k

(

x+ k − 2
k − 2

)

{

−f1,0 − f1,1 + k f1,1 + f2,0 − (k − 1) f2,1 + (k − 1)2 f2,2+

+(k − 2)2 f3,1 − k(k − 2) f3,2 + (k2 − k + 1)(k − 2) f3,3 + (k − 2)(k − 3) f4,2−

−(k − 2)(k − 3)(k + 2) f4,3 + (k2 + k + 5)(k − 2)(k − 3) f4,3

}

= 0.
{Í�;�����`�

mRY�b&�^kMY�Þ2Å�otY\[`_dY\[`ihY�bdghuqY\otSVU�ÌrY�o (x + k
k

) utoqY�zÈY�bs_£Y\oq[ZYRÁ�³´²M° ¸~¹ °}²MÁ�³T° ¸ ²�Ú ²GÛE¼�³ÂÜÄ°ÈÝ~µ¥zÈÙZbÉWfotY bn,k

Ê

bn,k

{

k
[

f1,1 + (k − 1) f2,2 + (k − 1)(k − 2) f3,3 + (k − 1](k − 2)(k − 3) f4,4

]

−

−n
[

f1,1 + (n− 1) f2,2 + (n− 1)(n− 2) f3,3 + (n− 1)(n− 2)(n− 3) f4,4

]}

+

+bn,k+1

{

f1,0 + f1,1 − 2(k + 1) f1,1 + k f2,1 − k(2k + 1) f2,2 + (k − 1) k f3,2−

−2(k − 1) k(k + 1) f3,3 + (k − 2)(k − 1) k f4,3 − 2(k − 2)(k − 1) k(k + 2) f4,4

}

+

+bn,k+2

{

−f1,0 − f1,1 + (k + 2) f1,1 + f2,0 − (k + 1) f2,1 + (k + 1)2 f2,2 + k2 f3,1−

−k(k + 2) f3,2 + (k2 + 3k + 3) k f3,3 + (k − 1) k f4,2 − (k − 1) k(k + 4) f4,3+

+(k2 + 5k + 11)(k − 1) k f4,4

}

= 0

{Í�;���h�´�

(k = n, n− 1, . . . , 1, 0 ; bn,n 6= 0, bn,n+1 = bn,n+2 = 0)
�

� ïn<;9;èR45N5456RO5âÐç 9��¤9����¬< 7�4£âÇH*6^4£ãäâ�å5DMLR6^N£8E6 35456 âÐçÐ6R8EO,<Z8E6 èR4£ãä45N58E6R8E6
êæçÇë	8=<Z8E6��:8E6RN5âÐ8EçÐìZè&L^6RN58E6"3*çÐ8=<;9;8=<æïn<Zð^6&LR6^N

ÆÇ[1WZY\b¬mRo�p:Y�bdY\[fÅ\Y\[fghutY�otSVUGeZ[Zgà{Í�;���´�KcsY�_aÅ�_R�-Ql[�Å��KY�SV©M� �lØhoqg

Q4(x) = σ(x+ 4), Q3(x) = τ(x + 3), Q2(x) = ϕ(x+ 2), Q1(x) = ψ(x+ 1)
{��f���´�

eZ[ZW1��eZu�_aoq|ZutoqÅ\otY�bs_£�2oq_
w(x+ 2)

Ê

w(x+ 2)σ(x+ 4)∆4yn(x) + w(x+ 2)τ(x+ 3)∆3yn(x) + w(x+ 2)ϕ(x+ 2)∆2yn(x)+

+w(x+ 2)ψ(x+ 1)∆yn(x) = w(x+ 2)µnyn(x+ 2) (n = 0, 1, 2, . . .).
{��;�ó�h�

��otbsW
w
cdk2ÌrY�cs_aoq�-�	_Ä�fWZQlØ�WZotY�Ü\² ¹ �'Ü�¿D
�Á
	Ä¼.µ ¸ °}²G³�¿�²���Ý�³	�

∆2 {w(x)σ(x+ 2)∆2yn(x)} + ∆
{ [

w(x+ 1)ϕ(x+ 1) − ∆2
(

w(x− 1)σ(x+ 1)
)]

·

· ∆yn(x + 1)
}

= w(x+ 2)µnyn(x+ 2)

{��;���`�

���



QleZcC{��f���h�¤Y\[`_dcs_aY�U`_Ä�ZW�QT[Z[�©ÂQl[Z[�W�Ql�2oq_5WZoqYCwCbs_dUZkhghkl[�Qluto�_K�T_¤WZY\bK�.khu��;[fkh�-uq�hcdef[ZghY\[
yn

Ì~Y\Å�ÙZghutoqSVU
WZY�bRò�Y"��oqSVU`_acszÈef[Z©`_aotkl[

w
Y�bdbdY�otSVU`_ �KY�bdWZY�[=�

�:eZY�bdcs_ÉÌZbsot[Zgl_£�-Ql[2WZotY¬mRo�p:Y�bdY\[fÅ\Y\[fghutY�otSVUGeZ[ZghY�[%{��;�ó�h�¤eZ[fW%{��f�¡�`�¤Å\efb �¬ÌrY�bdY\oq[Zcs_dot�2��eZ[Zgf�`]^[`_aY�b
�5Y\bM�KY�[ZWZeZ[fg�WZY�b^�,bsk;WZef©G_dbdY�ghY\uq[

