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Abstract
Let X € R? be a random vector, Y a non-negative and bounded random variable, and C
a right censoring random variable operating on Y, which is independent of (X,Y"). Given
a sample of the distribution of (X, min{Y,C}, I[y<c]), our goal is to construct estimates
of the regression function m(z) = E[Y | X = z].

We prove that suitable defined smoothing spline estimates are consistent with respect

to the Ly error and achieve the optimal rate of convergence up to a logarithmic factor.

Key words and phrases: censored data, regression estimate, universal consistency, rate of

convergence, penalized least squares estimates, smoothing splines.

1 Introduction

1.1 Nonparametric regression analysis

Let (X,Y), (X1,Y1), (X2,Y2),..., (X;,Y,) € RYxR be independent identically distributed
(ii.d.) random vectors with EY? < co. No assumptions are made on the distribution
functions of the coordinates of X: Some of them may be continuous, others may be step
functions or a composition of these two types of distribution functions.

In regression analysis one wants to estimate Y after having observed X, i.e., one
wishes to determine a function f such that f(X) is a “good” approximation of Y. Here,
we measure the “distance” between f(X) and Y by the Lo risk of f,

E[|f(X)-Y[], (1.1)

which we now want to minimize. It is well known that the Lo risk of every measurable
function f is the sum of the Ly risk of the regression function m : R* — R : z —
E[Y | X = 2] and the Ly error:

E[If(X) - Y] =E[|m(X)-Y[] + /Rd |f (@) = m(x)*n(da). (1.2)



Here p denotes the distribution of X. Since the Lo error is always non-negative, (1.2)
implies that the regression function m is the optimal predictor of Y in view of the mini-
mization of the Ly risk:
E[Im(X)-Y|’] = f_]g;inR E[|f(X)-Y]?]. (1.3)
fm.easural;le
In practical applications, the distribution of (X,Y’) and hence also m are usually un-
known. But it is often possible to observe a sample (X1,Y7), (X2,Y2),...,(X,,Y,) of this

distribution, and one can construct estimates
M () = mu (-, (X1, Y1), (Xa,Ya2), ..., (X0, ¥p)) : RE = R

of the regression function.

It follows from (1.2) that such an estimate m,, is a good approximation of Y in the
sense that the Lo risk of my, is close to the optimal value E [ |m(X) — Y|?] if and only if
the Ly error [pq [my(x) — m(z)|*p(dz) is small. Consequently, the error caused by using

an estimate m,, instead of m will be measured by the L5 error.

Definition 1.1 (Consistency) A sequence of measurable regression estimates (My)nen

is called strongly universally consistent if
[ () = @) Putds) = 0 (0= o)
R4

almost surely (a.s.) for all distributions of (X,Y) with EY? < cc.

1.2 Regression estimates for right censored data

Right censoring occurs whenever with non-zero probability only a lower bound on a random
variable Y of interest is known. Typical examples for Y would be lifetimes of patients
in a medical study or products in quality control. For a patient (or a product) not
failing before leaving the study, one doesn’t observe a realization y of Y, but only a lower
bound ¢ of y. In the following, we will assume random censoring which means that the
observed censoring time ¢ for a patient is not fixed in advance, but can be interpreted
as a realization of a right censoring variable C operating on Y. Examples of random
censoring include dropouts in medical studies or deaths unrelated to the studied causes.
The regression estimation problem we are dealing with can now be formulated as follows:
Let (X,Y,0),(X1,Y1,C1), (Xa,Y2,Cs),...,(Xn,Yn,Cy) be iid. RY x Ry x Ry — valued
random vectors. In practice, beside the realizations of the covariables X;, all we observe

are realizations of the minima of Y¥; and C; (i = 1,...,n), and we have the information



whether a censored observation has occurred or not. Set therefore Z := min{Y,C},

6 :=Iiy<c), Zi = min{Y;, C;}, and 6; = I[y,<c;)- Here, for a1,a2 € R,

1 if a1 <as

I[a1<a2] =
0 if aj ZCLQ.

The problem is now to estimate the regression function from the data

Dy, = {(X1,21,01) -+, (X, Zn, 0n) } -

1.3 Results from regression analysis of censored data

There are basically two methods to determine the functional interrelationship between
covariates and censored response: regression based approaches, on which we focus in
this article, and hazard risk approaches, which include classical Cox regression as well as
extensions to nonparametric models. Details regarding the latter one can, e.g., be found in
the books of Andersen, Borgan, Gill and Keiding (1993), Fleming and Harrington (1991)
or Cox and Oakes (1984) and in the works of Dippon (2004), Huang and Stone(1998),
Kooperberg, Stone and Troung (1995a, 1995b), and the literature cited therein.

Concerning regression based approaches, Buckley and James (1979) introduced an
estimator of a linear regression function, whose consistency was investigated by James and
Smith (1984). For a slight modification of this estimate, Ritov (1990) and Lai and Ying
(1991) established the asymptotic normality. Other estimates for the linear regression
model are due to Leurgans (1987), Koul, Sousarla, and Van Ryzin (1981), and Miller
(1976).

Without conditions on the structure of the regression function or regularity assump-
tions on the distribution of the design, Zheng (1988) showed that suitable defined nearest
neighbor estimates for censored regression are strongly pointwise consistent. He required
that (X,Y) and C are independent. In the same setting, strong consistency of suitable
defined partitioning estimates with respect to the Lo error was proven by Carbonez (1992).
A survey of corresponding results for further nonparametric estimates is given in Pintér
(2001). Beyond, in the more general model that ¥ and C are conditionally independent
given X, Pintér (2001) showed that one can use a nonparametric estimate of the condi-
tional survival function, introduced by Beran (1981), to construct suitable defined local
averaging estimates which are strongly consistent with respect to the L4 error.

We are especially interested in the rate of convergence of nonparametric regression
estimates for censored data. For the complete data model, an important theoretical break-
through is due to Stone (1982). He showed that for (p, B)-smooth regression functions
and d-dimensional covariates, the optimal global rate of convergence of nonparametric
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estimates is given by n” i (cf. Remark 3.3). Results for censored regression based on



a hazard risk model can, e.g., be found in Huang and Stone (1998), Kooperberg, Stone,
and Troung (1995b), and Zucker and Karr (1990).

However, little is known about the rate of convergence regarding regression based ap-
proaches for the analysis of censored data. Under regularity conditions on the distribution
of X (in particular that X has a density with respect to the Lebesgue-Borel measure),
Fan and Gijbels (1994) showed that suitable defined local polynomial estimates achieve
pointwise the optimal rate of convergence. In the presence of right censoring and possible
left truncation, Park (1999) proved that for (p, B)-smooth regression functions suitable
defined weighted least squares estimates reach the optimal rate of convergence, if X has
a bounded marginal density with respect to the Lebesgue—Borel measure. However, these
estimates are not calculable, since they depend on p, which is unknown in a statistical
application. We show that it is possible to define nonparametric regression estimates (in
particular smoothing spline estimates) for censored data which achieve the optimal rate
of convergence up to a logarithmic factor without assuming any regularity condition on
the distribution of X (besides X is bounded), and that this result even holds for adaptive
estimates, i.e., if we choose the parameters of our estimates by a completely data driven
method.

1.4 Regularity assumptions

This sequel presents the regularity conditions on the underlying distributions, which we
require in order to generalize known bounds on the Lo error of our estimates from non-
parametric regression with random design on censored regression. Throughout our paper,
we will use the following notation: Let F'(t) := P[Y > t] and G(t) := P[C > t] (t € R)
be the survival functions of the uncensored and censoring times, respectively. Further-
more, set 7p := sup{t € R: F(t) > 0} and 7¢ := sup{t € R : G(t) > 0}. Our regularity

assumptions can now be stated as follows:
(RA1) X €[0,1]¢ as.

(RA2) There exists a constant L € [0,00) such that 0 <Y < L as., C > 0 a.s., and
P[C>L]>0.

(RA3) C and (X,Y) are independent
(RA4) G is continuous.

