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TRAPPED MODES FOR AN ELASTIC PLATE WITH A PERTURBATION
OF YOUNG’S MODULUS

CLEMENS FORSTER

ABSTRACT. We consider a linear elastic plate with stress-free boundary conditions in the limit of
vanishing Poisson coefficient. We prove that under a local change of Young’s modulus infinitely
many eigenvalues arise in the essential spectrum which accumulate at a positive threshold. We
give estimates on the accumulation rate and on the asymptotical behaviour of the eigenvalues.

1. INTRODUCTION

We consider a homogeneous and isotropic linear elastic medium on the domain G = R? x J

with J = (=%, %). For functions v € H'(G;C?) we set

1

w) = 5(Vu+ (Va)")

and!
(1.1) aplu] = 2/ (e(u), e(u))caxs dz.

G
This is the quadratic form of the elasticity operator
(1.2) Ag = — (A + grad div)

in L?(G; C3) for zero Poisson coefficient with stress-free boundary conditions. Here we have chosen
a suitable set of units such that for Young’s modulus E it holds E = 2. Let f € L>(R?;[0,1]) be a
function of compact support which is extended to G by f(x) = f(x1,2z2) for x = (21, 22,23) € G =
R? x J. The function f describes a local perturbation consisting in an area of reduced Young’s
modulus. For « € (0,1) we consider the perturbed operator A, corresponding to the quadratic
form

(1.3) aq[u] = Z/C;(l —af)(e(u), e(u))esxs dz, ue HY(G;C?).

The perturbation gives rise to local oscillations of the plate which are situated around the pertur-
bation. These oscillations are called trapped modes and correspond to eigenvalues of A, which
are embedded into its essential spectrum. We prove the existence of infinitely many eigenvalues
s (a),k € N, of A, for a € (0,1) which accumulate to a certain threshold A > 0. Furthermore,
we give two sorts of estimates which characterise the asymptotical behaviour of the eigenvalues.
On the one hand we prove the small coupling asymptotics

(1.4) sp(@) = A — ? (A e (K))? +0(a?) as a — 0.

Here A\, (K) are the eigenvalues of a compact model operator K specified in (5.20). On the other
hand we prove the accumulation rate asymptotics

(1.5) In(A — s,(a)) = —2klnk +o(klnk) as k — oo.

The topic of this paper is related to a series of works on trapped modes in perturbed quantum,
acoustic and elastic waveguides, see among others [1, 2, 3, 4, 5, 6, 7] and references therein. While
trapped modes for quantum and acoustic waveguides correspond to eigenvalues of the scalar-valued
Laplacian, the investigation of trapped modes in elastic waveguides leads to the spectral analysis
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IFor two matrices A, B € C3%3 we set (A, B)eaxs = Z?,j:l A;;Bj;.
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6 CLEMENS FORSTER

of the elasticity operator which acts on vector-valued functions. Because of the more involved
structure of this operator, new and in some degree curious spectral effects can be observed.

These effects depend on the specific structure of the symbol which is associated with the elastic-
ity operator. In [7] this dependence was exploited for the elasticity operator on the strip ' = Rx J.
Performing a Fourier transform in the unbounded direction on sees that the spectrum arises from
an infinite series of band functions depending on the Fourier parameter. Considering the operator
only for specific spatial and internal symmetry cases, the lowest band function attains its minimum
at two non-zero points £ = +¢ of the Fourier coordinate £. This yields two trapped modes when
a suitable perturbation is applied.

Within this article we consider the plate G = R? x .J which is obtained by rotating the strip I’
around the axis which is along the bounded dimension. As we will see, the lowest band function
in this case is obtained by rotating the corresponding band function of the strip case around the
axis £ = 0. Its minimum is now attained on the whole circle {¢ € R? : |£| = »}. This corresponds
to infinitely many standing waves with minimal kinetic energy. Therefore, indeed infinitely many
eigenvalues arise, when a perturbation is applied. This kind of “strongly degenerated” spectral
minimum was treated in [8] for rather general operators. We will make use of the concepts which
were developed there. But in contrast to the applications presented in [8], we have to deal with
super-polynomial accumulation rates of the eigenvalues. Such accumulation rates were recently
observed in different situations, see for example [9, 10, 11]. In general, they rest on the combination
of compactly supported perturbations applied to strongly degenerated operators.