∆ [f(x)g(x)] = f(x+ 1)∆g(x) + g(x)∆f(x),
{��f�¨�G�

∆2 [f(x)g(x)] = f(x+ 2)∆2g(x) + 2(∆f(x+ 1))∆g(x) + g(x)∆2f(x)
{}�f�ó¦l�

Ì~Y\bdY�SVUZ[ZY�[ ��otb

∆2 {w(x)σ(x + 2)∆2yn(x)} = w(x+ 2)σ(x+ 4)∆4yn(x) + 2
(

∆ [w(x+ 1)σ(x+ 3)]
)

·

·∆3yn(x) +
(

∆2 [w(x)σ(x+ 2)]
)

∆2yn(x)

eZ[ZW1�2oq_ �5Y�b2�ÉY\[ZWZef[Zg-ilkh[
∆yn(x + 1) = ∆2yn(x) + ∆yn(x)

Y\[`_ac�_aY�UG_

∆
{[

w(x+ 1)ϕ(x+ 1) − ∆2(w(x− 1)σ(x+ 1))
][

∆2yn(x) + ∆yn(x)
]}

=

=
[

w(x+ 2)ϕ(x+ 2) − ∆2 (w(x)σ(x+ 2))
][

∆3yn(x) + ∆2yn/x)
]

+

+
(

∆
[

w(x+ 1)ϕ(x+ 1) − ∆2 (w(x− 1)σ(x+ 1))
]) [

∆2yn(x) + ∆yn(x)
]

=

=
[

w(x+ 2)ϕ(x+ 2) − ∆2 (w(x)σ(x+ 2))
]

∆3yn(x) +
{

w(x+ 2)ϕ(x + 2) −

− ∆2 (w(x)σ(x + 2)) + ∆
[

w(x+ 1)ϕ(x+ 1) − ∆2 (w(x− 1)σ(x+ 1))
]}

∆2yn(x)+

+
(

∆
[

w(x+ 1)ϕ(x+ 1) − ∆2 (w(x− 1)σ(x+ 1))
])

∆yn(x).

ÑKY�otWZY
¢,bdghY�ÌZ[ZoqcdcdY �ÉY\bsWZY\[�Å\eZcdQl�-�2Y\[fghY�z}QlØT_ÄÊ

∆2
{

w(x)σ(x + 2)∆2yn(x)
}

+

+∆
{[

w(x+ 1)ϕ(x+ 1) − ∆2 (w(x− 1)σ(x+ 1))
]

∆yn(x + 1)
}

=

= w(x+ 2)σ(x+ 4)∆4yn(x) +
[

w(x+ 2)ϕ(x + 2) + w(x+ 2)σ(x + 4) −

− w(x)σ(x+ 2)
]

∆3yn(x) +
[

2w(x+ 2)ϕ(x+ 2) − w(x+ 1)ϕ(x+ 1) −

− w(x+ 2)σ(x+ 4) + 3w(x+ 1)σ(x+ 3) − 3w(x)σ(x+ 2) + w(x− 1)σ(x+ 1)
]

·

·∆2yn(x) +
[

w(x+ 2)ϕ(x+ 2) − w(x+ 1)ϕ(x+ 1) − w(x+ 2)σ(x+ 4) −

− 3w(x+ 1)σ(x+ 3) + 3w(x)σ(x+ 2) + w(x− 1)σ(x + 1)
]

∆yn(x).

mRY�b �5Y�bdghuqY\oqSVU1�2oq_&WZY\b¬mRo�p:Y�bdY\[fÅ\Y\[fghutY�otSVUGeZ[Zgà{��f���h�ÉzÈÙZUfbs_¬ÌrY�o
∆3yn(x)

QTefz

w(x+ 2)
[

ϕ(x+ 2) + σ(x+ 4) − τ(x + 3)
]

= w(x)σ(x+ 2),
{��f�¡«`�

�h�



� �lUZbdY�[ZWàWfY\b �5Y\bsghutY�otSVU�ÌrY�o
∆2yn(x)

Qle;z

∆
[

w(x+ 1)ϕ(x+ 1)
]

− ∆3
[

w(x− 1)σ(x+ 1)
]

= 0
{}�f�ó­l�

zÈÙZUZb�_Ä�~Î;kl�-o�_&utoqY�zÈY�bs_*WZY�b �5Y\bdglutY\oqSVU�ÌrY�o
∆yn(x)

w(x+ 2)ψ(x+ 1) = 0.
{��;��Ô`�

�R[1WZoqY
ÎM_aY�ututY�WfY\b��C² 
Z³ÂÜ\Ý~µ.Ü\ºT»�²MµÕ®1°§±5²G³´²;µ~¿´°%
 ¹}¸~¹ ²;°}ºÂ»=¼.µ ¸ ²Mµ?{���«��§�K_absY�_dY\[1WZotY�mRo�p:Y�bdY�[ZÅ\Y�[;�
ghuqY\otSVUGeZ[fghY\[Ã{��f�¡«`�$��{��f��­h�KeZ[fW�WZoqY�ñ�khbdWZY�bdeZ[fg