To be able to give upper bounds on the covering numbers in the proof of Theorems 3.2 and
3.3, we require that X and Y are bounded in absolute value with probability one, w.l.o.g.
X €1[0,1]% a.s. in (RA1) and Y € [0,L] a.s. in (RAZ2), respectively (note that only for
the sake of convenience we have chosen Y,C' > 0 a.s. (RA2)). Boundedness of X is a

common assumption in the analysis of the rate of convergence and is, as the boundedness



of Y, not a serious constraint in a statistical application. (RA2) implies Y < 7p < o0
a.s., but since 7 (and 7¢) is unknown in a statistical application, we define our estimate
with a more general and known upper bound L. Once this bound is determined, one
can make a more or less rough estimate of 7 and 7¢, as we know from (RAZ2) that
7r < L < 7¢. Furthermore we want to stress that in (RA2) P[C > L] =1 is allowed.
Therefore our main results presented in Section 3 are still valid if censoring does not occur.
They can be regarded as generalizations of results for multivariate smoothing splines in
usual nonparametric regression with random design (vide Kohler and Krzyzak (2001) and
Kohler, Krzyzak and Schéfer (2002)) to censored regression. Assumption (RA3) is used
to simplify the mathematical problem. It is realistic whenever the mechanism of censoring
is independent of the covariables under study. Of course there exist applications where this
is not satisfied, but without assumption (RA3) the analysis of the rate of convergence,
which is the main aim of this article, seems to be much more difficult. Assumption (RA4)
is used to simplify the presentation of our main results and their proofs. Vide Remark 3.2
and 3.6 in Section 3 for details.

1.5 Discussion of the main results

The multivariate smoothing spline estimates considered in this article are defined by:

1. transforming the censored data to virtually uncensored data as in Fan and Gijbels

(1994, 1996)

2. minimizing the sum of empirical Lo error and a penalty term over the Sobolev space
Wi ([0,1])% (for the definition of Wy(]0,1])?, see Definition 2.1), where k € N is a

parameter of the estimate

We show that if (RA1) - (RA4) and an additional assumption, which controls the
heaviness of the censoring near 77 (see (3.1)), hold, these estimates achieve for smooth
regression functions (i.e., m € W,([0,1])¢ for some p € N with 2p > d) the optimal
global rate of convergence up to some logarithmic factor, and that this result still holds
for estimates for which the parameters are chosen in a total data-dependent way (i.e., for
estimates which do not depend on the smoothness of m). Furthermore, we prove that the

estimates are strongly consistent even if the regression function is not smooth.

1.6 Outline

In Section 2, the smoothing spline estimates for randomly right censored data are defined.
The main results are presented in Section 3 and proven in Section 6. Generalizations of
the theorems in Section 3 to regression estimation with additional measurement errors in
the dependent variable are given in Section 4. Section 5 contains the proofs of the results

in Section 4, while auxiliary results are shown in Appendix A and B.



2 Definition of the estimate

2.1 Multivariate smoothing spline estimates (MSSE) for uncensored
data

Let
Dy :={(X1,Y1),...,(Xp,Yn)} (2.1)

be a iid. sample of the R? x R-valued random vector (X,Y) with EY? < oco. Since
the regression function minimizes the Lo risk (cf.(1.3)), a natural estimate of m can be

obtained by minimizing an estimate of the L, risk, the empirical Lo risk,
1 n
EZ‘f(Xi)_Yi‘Q- (2.2)
i=1

But if one would minimize (2.2) over all (measurable) functions, this would lead to a
function which interpolates the data (at least if the Xi,...,X,, are all distinct). There
are basically two different strategies to avoid this: For least squares estimates one min-
imizes the empirical Lo risk over some suitable chosen class of functions which depends
on the sample size n. For penalized least squares estimates or smoothing spline estimates
one minimizes the sum of the empirical Lo risk and a penalty term which penalizes the

roughness of a function, over basically all functions.

Definition 2.1 (Multivariate smoothing spline estimates (MSSE)) Let d,k € N
with 2k > d, X € [0,1]% a.s., D,, be given by (2.1), and denote by W ([0,1]%) the Sobolev

space

d
o f d
{fmeﬁg([o,l] )v:‘il,...,/ﬁ’,deNo,;Hi:K,Sk}. (23)
The multivariate smoothing spline estimate (MSSE) 1, (., is defined by
) (1
My, (kA) (5 Dn) :=  argmin <— Z 1f(X;) = Yi|? + A,J,?(f)) (2.4)
fewi (o)) \™ iz

with the parameter A\, > 0 and the penalty term

e ¥ ]
Ji(f) = Z Kile oo kgl [0,1)¢

K1,..,kq€Np:
K1+...+kg=k

ce d

The condition 2k > d implies that the functions in W ([0, 1]¢) are continuous and hence

the evaluation of a function at a point is well defined.
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Note that in Definition 2.1 of the estimate we do not require that the minimizer is
unique. Duchon (1976) and (under some additional assumptions) Wahba (1990) showed

that a function of the form
n N
> anR(le— X))+ a2 ¥(x) (x€RY)
i=1 j=1

achieves the minimum in (2.4), where

t2k=dnt if 2k —d iseven
R:Ry - R:t—
t2k—d if 2k—d isodd,

Wy,..., Uy are all monomials x7* - ... - z? of total degree S ki < k—1, and |z
denotes the Euclidean norm of x € R?. Furthermore, Duchon and Wahba showed that the
coefficients a11,...,a1,n,021,...,a2 v € R can be computed by solving a linear system of

equations.

2.2 MSSE for randomly right censored data

Throughout this section we assume that (RA1) — (RA3) hold. To define regression
estimates for censored data, we first transform the data according to Fan and Gijbels (1994,
1996). Based on these data, estimates are defined as in usual nonparametric regression
(cf. Section 2.1). Therefore the transformation has to be defined in such a way that the
regression functions of both the transformed data and the censored data are identical.

This so called censoring unbiased transformation has been investigated by many au-
thors, for example Buckley and James (1979), Koul, Susarla, and van Ryzin (1981), Leur-
gans (1987), Zheng (1987), or Fan and Gijbels (1994, 1996).

To be more precise, a censored datum point (X, Z, §) will be replaced by (X, Y *) where

By(C) if Y >C

and the transformation functions ®1(-) and ®2(-) are chosen such that
EY'|X]|=m(X)=E[Y|X]. (2.7)

A special family of transformations satisfying (2.7) is given by the following two functions
(see Fan and Gijbels (1994, 1996)):

Z
o1(Z) = (1+a) ; %—a%,

11



Zdt
o G(t)

Here o € R is the parameter of the transformation. One could, e.g., choose « such that

y(Z) = (1+a) (2.8)

Y* > 0 as. (corresponding to Y > 0 a.s.), which is for example fulfilled for « = 0
(Leurgans (1987)) or @ = —1 (Koul, Susarla, and van Ryzin (1981)). Fan and Gijbels
(1994, 1996) suggested a data-dependent choice of the parameter:

fZ dt
cw — Zi
i=1,...n: Zi dt
! 5i= f Gt
Note that our main results presented in Section 3 are valid for any (fixed) @ € R. According

0 (2.6) and (2.8), we replace (X, Z,6) by (X,Y ") with

Z
Y*=(1+a) ; %—a% (2.9)

(8 = O) and, for all i =1,...,n, (X;, Z;,d;) by (X;,Y;*), where

Zi dt 8, 7;

=0t | aw ey

(2.10)
For Y* chosen as in (2.9), it is not hard to check that (2.7) holds for all & € R. From
(RA2), we can conclude that G(t) =P [C >t] >P[C > L] > 0 for all t € [0, L]. Using
this together with (RA3) we have

rld ] = olivoginl] -2fainarnn gl
= E[Y]X]
and
e[l = ([ ] e[ B

- E[Y]X].

Now, the last two equalities together with (2.9) imply (2.7).

Since in our case the survival function G of the censoring time is unknown, the random
variables Y*, Y1*, ..., Y,,* are not calculable. An obvious idea is to replace G in (2.9) and
(2.10) by an estimate G, the well known Kaplan-Meier product-limit estimator (see, e.g.,
Kaplan and Meier (1958))

—i 7%
n 7

i=1,...,n:

Zmst
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(00 = 1) . Here, (Z;y,6(3;)), i = 1,...,n, denote the observed pairs (Z;,d;), arranged in
such a way that
20y S Z@) S-S 2wy
where in the case of ties censored observations (d; = 0) occur before uncensored observa-
tions (6; = 1):
Z6) = 240w =005 =1 = i<]

This replacement results in

z

- dt 0Z
Y =1+« -« , 2.12
D) am "o 212

dt 0;7;
+a/ Gl -« Gl (t=1,...,n) (2.13)
(where we set § := 0), and

D= {(X1, 1), (X, Vo) | (2.14)
Note that Y, Yy, ... ,}A/n depend on the sample size n and we have suppressed this in our

notation. Furthermore, we want to stress that these random variables are in general
neither independent nor identically distributed or even fulfill an equality similar to (2.7).
The key step in the proof of our main results (vide Section 6) is rather to control the
squared differences |Y1* — V1|2, .., |Y;* — Y |2 (q.v. Section 4).