ψ(x + 1) = 0 (f1,0 = f1,1 = 0)
�

��otbsW
w
QleZc {��f�¡«`��eZ[ZWæ{��;�ó­h��Ì~Y\cs_dot�2��_Ä�EWZQl[Z[X©ÂQl[Z[XQl[ÃWZoqY�ÎM_dY\uqutY�WZY\b�mRoqprY\bsY\[ZÅ�Y\[ZglutY\oqSVUGeZ[Zg

{��;�ó�h�K�2oq_
ψ(x+ 1) = 0

WZY�bdY�[�csY\utÌfcs_VQTWÂÓseZ[ZghoqY\b�_aY�ñ�khbd� {��f�¡�`�É_dbdY�_dY\[=�
ñ'ÙZb�WZotY w�b�_aUZklghkh[�Qluqoq_ �T_
WZY\bx��khuq�M[Zkl�-uq�hcdeZ[fghY\[

yn(x)
Ì~Y\Å�ÙZghutoqSVU

w
QTutc�� ²`ö�°}ºÂ»r¿´Ü��Ç¼�µ�Û:¿´°ÈÝrµ

��eZu�_aoq|ZutoqÅ\otY�bs_£�-Ql[�WZotY�Å�e
n
ghY�UZ�hbdY�[ZWZY	mRoqprY\bsY\[ZÅ�Y\[ZglutY\oqSVUGeZ[Zgà{��f�¡�`�K�2oq_

ym(x+ 2)
ef[ZW�WfotY�Å\e

m
glY\UZ�hbsY\[ZWfYRmRo�p:Y�bdY�[ZÅ\Y�[ZghutY�otSVUGeZ[Zg�{��;���`�¤�2oq_

yn(x+2) (n,m = 0, 1, 2, . . .)
eZ[ZW2Y\bsUE�luq_5[ZQlSVU

WZY�bdY\[àÎ;eZÌ;_abaQT©G_dotkh[

(µn − µm)w(x+ 2)yn(x + 2)ym(x + 2) =

=
(

∆2
{

w(x)σ(x+ 2)∆2yn(x)
}

+ ∆
{[

w(x+ 1)ϕ(x+ 1) − ∆2 (w(x− 1)σ(x+ 1))
]

·

· ∆yn(x + 1)
})

ym(x + 2)−

−
(

∆2
{

w(x)σ(x+ 2)∆2ym(x)
}

+ ∆
{[

w(x+ 1)ϕ(x + 1) − ∆2 (w(x− 1)σ(x+ 1))
]

·

· ∆ym(x+ 1)
})

yn(x + 2).
{��;���`�

��Y\[ZWZY�_R�-Ql[�WZoqY�|�Qlb�_aotY�utuqY�Î;eZ�2��QÂ_aotkl[

B
∑

x=A

f(x+ 1)∆g(x) =
[

f(x)g(x)
]B+1

x=A
−

B
∑

x=A

g(x)∆f(x)

(N = B − A ∈ N ; A→ −∞
eZ[fW

B → ∞
�2�hghuqotSVU

)

{��f�����`�

eZ[ZW1WZoqY��5bsk;WfeZ©`_abdY�ghY\uÉ{}�f�¡�`�&Qlefz��.Y�otutYCilkh[Ã{��f� �`�&Ql[=�fcdk2Y\[`_ac�_aY\UfY\[

B
∑

x=A

(

∆2
{

w(x)σ(x+ 2)∆2yn(x)
})

ym(x+ 2) =

=
[

(∆ {w(x)σ(x+ 2)∆2yn(x)}) ym(x + 1)
]B+1

x=A
−

−

B
∑

x=A

(

∆
{

w(x)σ(x+ 2)∆2yn(x)
})

∆ym(x+ 1) =

=
[

(∆ {w(x)σ(x+ 2)∆2yn(x)}) ym(x + 1)
]B+1

x=A
−

−
[

{w(x)σ(x + 2)∆2yn(x)}∆ym(x)
]B+1

x=A
+

B
∑

x=A

{

w(x)σ(x+ 2)∆2yn(x)∆
2ym(x)

}

{��f���h�´�

�´�



eZ[ZW
B

∑

x=A

(

∆
{[

w(x+ 1)ϕ(x+ 1) − ∆2 (w(x− 1)σ(x+ 1))
]

∆yn(x + 1)
})

ym(x+ 2) =

=
[

{[w(x+ 1)ϕ(x+ 1) − ∆2 (w(x− 1)σ(x+ 1))]∆yn(x + 1)} ym(x + 1)
]B+1

x=A
−

−
B

∑

x=A

{[

w(x+ 1)ϕ(x+ 1) − ∆2 (w(x− 1)σ(x + 1))
]

∆yn(x+ 1)
}

∆ym(x + 1).
{��f���´�h�

�^oqY\b ��otbsW?©GutQlb\���KQlbdef� ot� ÎM_d�hbdglutotY�WnWZY\b-mRo�p:Y�bdY\[fÅ\Y\[fghutY�otSVUGeZ[ZgÖ{Í�;���´�
yn(x + 2)

ihY\bM�KY�[ZWZY�_
��eZbsWZYlÊ��:otY�U`_���Ql[jY�[G_dcd|ZbsY\SVUZY�[ZW¾{��;���`��[fk;SVU×WZotY��2oq_

m
eZ[ZW

n
ihY�bs_VQTeZcdSVU`_aY�[ �.Y�otuqY�QlÌjeZ[ZW

cdef�-�2otY�bs_&ilkh[
A
ÌZoqc

B
��W�QT[Z[�Y�[`_dz}QluqutY\[�Ì~Y\Å�ÙZghuqotSVU�{��f���h�´�KWfotY
Î;eZ�2�2Y\[

B
∑

x=A

{

w(x)σ(x+ 2)∆2yn(x)∆2ym(x)
}

eZ[ZW1Ì~Y\Å\ÙfghutoqSVUÃ{}�f���´�h�KWZoqY
Î;eZ�2�-Y�[
B

∑

x=A

{[

w(x+ 1)ϕ(x+ 1) − ∆2 (w(x− 1)σ(x+ 1))
]

∆yn(x + 1)
}

∆ym(x + 1).

Î;kh�2oq_&Y\bdglotÌf_*csotSVU1cdSVUZuqotY�ØhutoqSVU

(µn − µm)

B
∑

x=A

w(x+ 2)yn(x+ 2)ym(x + 2) =

=
[

(∆ {w(x)σ(x+ 2)∆2yn(x)}) ym(x + 1) −

− {w(x)σ(x+ 2)∆2yn(x)}∆ym(x) +
(

{w(x+ 1)ϕ(x+ 1)−

− ∆2 (w(x− 1)σ(x + 1))
}

∆yn(x + 1)
)

ym(x+ 1)
]B+1

x=A

{��f�����`�

kMWZY\b*[ZkMSVU1ot[�Y\oq[ZY\b¬Ql[ZWfY\bdY�[àñ�khbs�

(µn − µm)

B
∑

x=A

w(x+ 2)yn(x + 2)ym(x + 2) =

=
[

{w(x+ 1)ϕ(x+ 1) − w(x− 1)σ(x+ 1)} (∆yn(x+ 1)) ym(x+ 1) +

+ w(x)σ(x+ 2) {2 [∆yn(x)] ym(x+ 1) + [∆2yn(x)] ym(x)} +

+w(x+ 1)σ(x+ 3) [∆3yn(x) − ∆yn(x + 1)] ym(x + 1)
]B+1

x=A
.

{��f���Ä�G�

�EotY�gl_RWfotY �5Y\bdcsSVUZotY�WZY\[fUZY\o�_�WZY\bC¢5oqghY\[ �ÉY\b�_aY
µn

ilkhb\�rW�Ql[Z[¥UZQT_R�-Ql[¥w�b�_aUZklghkh[�Qluqoq_ �T_�WZY\bC�.khu��G�
[Zkh�2ut�lcdeZ[ZglY\[

yn(x+2)
ihkh[à{Í�;���´�.Ì~Y\Å�ÙZghuqotSVU

w(x+2)
� �ÉY\[f[-bsY\SVU`_ac5ihkh��ò�uqY\otSVUfUZY\o�_acdÅ�Y\oqSVUZY\[�ot[

{��;�q���h�ÉÌZÅ"���E{��f���Ä�G�,zÈÙZb
n 6= m

[GeZuturY\[`_ac�_aY\U`_�{ �ÉY\glY\[
ψ(x+ 1) = f1,0 + f1,1x

glotuq_
µ0 = µ1 = 0

�
�ÉkhbaQle;zÉÌ~Y\o'WZY\b�wCb�_aUZkhglkh[�Qluqoq_K�Â_^glYÄQlSVU`_aY�_ �KY�bdWZY�[���eZØG���:mCQlc�Ì~Y\WZoq[Zgl_RghY"��oqcdcdY�¢,oqghY\[ZcsSVU�QTz§_dY\[
ihkl[

ϕ
eZ[ZW

σ
ot[�WZY\[

�

Ï¬Ql[ZWf|ZeZ[Z©`_aY�[��
A
ef[ZW

B
�~Î;Y\uqÌZcs_sihY\bscs_ �l[ZWZuqotSVU1cdot[fWàQlefSVU

A→ −∞
eZ[fW

B → ∞
�2�hghutoqSVU=� �ÉY\[f[

w
WZoqY�Y\b�zÈkhbdWZY�bduqotSVUZY�[��¬kh[`ihY�bdghY�[ZÅ\Y�otghY�[ZcdSVU�QÂz§_aY\[àY\bdÅ�Y\eZgT_Ä�

���



�:eZbx¢,bsbdY\oqSVUGeZ[ZgyWZY�b2w�b�_aUZklghkh[�Qluqoq_ �T_
Qlefz
{A, A+1, . . . , B−1, B}