For the data D,, we can now define multivariate smoothing spline estimates for censored
regression analog to Definition 2.1. Let d, k € N with 2k > d and \,, > 0. Let D,, be defined
by (2.14). Our MSSE for censored data is given by

T, (kAn) (+) 7= Tt (5, 2) (-, D) 1= argmin ( Z f(X3) — Vi + )\njzf(f)> (2.15)
Few([0,1)4)

with W ([0, 1]%) and J2(f) (f € Wk([0,1]%) defined as in (2.3) and (2.5), respectively.
Since we assumed 0 <Y < L < oo a.s., and therefore 0 < m(x) < L (z € [0,1]%), we

truncate our estimate (2.15) such that it is bounded in the same way:

Mo, (e An) () 7= Tho, 210, (6, 00) () (2.16)

where, for a1,a9,t € R with a1 < as,

( ay if t> a9

T[al,ag}t = t if a1 <t<as

ap if t<aq,

and for all functions f : R — R, we define Tlay,a0)f R? — R by (T[alm]f) (xg) =
T[al,ag}(f($0)) (xO € Rd)

13



2.3 Adaptation via splitting of the sample

The estimates (2.15) and (2.16) depend on the smoothing parameter \,, and on k, which
defines the degree of the Sobolev space Wy ([0,1]%). Theorem 3.2 below gives a guideline
for the choice of these parameters. But on the one hand, for A,, this is an asymptotic
one which is orientated only towards the sample size n, not to the concrete realization of
the sample. It is evident that a non-data-dependent choice of the smoothing parameter
can lead to very unsatisfactory results. On the other hand, the choice of the parameters
k and A, in Theorem 3.2 depend on the smoothness of the regression function which is
unknown in a statistical application. Therefore we modify the estimate in a second step
(c.v. Theorem 3.3) such that it adapts automatically to the smoothness of the regression
function and choose k and A, in a totally data-dependent way via the splitting of the
sample technique.

Let n > 2 and denote by |t] and [t] the integer part and the upper integer part of
t € R, respectively. Consider the set of parameters K, x A, with

K, = {EJ +1, EJ +2,..., EJ + [(mn)?J} (2.17)

(where we define Ky := {|4] + 1} for n = 2) and

Inn Inn Inn

We split the sample (2.14) into two parts, the learning or training data
Doy = {(X1,Y0), -+ (X, Vo) }

and the testing data

Dnt = {(Xn1+17 }A/nl-i-l)v ey (Xn7 }A/n)} )

with ny +n1 = n.
For each pair of parameters (k,\) € K, x A, we first use the learning data to define

an estimate m,,, () via
- : RS .
iy k) () = argmin | — > 7 |f(X;) = Vil + A () |
fewi(0,114) \™ =

where Wy ([0,1]¢) and J2(f) (f € Wi([0,1]¢) are given by (2.3) and (2.5), and

My (k) () 2= Tlo, )My (k) () (2.19)

Then we choose that estimate out of all calculated estimates (2.19) which performs best
on the testing data in terms of the empirical Lo risk, i.e., our modified estimate is defined

mn() = mnl,(l},jx)(‘)’ (220)

14



where

(/2:,5\) = argmin (i Zn: ]mnh(k’)\)(Xi)—?i\Z). (2.21)

(kA ERnx A0 \ T ;0

3 Main results

Now we are ready to present our main results, Theorem 3.1 — 3.3. Note that they are valid
for any (fixed) o € R, which is the parameter of the transformation of the censored data
(vide Subsection 2.2).

Our first result states conditions on A, under which our multivariate smoothing spline

estimates are strongly consistent for all distributions of (X,Y, ().

Theorem 3.1 (Consistency) Let k,d € N with 2k > d and a € R. For n € N choose
An > 0 such that A\, — 0 (n — c0) and

d

nA\p 2k

T (n — o0).

Let the estimate my, (xx,) be defined by (2.15) and (2.16). Then

[ @) = m@)Pud) 0 (- c0) o
for every distribution of (X,Y,C) satisfying (RA1) - (RA4).

Remark 3.1 Note that in Theorem 3.1 Assumption (RA1) can be abandoned if we
slightly modify the estimate (vide Kohler and Krzyzak (2001), Remark 3).

Remark 3.2 It follows from Assumption (RAZ2), the proof of Theorems 3.1- 3.3, and
Corollary 1.3 in Stute and Wang (1993) that Assumption (RA4) can be dropped in
Theorem 3.1 if we assume that F' and G do not have common jumps and that either
P[C=7p]>00r P[C=71p]=0but P[Y =7¢] > 0.

In Theorems 3.2 — 3.3 we present our results concerning the rate of convergence of the
MSSE for censored data. Therein, the following notation will be used: For two random
variables H,,V,, € Ry we write H,, = Op (V) , if there exists a constant B > 0 such that
lim, . P[H, > B-V,] = 0. Along this line, the next theorem shows that our estimate
achieves the optimal rate of convergence up to some logarithmic factor (q.v. Remark 3.3)

for smooth regression functions m € W, ([0, 1]%), where p € N with 2p > d.

Theorem 3.2 (Rate of convergence) Let d,n € N, « € R, and L > 1. Let p € N with
2p > d be arbitrary. If we choose the parameters k and Ay, of the estimate m,, . z,), which
is defined by (2.15) and (2.16), such that k = p and A, fulfills

9 _2p
= () s

15



with an arbitrary constant by > 0, then

/Rd My 1o 2y () — m(@)|*pu(d) = Op ((M) i Jz?(m)#id>

n

for every distribution of (X,Y,C) satisfying (RA1) — (RA4), m € W,([0,1]%) with 0 <
J2(m) < oo, and

_/TF F(t)74dG(t) < co. (3.1)
0

Note that since G is monotonically decreasing, the left hand side of (3.1)) is always non-

negative.

Remark 3.3 Stone (1982) showed that the optimal rate of convergence (in adequate mini-
max sense) in nonparametric regression for estimates of (p, B)-smooth regression functions
is given by n~ %+, For p € Nand B € [0,00) a function f : R — Ris called (p, B)-smooth
if

o= o=

m €r) — m(‘r()) < B- |z — zo

for all p1,...,pq € Ng with p; + ... +pg =p — 1 and all z,zy € R%. Since in our setting
it is allowed that no censoring arises (i.e., P[C > L] = 1, vide Assumption (RA2)),
we deduce that the rate of convergence in Theorem 3.2 is optimal up to the logarithmic
factor (In n)%. Note that the rate in Theorem 3.2 is identical to known rates for MSSE in
nonparametric regression with random design (q.v. Kohler, Krzyzak, and Schéfer (2002)).
However, for censored regression, the additional assumptions on the distribution of C are

needed.

Assume that m € W,([0,1]¢) for some p € N with 2p > d. In Theorem 3.2, to achieve
the nearly optimal rate of convergence, the parameters k and A, of our estimate (2.16)
have to be chosen such that they depend on the smoothness of the regression function
m, measured by p and Jg(m). Since in practical applications the smoothness of m is
unknown, these parameters and hence the estimate cannot be calculated . Therefore it is
necessary to apply adaptation procedures which allow a completely data-driven choice of
the parameters without loosing the properties of Theorem 3.2. The next theorem uses the

splitting of the sample technique (vide Section 2.3).

Theorem 3.3 (Adaptation via splitting of the sample) Let d,n € N with n > 2 and
set ny = [5]. Let the set of parameters K, x A, be defined by (2.17) and (2.18). Let
L > 1, a € R, and the estimate m,, be given by (2.20). For any p € N with 2p > d, we

[ Ima) = mia)Pu(as) = 05 ((““:)2) o (J;?(m))ﬁ‘*d)

16

have




for every distribution of (X,Y,C) satisfying (RA1) — (RA4), m € W,([0,1]%) with 0 <
J3(m) < oo, and (3.1).

Remark 3.4 The definition of the estimate m,, does not depend on p or Jg(m), hence it
automatically adapts to the unknown smoothness of the regression function. Besides, the

rate of convergence is identical to that of Theorem 3.2.

Remark 3.5 We want to stress that in Theorems 3.1 — 3.3 no assumption on the under-
lying distribution of X besides (RA1) is required. Especially, it is not required that X

has a density with respect to the Lebesgue—Borel measure.

Remark 3.6 It follows from the proof of Theorems 3.1 — 3.3 and the Remark in Chen and
Lo (1997), that Assumption (RA4) can be abandoned in Theorem 3.2 and Theorem 3.3.
In this case, replace G and F in (3.1) by continuous survival functions G and F, where
G smoothes the probability mass of G at its discontinuity points to small intervals and F
assigns probability 0 to these intervals. For details, see Chen and Lo (1997). Furthermore,
one can conclude that if there exists an ¢ € (0,1) (e.g., ¢ = 2;% with p,d € N) such that

TF —q -
_ / Fl)T5 a6t < oo
0
then Theorem 3.1 also holds if Assumption (RA4) is violated.

Remark 3.7 It follows from Corollary 2.2 in Chen and Lo (1997) and (RAZ2) that as-
sumption (3.1) in Theorems 3.2 — 3.3 is fulfilled if there exists some [ € (0, 1+ g) such

that
G(t) — G(rp))’

lim su < 00.
e F(D)

The proofs of Theorems 3.1-3.3 are given in Section 6.

4 MSSE applied to data with additional measurement er-

rors in the dependent variable

Here we shall put the setting of Subsection 2.2 in a more general context. Let therefore be
(X,Y*) € [0,1]¢ x [-L*, L*] a.s. a random vector where L* € [0,00). In some situations,
data from the distribution of (X,Y™*) can only be observed with additional measurement
errors in the dependent variable (see, e.g., Kohler (2002)). Here, we do not assume that
these errors are independent or identically distributed.

So in order to calculate an estimate of the regression function m(z) = E[Y* | X = z],

one has only given the data

Dy = {(X1,Y10),..., (X0, Yan)} (4.1)
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instead of a sample (X1,Y1*),...,(X,,Y,*) of i.i.d. copies of (X, Y ™). In the following, we
shall suppress the dependency of 571,”, ... ,Ynm on the sample size n, i.e., use the notation
Yi = Vi

Note that Y*, Y1*,...,Y,* and Yl, . ,Yn as defined in Section 2.2 are special choices
of Y*,Yi*,...,Y,* and Yi,...,Y,, respectively. Nevertheless, for the sake of generality,
throughout this section we do not demand that either Y*,Yi*,...,Y,* or Y3,...,Y,, take
a special form, or are even the result of a censoring unbiased transformation. Instead, the
only assumption needed here beside Y* € [—L*, L*] a.s, is that the squared measurement
errors |Y1* — Yi|%,...,|Y,* — Y, |? are “small”.

The MSSE considered in this section differ from those defined in Subsections 2.2 and
2.3 only in that way that we use the data (4.1) instead of (2.14) and a truncation at
[-L*, L*] instead of [0, L] in order to define them. To be more precise, the estimates are

now given by

- . ) 1< _
mn,(k,)\n)(') = mn,(k,)\n)('a Dn) = argmin <_ Z |f(XZ) - le|2 + An‘h?(f)) ; (42)
fewi(o,d) \" i

with 2k > d, A, > 0, W([0,1]?) and JZ(-) defined as in Definition 2.1, and

Mo (e an) () 7= Ti—pr L9, (k00 () (4.3)

Furthermore, our adaptive MSSE is defined by

M () 7= My 75 ()s (4.4)

where

(kNEKmxchn \ T 50y

o _ 1 & _
(k,\) ;== argmin (— Z |mn1,(k7A)(Xi)—§/i|2>.

Here ny,n¢, K, and A, are defined as in Subsection 2.3.

In this setting the following three results hold.

Theorem 4.1 (Consistency) Let k,d € N with 2k > d. For n € N choose \,, > 0 such
that A, — 0 (n — 00) and

d
nA\p 2k

o (n — o0).

Let the estimate my, (1 x,) be defined by (4.2) and (4.3). If

1< _
EZ’Yi*—Yi’Q -0 (n—o0) as., (4.5)
=1
then
L @) = m@)Pude) =0 (n—o0) e (46)

for every distribution of (X,Y™*) with (X,Y*) € [0,1]% x [-L*, L*] a.s.
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Theorem 4.2 (Rate of convergence) Let d,n € N, and L* > 1. Let p € N with 2p > d
be arbitrary. Assume that we have chosen the parameters k and Ay, of the estimate my, (x x,,)
which is defined by (4.2) and (4.3), such that k = p and X\, fulfills

2p
Inn)?\ wi oy
An = by - (“‘”) ) T 2 (m) (4.7)

n

with an arbitrary constant by > 0. If there exists a constant by > 0 such that
P {Hllax V¥ - Y2 > b2:| —0 (n— ), (4.8)
i=1,...,n
then we have

2p
1 & P Inn)?\ 2r+d _d
L @) = mia) Putde) = 05 (5 > -+ (00 J5<m>2p+d>

i=1
for every distribution of (X,Y™*) with (X,Y*) € [0,1]¢ x [-L*, L*] a.s., m € W,([0,1]%),
and 0 < J}(m) < oo.

Theorem 4.3 (Adaptation via splitting of the sample) Let d,n € N with n > 2 and
set ny = [5]. Let the set of parameters K, x A, be defined by (2.17) and (2.18). Let
L* > 1 and the estimate m,, be given by (4.4). Assume that there exists a constant by > 0
such that (4.8) holds. For any p € N with 2p > d, we have

2p
1 2p+d _d_
/ |mn )| ,u(dl' < Z|Y* Y|2 <(nn) ) P (Jg(m))2p+d>
for every distribution of (X,Y™*) with (X,Y*) € [0,1]% x [-L*, L*] a.s., m € W,([0,1]%),
and 0 < J2(m) < oc.

We shall use Theorems 4.1 — 4.3 in order to prove Theorems 3.1 — 3.3 in Section 6.

5 Proof of Theorems 4.1-4.3

In this section, our results from nonparametric regression analysis with additional mea-
surement errors in the dependent variable are proven. In the proofs of Theorems 4.1 and

4.2, we need the concept of covering numbers.

Definition 5.1 (Covering number) Let d € N, 1 < r < oo, and F be a class of
functions f : R — R. For any ¢ > 0 and any v} = (v1,...,v,) € (RY)", the covering
number N, (e, F,v}) is defined as the smallest integer N such that there exist functions

g1,...,gn : RY — R with

1
1g}i§nN< Zlfvz —gj vz)l> <e

for each f € F.
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PrROOF OF THEOREM 4.1. First, we shall prove the following lemma

Lemma 5.1 Let k,d € N with 2k > d and L* € Ry. For n € N choose \,, > 0 such that

An — 0 (n — o00) and
n)\n%
Inn

Let the estimate my, i, x,) be defined by (4.2) and (4.3). If

— 00 (n— 00). (5.1)

%ZW—YHQ S0 (n—o0) as. (5.2)
=1
then
_ 1 <&
E [ |0, 1 0) (X)) — Y*ﬂ Dn] - Z |0 1o 0) (X)) — Yz‘*|2 —0 (n—o00) as. (53)
i=1

for every distribution of (X,Y™*) with (X,Y*) € [0,1]¢ x [-L*, L*] a.s.

PROOF OF LEMMA 5.1. By the strong law of large numbers, Definition (4.2) of the
estimate 1y, (), and (5.2)

IR _ 5 1 _
" > [, e (Xi) — Yil* + A JR (11 (o any) < - > vi|?
=1 i=1

2 — _ 2
< S -GS 2B (- o0) as,
i=1 i=1

This implies that with probability 1, for sufficiently large n,

mm(k’)\n) € f3(L*)2/)\n = {T[—L*,L*}f . f € Wk([o, 1]d), J]?(f) S
Thus it suffices to show

sup
9€95(L4)2/2n

where

G3(1)2 /2, = {g tg(z,y) =|f(@) -y f € a2 /a* €REy € [—L*,L*]}-

For this purpose, we first note that for two functions g1, g2 € Gz(1+)2/x, With gj(z,y) =
2 .
|f5(x) =yl fi € Farry2/an, J = 1,2, we have

1 & 1<
- D g1 (X0, Yi*) = g2( X3, Vi¥)| < 4L*E Y IAX) - (X)) as.
=1 =1
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which implies for all € > 0
€ n
Nl <§,g3(L*)2/>\n, (X, Y*)1> S Nl (32L*,f3(L*) /)\n Xl) a.s.