��ÙZcscdY\[
ϕ(x+1)

�
σ(x +

1), σ(x + 2)
eZ[ZW

σ(x+ 3)
cdk�ghY"� �lUZu�_ �KY�bdWZY�[=��W�QlØ�Y\oq[ZY\bscdY\o�_ac

w(x+ 1)ϕ(x+ 1) − w(x− 1)σ(x+ 1), w(x)σ(x+ 2)
eZ[fW

w(x+ 1)σ(x+ 3)
{��f���´¦h�

zÈÙZb
x = A

ef[ZW
x = B + 1 (N = B − A ∈ N ; A → −∞

ef[ZW
B → ∞

�2�hghutoqSVU
)
[GeZuqu'csot[ZW=�

Ql[ZWfY\bdY�bdcsY\oq_dc�WZotY�Ì~Y\otWfY\[1mRoqprY\bsY\[ZÅ�Y\[ZglutY\oqSVUGeZ[ZghY�[n{��;��«`�Kef[ZWX{}�f��­h�KeZ[ZW
ψ(x+ 1) = 0

glY\uq_dY\[=�

� � 8EèRO56^ðRâÐLR6^N�8Eç�6^8EDj8E6RðRâÐçÐìZè^8E6 J��	8��:çÐO5â �VO£âÐâÐ8ED
¢,c ��otbsW�WZY�b¤Y\oq[fz}QlSVUZc�_aY*ñ�Qluqu`�-o�_

w(x) = 1
eZ[ZW2wCbs_dUZkhghkl[�Qluto�_K�T_�QTefz

{0, 1, . . . , N} (A = 0, B =
N)

Ì~Y\U�QT[ZWZY\u�_Ä� �:eZ[E�TSVUZcs_ � �lUfuq_	��Ql[
σ
WfY\baQTbs_Ä��W�QTØ

σ(x + 3)
eZ[ZW

σ(x + 2)
zÈÙZb

x = 0
eZ[ZW

x = N + 1
[GeZutu �KY�bdWZY�[=Ê

σ(x + 4) = (x+ 1)(x + 2)(x−N)(x−N + 1) =

= x4 + 2(2 −N)x3 + (N2 − 7N + 5)x2 + (3N2 − 7N + 2)x + 2N(N − 1) ;

σ(x + 3) = x(x + 1)(x−N − 1)(x−N) =

= x4 − 2Nx3 + (N2 −N − 1)x2 +N(N + 1)x ;

σ(x + 2) = (x− 1)x(x−N − 2)(x−N − 1) =

= x4 − 2(2 +N)x3 + (N2 + 5N + 5)x2 − x(N + 1)(N + 2) ;

σ(x + 1) = (x− 2)(x− 1)(x−N − 3)(x−N − 2) =

= x4 − 2(4 +N)x3 + (N2 + 11N + 23)x2 − (3N2 + 19N + 28)x+ 2(N + 2)(N + 3).{}�f�q�´�
mCQl�2oq_&utotY�ghY\[�WfotY��^kMY�Þ2Å�otY\[`_dY\[�ilkh[

Q4(x)
QleZc	{Í�;�¡�`�ÉzÈY�cs_ÄÊ

f4,0 = 2N(N − 1), f4,1 = (N − 2)(3N − 1), f4,2 = N2 − 7N + 5, f4,3 = 2(2−N), f4,4 = 1.{}�f�ó�h�
��o�_�WZotY�cdY\[��^kMY�Þ2Å�otY\[`_dY\[1cdot[fW�WZoqY�Å"�ÉY\o�_aY�eZ[ZW1WZbdo�_d_dY�ÑKY\WZoq[ZgheZ[fg�Qlefc
{Í�;�¡Ô`�KY\b�zÈÙZutu�_ÄÊ

f4,0 − 2f4,1 + 4f4,2 − 8f4,3 + 16f4,4 =

= 2N2 − 2N − 6N 2 + 14N − 4 + 4N 2 − 28N + 20 − 32 + 16N + 16 = 0,

f4,1 − 3f4,2 + 7f4,3 − 15f4,4 =

= 3N2 − 7N + 2 − 3N 2 + 21N − 15 + 28 − 14N − 15 = 0.

ÆÇ�î[E�lSVUZc�_aY�[vÎ;SVUZbdo�_d_RÌrY�bdY\SVUf[ZY\[ ��oqb
σ(1) = 2(N + 2)(N + 3)

eZ[ZW
σ(N + 2) = 2(N − 1)N

�
cdY�_aÅ�Y\[

ϕ(x + 1) = αx2 + βx + γ
eZ[ZWÕUZQlÌrY�[

ϕ(1) = γ
eZ[ZW

ϕ(N + 2) = α(N + 1)2+
+β(N + 1) + γ

��ÆÇ�îÎ;ot[f[ZYCihkh[Ã{��;�q�´¦l�K��ÙZcdcsY\[�WZotY
ò�utY�otSVUGeZ[ZghY�[

(ϕ(1) − σ(1) =) γ − 2(N + 2)(N + 3) = 0

(ϕ(N + 2) − σ(N + 2) =) α(N + 1)2 + β(N + 1) + γ − 2(N − 1)N = 0

�Ä�



ghY�uq_aY�[��ZW�QTbaQleZc*zÈkhuqghY\[
γ = 2(N + 2)(N + 3)

ef[ZW
α(N + 1) + β = −12

�
ñ�Y\bs[ZY\b£��eZØ
WZotY¬mRo�p:Y�bdY�[ZÅ\Y�[ZghutY�otSVUGeZ[Zg�{��f��­h�¤Y\b�zÈÙZutu�_ �KY�bdWZY�[=�fmRQlÅ\e Ì~Y\bsY\SVUZ[fY\[ ��oqb

∆ϕ(x+1)=
2αx+α+β

eZ[ZW
∆3σ(x+1)=12(2x−N−1)

eZ[ZW1U�QlÌ~Y\[�zÈÙZb
{}�f�ó­l�
(

∆ϕ(x + 1) − ∆3σ(x + 1) =
)

(2α− 24)x+ α + β + 12(N + 1) = 0.

mCQlc�uqotY�zÈY\bs_
α = 12

eZ[ZW
β = −12(N + 2)

{}ot� ¢,ot[f©MutQl[Zg �2oq_
α(N + 1) + β = −12

�$�:csk�W�QlØ
cdoqSVU

ϕ(x+1) = 12x2−12(N +2)x+2(N +2)(N +3)
eZ[fW

ϕ(x+2) = 12x2−12Nx+2N(N −1){}�f���`�
Y\bsghY\Ì~Y\[:��mCQl�2oq_*uqotY\glY\[�WZotY��¬k;Y�Þ2Å\otY�[`_aY\[�ihkl[

Q2(x)
Qlefc�{��;�¡�`�ÉzÈY\c�_ÄÊ

f2,0 = 2N(N − 1), f2,1 = −12N, f2,2 = 12.
{È�Z�¨�G�

¢,c�ÌZutY�otÌf_�WZoqY�¢,bszÈÙZuquteZ[ZgxWfY\b¬mRoqprY\bsY\[ZÅ�Y\[ZglutY\oqSVUGeZ[Zgà{��f�¡«`��� �KkhÌ~Y\o
τ(x + 3)

zÈY�cs_dghY\uqY\gl_���oqbdW=Ê

τ(x+3) = ϕ(x+2)+σ(x+4)−σ(x+2) = 8x3−12(N−1)x2+4(N2−4N+1)x+4N(N−1).{}�f�ó¦h�
mCQl�2oq_&utotY�ghY\[�WfotY��^kMY�Þ2Å�otY\[`_dY\[�ilkh[

Q3(x)
QleZc	{Í�;�¡�`�ÉzÈY�cs_ÄÊ

f3,0 = 4N(N − 1), f3,1 = 4(N2 − 4N + 1), f3,2 = −12(N − 1), f3,3 = 8.
{È�Z��«h�

��o�_�WZotY�cdY\[��^kMY�Þ2Å�otY\[`_dY\[1otcs_�WfotY�Y\bscs_aY
ÑKY�WZot[fgheZ[Zg2QleZc	{��;��Ôh�KY\bszÈÙfutuq_\Ê

f3,0 − f3,1 + f3,2 − f3,3 = 4N2 − 4N − 4N 2 + 16N − 4 − 12N + 12 − 8 = 0.

��Y\ghY�[
ψ(x + 1) = 0

utoqY\ghY�[�[Zk;SVU
f1,0 = f1,1 = 0

zÈY\c�_Ä�
mCQl�2oq_&utotY�gl_&zÈkhuqghY\[fWZY�mRoqprY\bsY\[ZÅ�Y\[ZglutY\oqSVUGeZ[Zg�i;oqY\b�_aY\b¬wCbsWZ[GeZ[Zg-ilkhb\Ê

[

2N(N − 1) + (N − 2)(3N − 1)x + (N 2 − 7N + 5)x2 − 2(N − 2)x3 + x4
]

∆4yn(x)+

+
[

4N(N − 1) + 4(N 2 − 4N + 1)x− 12(N − 1)x2 + 8x3
]

∆3yn(x)+

+
[

2N(N − 1) − 12Nx+ 12x2
]

∆2yn(x) =

= µnyn(x+ 2)
�2oq_

µn = (n− 1)n(n+ 1)(n+ 2) (n = 0, 1, 2, . . .).
{}�f�ó­h�

mRoqY�WZbdY�otghuqotY\WfbdotglYCÏ�Y\©GeZbdcsotkh[Ã{Í�M�q�h���KY\bdU �luq_&zÈklutghY�[ZWZY
ò�Y\cs_aQluq_\Ê

bn,k

{

(k − 1)k(k + 1)(k + 2) − (n− 1)n(n+ 1)(n+ 2)
}

−

−bn,k+12k(k + 1)(k + 2)(N + k + 2)+

+bn,k+2(k + 1)(k + 2)(N + k + 2)(N + k + 3) = 0

{}�f��Ô`�

(k = n, n− 1, n− 2, . . . , 1, 0 ; bn,n 6= 0, bn,n+1 = bn,n+2 = 0)
�

�´¦



�:eZb�ÑKY�bdY�SVUZ[GeZ[Zg WZY�b
bn,k

otc�_�[Zk;SVU�zÈkhuqghY\[ZWfY�]^��zÈkhbd��ef[ZgxWZY\b¬Ï�Y\©GeZbscdotkl[�Å��KY�SV©M� �lØhoqgZÊ