The last inequality, Theorem 9.1 in Gyorfi, Kohler, Krzyzak, and Walk (2002), Lemma
3 in Kohler and Krzyzak (2001), and (5.1) imply that for all 0 < ¢ < 32(L*)? and all
sufficiently large n
> e]
ne

< 8 —F— 5 | -E . X
< s 128(4(L*)2)2> N (g Foaerin X1)

P

sup

1 n
Elg(X,Y")] - = (X, ¥)")
9€g3(L*)2//\n

ne? 3(L*)2 32L* 32(L*)*n
< 8 SN Bo|In(Bs22 0"
= SO ToaRaE | Pl n( T e )
< 3 1 ne?
= PP\ T90048(27)t )

where By, Bo, B3 > 0 are constants which only depend on k£ and d. From this, the assertion

of Lemma 5.1 follows by an application of the Borel-Cantelli lemma. U

Now we start with the proof of Theorem 4.1. Let € > 0 be arbitrary. From Theorem 3.14
in Rudin (1974), one can conclude that there exists a function g. € Wy ([0, 1]%) such that

[ loca) = m@)P () < ¢ and E(g.) < . (5.4
In this sequel, the following error decomposition will be used
L Ima ey ) = mia) o)
= B[ [mnern(X) = Y| Do | = B[ Im(x) -]

H-

J,m:

[
-

1

J

Below we show how to bound each of these eight terms from above . By an application of

Lemma 5.1, we get
2| A 1 ¢ 2
Hin=E [ [P k) (X) = Y| ‘D”} == a0 (X)) =Y =0 (n—00) as.
i=1
The definition of the truncated estimate (4.3) and |Y*| < L* imply

LN
H2,n = _Z| (k)\n _}/;*‘2_EZ‘mnv(kvAn)(Xi)_}/i*f SO
=1
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In order to bound the third term

1
H3,n = EZ ‘mn,(kv)\n)(Xz —Y 1+€ Z ‘mn k)\n
=1

from above, observe that for all a,b > 0, we have

(a+b)?2 <a’(1+e)+b? <1+%>.

From (4.5) and (5.5) one can conclude

1\ 1< _
H3v”§<1+E>EZ‘Yi*_Yi|2—>O (n— o0) as.

i=1

From (5.4), the definition of m,, (4 »,), and A\, — 0 (n — oo) follows

Hyp = (1+¢)

< (1+6)/\an(95)_>0 (n — o0)

Using again (4.5) and (5.5), we have

1 @& _
Hsp = (1+¢) | =D [9:(X) = Vi = (1 + )~ Z|ge
i=1
< (4o (141 li\y*_f/-(?_m (n — o)
= € nl:l 1 (3

and by the strong law of large numbers

ZL% ~ VP —E | Jg(X) - V|

— 0

Heg = ( 1—|—6

An application of (5.4) yields

Hy, = (1+6)2E
< e(l+e)%

Z‘mn(k)\n _}71"2_%2‘96()(2 —-Y
1=1

a.s.

(n — o0)

[19:(X) =Y P = (1+ B | pm(x) - V*?

Finally, we get the following upper bound for the last of the eight terms

Hy = (142 = DE | [m(X) = Y*[* | < ((1+¢)?

Combining all the results from above, one can conclude

lim sup/ M, (e 2 () — m(z)|?pu(dr) < e(14€)? +4((1+e)?
R4

n—oo
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With € — 0 the assertion follows. O

PROOF OF THEOREM 4.2. Assume k = p. Let By > 0 be an arbitrary constant and
by > 0 a sufficiently large constant. We show that for all ¢t > Bl)\nJg(m) with A\, > 0,

An — 0 (n — 00), and

_2p_
2p+d
(m_”> TN S0 (n— o), (5.6)
n
we have
) 2 4 128 .
P Mo kry (@) — m(@)|* p(d) > 3¢+ 4N, T2 (m Z Vi - v
Rd
exp (—Bant)

<50

+ bs exp(— bﬁnt)—i—P[max |vi* 3‘@\ >b2], (5.7)

1 —exp(—Bant) =1

where Bs,bs,bs > 0 are constants which only depend on L*. Since (4.7) implies (5.6),
An — 0 (n — 00), and
ni, —» oo (n—00), (5.8)

the assertion of Theorem 4.2 follows from this together with (4.8) and (5.7).
In order to show (5.7), we first note that for all ¢ > 0

P /]Rd |0 (62 () — m(a;)|2 p(dx) > 3t + 4)\nJ§(m) + % i |V — 57@‘2
<P[Hip>t]|+P[Haop > 1], - (5.9)
where
i = [ i @) = m(@)] n(da)
—2 [% i |0 (2 (X)) — m(Xi)‘2 + )‘nle(mn,(k,)\n))]
i=1
and

2 -
= Z | (o) (Xi) = m(X3) |+ AT (i (1,0,
Z i+ = Vi|? - 2M, 22 (m
In the following, upper bounds for each of the probabilities on the right hand side of (5.9)

will be computed. By an application of the Peeling-technique (cf. Section 5.3 in van de
Geer (2000)), we have for all t > 0

o
P[Hyp>t] <Y P2t <20 (g o p,) + 1 <2 Hip > 8] (5.10)
7=0
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For every j =0,1,... and all ¢ > 0 set

E [ [ ) (X) = m(X)[*| Da] = £ 520 [ g0, (X0) = m(X)

E “mm(k,)\n)(X) - m(X)\Q( ﬁn} + 20t

H37n7j(7f) =
Then we can conclude from (5.10) for all t > 0

> N 27t 1
P [Hl,n > t] < ZP |:le(mn,(k,)\n)) < —,H37n7j(t) > —]

= An 2
i Eg(X)—- 13" g(X; 1
< P sup 9X) — Zl_; 9(X:) > = (5.11)

where for every j =0,1,...

Gait/n, == {9 1g(z) = |f(z) - m(af)’Qaf € Faitjan T € [0, 1]d}

with

Far = {Tiwrwaf £ € W0, () < 241

Fix j = 0,1,.... First, we note that for all g1, s € Gajy/y, With gi(x) = |fi(z) — m(z)]?,
fi € Fajgyn, i =1,2 (z €0, 1]9) and all 21, ..., 2, € [0,1]%, we have

—2\91 — gal)|® < (4L7)? Zwm fola)

=1

and therefore for all s > 0 and all z1,...,z, € [0, 1]d
n S n
N2 (5,Gaitn,» #T) < Na <Eafzu/xn,$1> (5.12)

From (5.8) one can conclude for all ¢ > Bl)\nJg (m), all ¢ > 2“ , and all sufficiently large
n that n¢ > (L*)?. This together with Lemma B.2 and (5.12) ylelds

4 _d
/ \/lnj\fg (S,Qm/%,x?) ds < bg (8L*)% An P/ CVInn + bgy/CVInn
0

_2yn¢ < 8L* llnn —2ptd b /lnn>
/B1J2( nA

2 (bg (8L*)2i bg) f(\/(lnn)ﬁ ALl (5.13)

IN

n

for all ¢ > Bl)\nJg(m), all { > %t, all z1,...,2, €[0,1]%, and all sufficiently large n with
some constants bg, bg > 0 which only depend on p and d. The last inequality, (5.6), (5.11),
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and Theorem 2 in Kohler (2000) (set there X := [0,1]¢, F := Goit/r,s K1 = Ko = 4(L*)?,
= 3, and a := 27t) imply for all ¢ > By \,J2(m) and all sufficiently large n

oo
- exp (—Bant)
P H t] <50 —22Bynt) <50 5.14
[Hipn>t] < jzz:oeXp( 2“)— 1 —exp(—Bant) ( )
with a constant Bs, which only depends on L*.
Set [ := L* 4+ /by and
My o) () = Tl k2, () (5.15)

Then one can conclude for all ¢ > 0
P[Hy, >t] <P |:H27n > t, Imax {YZ‘ < l} +P ['nllax ‘YZ‘ > l] =: Q10+ q2n- (5.16)
i=1,...,n i=1,...,n
For the second term on the right hand side of (5.16), we have