(n− k)(n− k + 1)
[

n(n + 1) + (k − 1)(k + 2)
]

bn,k + (k + 1)(k + 2)(N + k + 2)·

·
[

2k bn,k+1 − (N + k + 3) bn,k+2

]

= 0

{}�f���`�

(k = n, n− 1, n− 2, . . . , 1, 0 ; bn,n 6= 0, bn,n+1 = bn,n+2 = 0)
���àQl[���[ZWZY�_^WZQl�-o�_

bn,n−1 = −
N + n+ 1

2
bn,n

eZ[ZW

bn,k = (−1)n−k (n− 1)(n− 2) . . . (k + 1)(N + n+ 1)(N + n) . . . (N + k + 2)

2(n− k)!(2n− 1)(2n− 2) . . . (n+ k + 1)
bn,n

{}�Z�����`�

(k = n− 2, n− 3, . . . , 1, 0)
�Zcsk-WZQlØxzÈkhutghY�[ZWZY��E�hcseZ[Zghcs|rkhu��M[Zkh�2YCihkh[Ã{}�Z��­h�KY�[G_dcs_dY\UZY�[=Ê

yn(x) =















(

x + n− 2
n

)

+

n
∑

j=1

(−1)j

(

N + n+ 1
j

) (

n− 1
j − 1

)

2

(

2n− 1
j − 1

)

(

x+ n− 2 − j
n− j

)















bn,n

{}�Z���h�´�

(n = 1, 2, . . .)
eZ[ZW

y0(x) = 1
�ZWZoqY\csY �ÉY\bsWZY\[��-o�_

bn,n = n!
�-kl[ZotcsSVU=�

��otb*glY\Ì~Y\[1WZotY2{È�-kh[fotcdSVUfY\[��&��khuq�M[Zkh�2Y
yn(x)

ef[ZW
yn(x + 2) (n = 1, 2, 3, 4)

Ql[=Ê

y1(x) = x−
N + 4

2
, y1(x + 2) = x−

N

2
;

y2(x) = x2 − (N + 4)x +
(N + 3)(N + 8)

6
, y2(x + 2) = x2 −Nx +

(N − 1)N

6
;

y3(x) = x3 −
3

2
(N + 4)x2 +

1

10
(6N2 + 57N + 122)x−

1

20
(N + 3)(N + 4)(N + 14),

y3(x + 2) = x3 −
3

2
Nx2 +

1

10
(6N2 − 3N + 2)x−

1

20
(N3 − 3N2 + 2N) ;

y4(x) = x4 − 2(N + 4)x3 −
1

7
(9N2 − 81N + 173)N 2−

−
1

7
(2N3 + 33N2 + 161N + 244)x+

1

70
(N + 3)(N + 4)(N + 5)(N + 22),

y4(x + 2) = x4 − 2Nx3 +
1

7
(9N2 − 3N + 5)x2 −

N

7
(2N2 − 3N + 5)x+

+
N

70
(N3 − 6N2 + 11N − 6).

�àQl[�Ì~YÄQlSVU`_dYl��W�QlØxoq� ©Tkh[Zc�_VQl[`_aY�[¥ò�utoqY\W�ilkh[
yn(x+ 2) (n = 1, 2, 3, 4)

[GeZb���kl_aY�[ZÅ\Y�[1ilkh[
Nihklbd©lkl�-�2Y\[=�

��«



mRoqY¬{}�2kh[ZotcsSVUZY\[��:�E�hcdeZ[fghcd|~khuq�M[Zkl�-Y¬{È�Z�q�l�´�rÌ~Y�_abdQlSVU`_aY�[ ��oqb=ot� �^oq[MÌfutotSV©^Qlefz;WZoqY5wCbs_aUfkhghkh[�QTutoq_ �T_
ot[�WZY�b¬ñ�klbd�

yn(x + 2) =

n
∑

j=0

αn,k(x+ 2)k (n = 0, 1, 2, . . . ; αn,n = 1).
{}�f�q�´�l�

�:eZb�ÑKY�bdY�SVUZ[GeZ[Zg WZY�b¬Á�³´²M° ¸~¹ °}²MÁ�³Â° ¸ ²MµnÚ ²GÛE¼�³ÂÜÄ°ÈÝ~µ ∗∗

y0(x+ 2) = 1, y1(x + 2) = x+ 2 − c0, yn+1(x + 2) =

= (x+ 2 − cn)yn(x + 2) − dnyn−1(x + 2) (n = 1, 2, 3, . . .)