C]2,n§P[AH11ax !Yi*—Yi‘+L*>l} :P[ max !Y —Y‘ >b2} (5.17)

-----

and for the first term (4.2), (4.3), and (5.15) imply for all t > 0

1< _
Qo < P Hy > 6230 ml ) (X0) Z( (o) (Xi) = Yi]
i=1
n
< P S |t g (X0 = mOD| AR r)
= - ok An) (X i nic (Mo, (5,7
i=1

>t+—Z|Y* Yil” + 20,72 (m),

=1
—Z‘ m(kan) ( Z| (e (Xi) = Vil

where the last inequality follows from |m(X)| < L* <[ a.s. Next, we shall apply Lemma
A.1 (note that we have chosen k such that k& = p). Since A\, — 0 (n — o) and 5.6
imply (A.4) — (A.6), one can conclude from Lemma A.1 for all sufficiently large n and all
t > BidnJ2(m)

, (5.18)

q1.n < bs exp(—bgnt)

with some constants bs, bg > 0 which only depend on L*. This together with (5.9), (5.14),
(5.16), and (5.17) yields (5.7). O

PROOF OF THEOREM 4.3. For sufficiently large n there exist (k,A) € K, x A, and a

constant By > 0 such that k = p and

2p

o\ 22 9N\ 52
B, <<1nn1> ) Jm) #a < X <2 B <<1nnl> ) J2(m)"

ny ny



This implies A — 0 (n — o), n A — 0 (n — c0), and

9 _2p
(M) e 5\’1 -0 (n — oo)

ny

Therefore, we can conclude from (5.7) in the proof of Theorem 4.2 and (4.8) with a suitable

large chosen constant By > 0

dis

2
‘ p(dz)

My (k) (x) — m(x)

BQZ\Y* v/ +Bz<(ln"1)2>mJ§(m)2p‘fm] S0 (n—o0). (5.19)

n
=1 1

Now note that because of ny = [§] and ng =n —ny = [ 5|

113 )
for all n € N with n > 2. Furthermore, % < ny; < n implies
(Inny)? 4 9, o4 (Inn)? %5 9, o4
(T) Jy(m)2+d < (2 T) Jy(m)2+d =i t,,. (5.21)

Let B3 > 0 be a suitably large chosen constant (see below). Then one can conclude from

(5.20) and (5.21)

54 By + B3 _
P [ mae) = ma) ulde) > 32 Y v SR 4By + o)t
1=1

< P [/Rd |y (z) — m(z))? p(dz) —54  min / | My ey () — m($)|2u(dx)

(k,N)eKnxAn
Z ~Yi|* + Bstn
i=n1+1

. 2
+P [(M)renflgimn /Rd My 1o 0y () = m(@)|” p(d)

2p
Inny)? 2+d —d_
> Bt iys g, (Rm) J2(m)ma |
”lizl‘ 1+ 2< o 2(m) %
The assertion of Theorem 4.3 follows from this together with (5.19) and the following

lemma.

Lemma 5.2 Let l1,lo € R with l; < ly and d,n € N with n > 2. Set ny := [%] and
ny := n — ny. Let the set of parameters K, x A, be defined by (2.17) and (2.18), the
data D,, by (2.14), and m : [0,1]% — [I1,ls]. For all (k,\) € K,, x A,, set My (k0 (1) 7=
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T11y 1o ] Mong (k0 (), where My, () @8 given by (4.2). Define the estimate m,, via my(-) =
mnh(,;’;\)(-), with

_ . 1 <« _
(k,\) ;== argmin (— Z \mm’(ky)\)(Xi)—Y;P).

(kN EKnxAn \ Tt ;2
Set
2
n:— n - d Mn &)
/ I (2 (2)]? p(dz) — “)glfl(gmn/ [ .2 (@) = ()| ()

Then there exits three constants byg, b11,b1o > 0, which only depend on Iy and lo, such that
we have for all t > 0,
b - — 2
Hy>—2 3 |V = Y|+ buot
Ny
i=n1+1

() = P

exp (—bjant)
< 2K, xA 2 —b t . .22
< 21, x 0 (2o (b + (TR (5:22)
1 2 22—Z7d d
Especially, we have for t, := (2 %) i J3 (m)2+d
Gn (tn) = 0 (n — o). (5.23)
PROOF OF LEMMA 5.2. For all (k,\) € K, X A, set
Vi 1= B [ g 6.0 (X)| Drs ]
2
where g, 2 (2) = ‘mnl,(k,)\)@) —m(x) ‘ (z €[0,1]%) and
Dy, = {(X1,Y1),..., (Xn, Y1) } -
One can conclude from (5.20) and Lemma A.2 for all ¢ > 0
gn(t) < P /dgm,(k 5\)( pldz) — — Z gm,(k‘)\ ]
R 1=n1+1
+ ) 2— Z G, (e, ) (X / s, (k1) (@) p(d) > t]
(k, )\)eKnxAn 1=n1+1
Z gn,;g;\ ) — 18 min Z In, (k) (X
i ! (k,\)EKnxAp nti .
512 o 12
>t+= ) [V -
1=n1+1
<2 ¥ Pl >3+
< Vi 9na,(, A) 9
(BN EK R xAn 1=n1+1
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exp (—brnt)

+2 Ky % An 7 (5.24)

—exp (=brnt)’

with a constant by > 0, which only depends on /1 and ls. In order to bound the first term
on the right hand side of (5.24), we first note that for all (k,\) € K,, x A,

(o =1)? vkA = E [ (gny, o) (X))?| Dy | = Var [ g, (5,0)(X)| Dy ] =2 035 -

This together with Bernstein’s inequality and (5.20) yields for all ¢ > 0

1 " t Vk by _
Z Pl lvea— . Z I (k) (X)) | > B +T’ Dy,
(k,\)EKn X An Y= 41
< Ky x Al P ! zn: x> Ly b |p
max Vg — — ; -4+ —
> n n (k)R x A kA g e Ina,(k,2) A 9 9. (lz — l1)2 ni
t U(Qk ) ?
Ty <§ + 2-([2—’l1)2>
< Q\KnxAnl( )maXA exp [ — >
E AN EK,XAp 9 2:(la—11)2 [ ¢ Tk, N)
200t T (i + W)
t )
Ny <§ + 2-([2—7l1)2>
< 2|K, xA —
< 2K, x Ay nt (5.25)
exp| ——————= .

Now (5.24) and (5.25) imply (5.22). Set B; := min{m, b7}. Then one can conclude
for sufficiently large n

b b 1
max {exp (—% ntn> , €Xp <—§7 ntn> } <exp(—Bynt,) < —, (5.26)
n

since
(Inn)?

n

25% _d
Bint,=Bin <2 > Jg(m)%ﬂi >2Inn.

Now, (5.23) follows from (5.22), (5.26) and |K,, x A,| < (Inn)%n.

This completes the proof of Theorem 4.3.

6 Proof of the main results

PrROOF OF THEOREMS 3.1 — 3.3. First, we shall prove the following lemma
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Lemma 6.1 Let (Y,C),(Y1,C1),...,(Yn,Cy) be ii.d. Ry x Ry-valued random vectors
with Y and C independent. Let o € R and let Y;* and Y; (1t = 1,...,n) be defined by
(2.10) and (2.13), where G(t) = P[C >t] (t € R). Set F(t) = P[Y >t] (t € R) and
Tr =sup{t: F(t) > 0}. Assume G is continuous and G(1p) > 0. Then the following two
results hold:

-----

2. Let v € (0,1). If

TF =
_ / FO)T5dG(t) < 0o (6.1)
0
then there exists a constant bg > 0 such that
limsup n” max |V;* —Yj|> <bs a.s. (6.2)
n—o0 =1,..., n

PROOF OF LEMMA 6.1. First, we note that G(7p) > 0 implies 0 < Z; = min{Y;, C;} <
TF < o0 a.s. for all i € {1,...,n}. Using this, (2.10), (2.13) and the definitions of G' and

Gy, one can conclude with probability 1

-----

= ma
i=1,...,n

(1+«) /OZi <$ — Gnl(t)> dt — «d; Z; (G(lzl) B Gi&‘))
2 2
) ((1 + la])? /0 <% - G,j(t)) “

+ a?
< 401+ ]a|)2 ‘max | Z; sup
> i=1,...,n 0<t<Z;

IA
[\]

Lg
IS
"

<

A(1+a])? 7 (

2
G(7r)2Go(7r)? \oore, |G(t)_Gn(t)|> ' (6:3)

0<t<rp

Corollary 1.3 in Stute and Wang (1993), G (7¢) > 0, and

i [hrrzn—)so%p Gn(lTF) g G(iF)] - F [h?—i%p (G(rr) = GnlTr)) > G(QTF)]

< P [limsup sup |G(t) — Gn(t)| > G(TF)}

n—oo 0<t<tp 2

imply

1 4
lim su <
n—>oop Gn(TF)2 o G(TF)Q

From (6.3) and (6.4) one can conclude for all v € [0, 1) that with probability 1

a.s. (6.4)

limsup n? max |V;* —Y;|?
n—o0 1=1,...,n
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4(1+ o) 73 ( )

— 2" limsup———= | N2 su G(t) — G,(t
B G(TF)2 n—»oop Gn(TF)2 Ogtglz—p ’ ( ) ( )’

16(1 + |af)2 72 . ( 5 )2

————————= limsu n2 su G(t) — Gp(t . 6.5
< Gor)? m sup ogtgpm' (t) ()] (6.5)

For v = 0, this together with Corollary 1.3 in Stute and Wang (1993) implies the assertion
of part 1 of Lemma 6.1. Now, let v € (0,1) and assume that (6.1) holds. Then part 2 of
Lemma 6.1 follows from (6.5) and Theorem 2.1 in Chen and Lo (1997). O

Now, we start with the proof of our main results. First notice that (2.10), G(L) =
P[C>L]>0,and 0 < Z =min{Y,C} < L a.s. imply

L
< — = L .S. .
Y*| < (1+2|al) GO L* <00 as (6.6)

For all (k,\) € Ky, x Ap, let m, i) be defined by (2.19). Since [m(X)| < L < L* as,,
we have for all £ € N with 2k > d and all \,, >0

L @) = m@Pa(de) < [T o (2) = mie)Puldo). (67

Therefore, one can conclude from 6.1 (where we set v := % and note that, since 2p > d,
% € (%, 1)) and (6.6), that the assertions of Theorem 3.1 and Theorem 3.2 follow from
Theorem 4.1 and Theorem 4.2, respectively.

In order to prove Theorem 3.3, we first recall the definitions

(b NERnxAn \ T8 5 0

. . - B .
(k,\) = argmin <— Z \T[07L]mm7(k’>\)(Xi)—Y;\Z>

and

_ 1 <& .
k,A\) = argmin — Ti x4y, X)-Yi*].
(k. A) o rgmin (nt i%:ﬂ\ L L)y (e, 0) (X)) — Y7 >

Now, let By > 0 be a suitably large chosen constant. Set

2p
1 2\ 2p+d _d
= (B) ™ o

and

- 2 : 2
Hoim [ 1y 3y (@) = m(@)Putde) =50 amin [ g o o) = ) Putdo).
Then one can conclude with (5.20) and (6.7)

P [/Rd \mm,(ic,X)(x) — m(x)|*u(dr) > 109 By tn:|
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Bl <& .
< P|Hy>Bity+— > Vi =Y
[ —
B n
1 * >
+P /Rd My iy (@) — (@) 2 p(d) > 2By b, — ol > i -vp
i=n1+1
B n
< P|Hy>Bity+— Y |V Vi
[
B n
~ 1 * A~
+P /Rd (T o 2oy, (.30 (@) = (@) Pu(da) > Butn + — Y |Yi* = Vil

1 ¢ ot
LS ]
niil

This together with Theorem 4.3, Lemma 5.2, and Lemma 6.1 implies the assertion of
Theorem 3.3. U

A Results for fixed design regression

Below we formulate and prove two auxiliary results which are used in the proofs of Theorem

4.2 and 4.3, in a fixed design regression model. Let z1,...,z, € [0,1]¢ be arbitrary, but

fixed. Let m : [0,1]¢ — R? and assume for all i = 1,...,n
where Uy,...,U, are independent random variables with expectation zero. Then the

following two results hold

Lemma A.1 Let n,d € N, \,, > 0, L* > 1, and by > 0. Set |l := L* + by and let
p € N with 2p > d be arbitrary. Let Y1*,...,Y,* be given by (A.1) with |Y;*| < L* a.s.
and |m(z;)| < L* for all i € {1,...,n}. Let Y1,...,Y, be arbitrary real-valued random

variables and define the estimates m, () and my (P ) by

mn,(p,)\n)(') = argmm < Z ’f xz }72‘2 + )\nJS(f)> y (A2)

fewy([0,1]%)

where Wy ([0,1]4) and J2(f) (f € W,([0,1]9) are given by (2.3) and (2.5), and

m:"v(pv)\n)(.) = T[flﬂmny(pv)‘n)(.)' (A3)

Assume m € W,([0,1]%) with J2(m) < co and set
2 2/~ 2 64 *_ )2
= Z (127 (@) = 120) [P AT (1 0,0)) = 2AneT () = — > V7" = Vi
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Then there exist constants bs,bg > 0 which only depend on L*, such that for any t, > 0
with

t, —0

(n — 0), (A.4)
?ﬁ — 00 (n— o0), (A.5)
nn

and "y
ﬁl—nw — oo (n— o0), (A.6)
we have for all t > t, and all sufficiently large n
_ 1o~
Vip >t - Z 705, (o) (T) — Vi < - Z [T, (p 2y () — Y3l Z | < b5 exp (—bgnt) .
i=1 i=1
PrOOF OF LEMMA A.1. First, we notice that
2= |V —m(x)? < 4LF)? as. (A7)
for alli e {1,...,n}. Set
H, = l

=D Iy o @) = m(@) P+ A (T, o0,)
i=1

By an application of Lemma B.1 in combination with (A.7), we have for all ¢ > 0

1 n
Vi > 3 )

_ 1o _
—YiP? < = i o (@) = Yif?

i=1

IN

P

1n
t< H, <= D —m(z)) U, =Y U? < 4(L*)?
< Z pn (1) = () n;z_< )]
= {qin-

(A.8)
In order to derive an upper bound on ¢ 5, we notice that (A.7) together with the Cauchy—
Schwarz inequality yields

—Z

) (Ti) —m(xi)) Ui < 16L* - Z ]m;,(pAn)(xi) —m(x;)|? as.
i=1

Therefore one can conclude that inside of q1 4,

H,y,

IN

Z |

2
. m( )‘ J (mn (p,)\n))
p,An

¢ S 5 0,0 (1) = )

H,

Va S

< 256(L*)2.
(D, An)(l‘l) —m(z;)[?
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For arbitrary ¢ > 0 set
Tmin == min {j € N : 27¢ > 256(L*)?} .

By an application of the Peeling-technique (cf. (5.10)), we can conclude from (A.8) for all
t>0

1 & _ I~ _
P Vig >t =D |y 00 (@) = Vil < = i, o, () = Yil?
i=1 i=1
Jmin —2jt ; g X 1 , e
< > P o < Hn <2t Hy <~ D (i o (@) = m(x:)) Ui, ~ > UP < 4(L)
j=1 L i=1 i=1
Jmin [ ) 1 n 2Jt 1 n ) )
< Z P |H, <2, - Z(mfl7(p7)\n)(xi) —m(x;))U; > 6 ZUi < 4(L¥)
j=1 L =1 1=1
Jmin [ 1 n 2‘7t 1 n ) )
*
< ZP gegsu_p EZUzg(xz) ZTG’EZUi < 4(L7)
j=1 L 27t/ An i=1 =1
Imin

= Z q2,n,55 (AQ)
j=1

where for all j € {1,...,Jmin}
1< A
j = - : Foj y — i) — 7 2 < 2t
Goit/an {f m: [ € Fojg/n, " ;1 |f(xi) —m(z;)]” < }
with

J
Fanpo = { T £ € W00, 20 < 30}

Similar to the proof of Theorem 4.2 (vide (5.13)), one can conclude from Lemma B.2 and

(A.5) for all t > t,,, all j € {1,...,Jmin}, and all sufficiently large n

V27t B
. 1 _d 1
/ \/thQ (s7g2jt/)\n7x111) ds < \/n27t bg“%)\n% +b9\/% )
0 n n

with some constants bg,bg > 0 which only depend on p and d. This together with (A.5),