{}�Z�����`�

cdY�_aÅ�_��-Ql[ {}�Z���´�h��oq[ {}�Z�����`��Y�ot[jeZ[ZW×Y\bsUE�luq_�WfeZbdSVU¯�^kMY�Þ2Å\oqY\[`_aY�[GilY\bsghutY�otSVU¯Ì~Y\o
(x + 2)n

eZ[ZW
(x + 2)n−1

c0 = −α1,0 ; cn = αn,n−1 − αn+1,n ; dn = αn,n−2 − αn+1,n−1 − cαn,n−1

(n = 1, 2, 3, . . . ; α1,−1 = 0).

{}�Z���Ä�G�

�:eZb5�Re;zÈcs_aY�utuqeZ[Zg�WZY\bÉÏ�Y\©GeZbdcsotkh[2ghY�[MÙfghY\[�QTutcdk
αn,n−1

eZ[fW
αn,n−2

�GÆÇ[-WZoqY\csY\� Î;oq[Z[ZY��KY�bdWZY�[ WZoqY
Y\[`_dcd|ZbsY\SVUZY�[ZWZY\[%�¬k;Y�Þ2Å\otY�[`_aY\[àQleZc	{}�f�q�h���ÉÌrY�bdY�SVUZ[ZY�_\Ê

(

x + n
n

)

n! = (x+ n)(x + n− 1) . . . (x + 1) =

= xn +
n(n+ 1)

2
xn−1 +

n(n− 1)(n+ 1)(3n+ 2)

24
xn−2 + . . . ;

{}�Z���´¦h�

n
∑

j=1

(−1)j

(

N + n+ 1
j

) (

n− 1
j − 1

)

2

(

2n− 1
j − 1

)

(

x + n− j
n− j

)

n! =

= −
n(N + n+ 1)

2
xn−1 −

n2(n− 1)(N + n+ 1)

4
xn−2 − . . .+

+
n(n− 1)2(N + n)(N + n + 1)

4(2n− 1)
xn−2 + . . . .

{}�Z����«`�

mCQl�2oq_&Y\[`_ac�_aY\UfY\[

αn,n−1 =
n(n+ 1)

2
−
n(N + n + 1)

2
= −

nN

2
(n = 1, 2, 3, . . . ; α1,1 = 1)

eZ[ZW

c0 = −α1,0 =
N

2
, cn = αn,n−1 − αn+1,n = −

nN

2
+

(n+ 1)N

2
=
N

2
(n = 1, 2, 3, . . .).{}�Z���´­h�

∗∗ �:;	��,.H"+ 4 -./ -0;������ @ ��;>; 1D-0/��
	=- !%&)/M;�� /M-0;>/M*:1D*5/M-0+�,0-0/21D*5-.+"/M;�
�/M@=B>*A!%-0H�;6+�/��M/2-.+�& 4 /M*A1D/M; O
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ñ�Y\bs[ZY\b�Y\bsghotÌ;_*cdoqSVU

αn,n−2 =
n(n− 1)

24(2n− 1)

{

6(n− 1)N2 − 6N + (n− 2)(n+ 1)
}

(n = 1, 2, 3, . . . ; α1,−1 = 0)

Å\efb^ÑÉY\bdY�SVUZ[GeZ[Zg�ilkh[

dn = αn,n−2 − αn+1,n−1 − cnαn,n−1 = −
n

4(4n2 − 1)

{

(n− 1)2(2n+ 1)N2 −

− (n− 1)(2n+ 1)N +
1

6
(n− 2)(n2 − 1)(2n+ 1) − n(n+ 1)(2n− 1)N 2+

+(n+ 1)(2n− 1)N −
1

6
(n2 − 1)(n+ 2)(2n− 1)

}

+
nN2

4
=

=
n

4(4n2 − 1)

{

(−4n2 + n + 1)N2 + 2nN − n(n2 − 1)
}

+
nN2

4
=

= −
nN2

4
+
n2(N + 1 − n)(N + 1 + n)

4
+
nN2

4
=
n2(N + 1 − n)(N + 1 + n)

4(4n2 − 1)
(n = 1, 2, 3, . . .).

{}�Z����Ô`�

P^ef[ ��otbdWÃWZotY-�-o�_�WZY�� Î;QT_aÅ�ilkh[jñ�QÄilQTbdWXÅ�eZcaQl�2�2Y\[ZUE�T[ZghY\[fWZY �*UZY�khbdoqY-zÈÙZb�|~khcsoq_ao�i%WZY��Z[Zoq_dY
{}Y�[ZWZuqotSVUZYÄ�*w�b�_aUZklghkh[�Qluqcs�Mcs_dY\�2Y�UZY\bdQl[ZghY�Å\khglY\[n{��ZÔx�§�$�
�àQl[%Y�bd©lY�[Z[`_Ä�EW�QTØ�WZotY

dn

zÈÙZb
n = 1, 2, . . . , N

|~khcdo�_aoqi1csot[ZW=� � �lUfbdY\[fW
dN+1 = 0

otcs_\�:csk�W�QlØ
[GeZb5Y\oq[2Y�[ZWZuqotSVUZY�c,|rkhcsoq_doqi	WZY���[foq_aY�cÉw�b�_aUZklghkh[�Qluqcs�Mcs_dY\� �-o�_
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