(A.6), and Corollary 8.3 in van de Geer (2000) (set there K := 2L*, og := 2/2L*, § := %,

o :=2L* and R := V2/t) implies for all ¢t > ¢, and all sufficiently large n

j exp (—Bant)
< ) Burexp(=Ban2't) < B < 2By exp (—Bynt), (A.10
;(h,nﬂ—jzl 1 eXP( 2"n )_ ll—exp(—Bgnt) < 2Bjexp(—Bant), ( )

where B, By > 0 are two constants which only depend on L*. The assertion of Lemma

A1 follows from (A.9) and (A.10). O
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Lemma A.2 Let d,ny,ny € N with ny + ny =: n and l1,ls € R with [y < ly. Let
Yi*,..., Y, be given by (A.1) with Yi*,m(x;) € [l1,l2] a.s. for all i € {1,...,n}. Let
Y1,...,Y, be arbitrary real-valued random variables and let K x A be a (finite) set of pa-
rameters with K C Ny, where Ny := N for d =1 and Ny := N\ {1, cee L%J} ford > 1,
and A C Ry \ {0}. For each (k,\) € K x A define the estimates My, (r.x) and My, (15 by

N . 1 & _
Ty (k) () == argmin (aZ’f(mi)_E‘2+)‘Jg(f)>7
=1

few((0,1]4)

where Wi, ([0,1]4) and JE(f) (f € Wi([0,1]¢) are given by (2.3) and (2.5), and

Moy (6,0 () 5= Ty 0 )T, (e, 0) ()

Now, let
- _
my(-) := argmin | — f(z;) — Y2
g (£ 3° 1) -5
where
FrxA = {mn17(k7>\) (k,\) € K x A}.
Set
Von = L Zn: My () — m(z;)|> —18  min 1 Zn: Im (m)—m(m)‘z
2,n - n n\Lq ) (kK XA Tig ny,(k,\) i i .

t i=n1+1 i=n1+1
Then there exists a constant by > 0 which depends only on l1 and ls, such that for allt > 0

n
Vin>t4 2 3 - T
M

exp (—brnyt)

P
— exp (—brnyt)

SQ\KXA|1

Proor oF LEMMA A.2. Set

mo(+) := arg min — g |f(x5) — m(z)|*.
fej:KxA g i=n1+1

By Lemma 1 in Kohler (2002), one can conclude for arbitrary ¢ > 0

512 <« _
Vo >t+-— > |V =¥
t i=n1+1
Eo LS e — ()P
5 mp(x;) — my, (z;

n
ti=nit1

<% s <mn<xi>—m:L(mi))m*—m(a:i))]

P

IN

P

n
ti=nitl

IN

t
‘K X A’ k glea.I)((XAP |:§ < Hl,n,k),A < 16 H2,n,k,)\:| )
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where

Hipgor = — 3 |y oy (i) — mis ()|

and
1 *
Hy oy = . Z (g () () — My () (V7" — m(xy)) -
i=n1+1
An application of the Peeling-technique (cf. (5.10)) yields

n

S L S G AL
tznl—l—l

< ‘KXA’kiﬂg&}){(XAZP[—<H1nk/\<2tHlnk)\<16H2nk/\:|

25
< |KxA P\ H < 2%, H —
< KX ’kinea%mz [ 1n,k\ 2,n,k\ > 32]

Set by := By Hoeffding’s inequality, we have for all t > 0

22— 11))2322-
512 — 2
P Vop >t —= ) [V =Y

e}
< K x A]ZQ exp (—by tng 2%)
Y oi=m+1

s=0

< 2K x Al exp (—brngt)

1 —exp (—brnygt)’

B Two deterministic lemmata

This section contains two deterministic lemmata which are used in the proofs of Theorem
4.2 and Lemma A.1.

Lemma B.1 Let 1 > 0, ¢t > 0,d € N, 21,...,7, € [0,1]% v}, 91,...,95,9 € R, and
m : [0, l]d — R. Let p € N with 2p > d be arbitrary, A, > 0, and let the estimates m,, (1,

and m* be defined by

n,(p,An)

mn,(p,)\n)(') = argmin ( Z |f gl|2 + )\njg(f)> s (Bl)

FEW,L([0,1]4)

where Wy ([0,1]%) and J2(f) (f € W,([0,1]%) are given by (2.3) and (2.5), and

M o () = Tt (p a0 (- (B.2)

Set

n

1 X i
Vapi=— Z My, o (@) — m(x:) 12 + A d (M (pan))-
=1
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If m € Wy([0,1]%) with J2(m) < oo,

Vap >t+ % ; lyr = 5il” + 2\ T2 (m), (B.3)
and "
- Z| o) 0 Bl < 3 ity (1) — i (3.4)
i=1
then we have .
Vin < o 0 (m3 oy (1) — () (5 — i) (B.5)
i=1

PROOF OF LEMMA B.1. Assume m € W,([0,1]%) with J2(m) < cc. Then we have by
Definition (B.1) and inequality (B.4)

1 n
Vs = —Z’ ) @) = Gl AT (o) = = > Imilai) =
=1

+2 Z o) (@i) — m(@i)) (i — m(xi))

IN

Andp(m) + =% (s, 5, (25) = m(23)) (5; — m(x;)) (B.6)

If
. Z (o) (@) = m(@)) (g — m(x;)) < AnJ2(m),

then we can conclude from (B.3) and (B.6)
t+ 20 J0(m) < Vi < 20,07 (m)
in contradiction to t > 0. Therefore, we have shown that

Vi < o St gy () = () (5 = 91) + = D230, (0) = () (5 — m()

i=1 i=1
(B.7)
Now assume that the second term of the right hand side of (B.7) is smaller than the first

one. Then we can conclude from (B.7) by an application of the Cauchy—Schwarz inequality

1 n
‘/E’),n <3 Z ‘m (P, An) 1’, - m(wz)P : E Z ‘yz* - gz‘z (B8)
i=1

If
~ Z [0 oy (#0) = m(i)|* # 0,
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then (B.8) together with (B.3) implies

64 o
75+;Zl|?/z‘*—yi|
1=

An J (mn (p)\n))
< |m* - — m(x;
Z ) \/ iy Imy, (P An) (i) — m(zi)[?

64 — B
—> |y - uil’
n “
=1
in contradiction to ¢ > 0. And if

1 n
- Z M (o) (@) — m(z;)[* =0,
i=1

we can conclude from (B.3) and (B.8) t < A\pJ7 (1, (p.,)) < 0. From this together with
(B.7), the assertion (B.5) of Lemma B.1 follows. O

Lemma B.2 Letl,b >0 and p,d,n € N with 2p > d and n > 1. Set
Fyi={Tanf : £ € Wol[0.1)), 2(F) < b}

where Wp([0,1]%) and J2(f) (f € Wp([0,1]%) are given by (2.3) and (2.5). Then there
exist constants bg,bg > 0 which only depend on p and d, such that for all { > % and all
r1,..., 2, € [0,1]¢

/ \/ln./\/g (s fb,xl)ds<b8< ) VCVInn + bgy/CVinn. (B.9)

PROOF OF LEMMA B.2. For any ¢ > 0 and all z1,..., 2, € [0,1]% set

Ve
I = /0 \/lnj\fg(s,]-"b,m?) ds

Lemma 3 in Kohler et al. (2002) implies that there exist two constants By, Ba > 0 which
d

only depend on p and d, such that for all ( > 0 and all x,..

a 2| (o AP2
I < Blbii/ 6 c e" ds + BQ/ 6 c e" (B.10)
0

Substituting t := § and applying Holders inequality, one can conclude for all { > 0 and
all 1,...,z, € [0,1]¢ from (B.10)

o) 00 2
I < Blbﬁcé‘%\// t%‘th-/ t3 2 In <L4lge" t2> dt
1 1
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& & 472
+BQ\/E\//1 t—th./l +21n (6 Cen t2> dt

- B <§>_ N (BJ%”) By (%%”) (B.11)

1+—2
with the constants Bs := lf;ll, By := 64e 1_%, and By := 64e3. Finally, for all ¢ > %
2

P
and all z1,..., 2, € [0,1]¢, (B.11) implies

d

I; < Bs (%) Y V2@ +mBy)Vinn + Bov/CV/2(2 + In By)Vinn.

O
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