The structure of the paper is as follows. In Section 2 we state the problem in detail. In Section
3 we describe the spatial and internal symmetries of the problem which will help us to distinguish
the embedded eigenvalues from the surrounding essential spectrum. We give a description of the
spectral minimum mentioned above which is mainly based on [7].

In Section 4 we prove the existence of infinitely many eigenvalues. Further auxiliary material is
provided in Section 5. We introduce general classes of operators which allow us to handle super-
polynomial eigenvalue asymptotics beyond the well-known ¥,,-classes for compact operators. Then
we state a special type of Birman-Schwinger principle appropriate to our problem. Finally we
introduce the method of [8] and describe the behaviour of the Birman-Schwinger operator along
the spectral minimum of the unperturbed operator.

The main results about the asymptotical behaviour of the embedded eigenvalues are stated in
Section 6, followed by the main proofs in Section 7. The idea of the proofs is to obtain properties
from the spectrum of the unbounded elasticity operator by investigating the compact Birman-
Schwinger operator. This is done by extracting that part of the Birman-Schwinger operator which
is responsible for the leading term in the eigenvalue asymptotics, calculating its properties and
estimating the remainder terms. The latter two problems are treated separately in Sections 8 and
9.

1.1. Acknowledgements. The author thanks T. Weidl for introducing him to this interesting
topic, for his guidance and for many valuable hints and discussions. The author is also grateful
to A. Laptev for useful discussions. The kind hospitality of the KTH is gratefully acknowledged.
This work was financially supported by the Cusanuswerk, the DAAD-STINT, PPP-programme
and the DFG, grant We 1964/2-1.

1.2. Notations. Throughout this article, n(s,T) denotes the number of singular values of a com-
pact operator T above s > 0 including multiplicities. For general selfadjoint operators T', ny (s, T)
denotes the number of eigenvalues above and below s € R, respectively.

2. STATEMENT OF THE PROBLEM

We denote the stress tensor by o(u) = A(Tr e(u))I+2pe(u) where p = ﬁ and \ = (1+V)E(+2V)
are the Lamé constants, v is the Poisson ratio and F is Young’s modulus. Then the quadratic

form corresponding to the operator of linear elasticity subject to stress-free boundary conditions



TRAPPED MODES IN AN ELASTIC PLATE 7

is given by
(2.1) aplu] = /G<a(u),e(u)>cax3 dz,

which is well-defined for all functions u € H(G;C3).
In this paper we stress on the special case of zero Poisson coefficient. Choosing a suitable set
of units such that E =2, (2.1) turns into

(2.2) aofu] = 2 /G<6(u), e(u)) oo da.
This form is associated with the positive self-adjoint operator
(2.3) Ay = —(A + grad div)
on the domain
D(Ao) = {u € H*(G;C*): Qjuz + O3u; =0, j =1,2,3 on R*x {£Z}}.
The inequality

(24) ao[u] < 2||u||§-11(G;C3)7 u e Hl(G; (Cg)

is obvious. Moreover, the reverse estimate

(2.5) aolul + [ul]? = (@) [ulfn ey, wE HYGCY), (@) >0

holds, where | - || denotes the norm in L?(G;C3). This is the well-known Korn inequality [12].

Hence, the class of functions u € L?(G; C3), for which the integral (2.2) is well-defined and finite,
coincides with H'(G;C3). Therefore, the form aq is closed on the domain D[ag] = H'(G;C3).

For f € L*>(R?%;[0,1]) with compact support, extended to G by f(z) = f(z1,22) for x € G =
R2 x J, we define the form

(2.6) o] = 2/Gf<e(u),e(u)>(csxadx, w € Dlag).
Considering the form
(2.7) aqfu] = aplu] — avlu]

for a € (0,1), which corresponds to (1.3), we see that this form is also closed on the domain
Dlan] = Dlag] = H'(G; C3). Therefore it induces a positive self-adjoint operator A, in L?(G;C3).

The spectrum of the operator Ay is purely absolutely continuous and coincides with [0, c0). It is
well-known [13], that a local change of the boundary conditions or a local change of the quadratic
form will not change the essential spectrum. Therefore the essential part of the spectrum of A, fills
the non-negative semi-axis, too. In this paper we shall discuss the existence of positive eigenvalues
of the operator A, which are embedded into its continuous spectrum.

3. AUXILIARY MATERIAL I

3.1. Spatial and internal symmetries. In analogy to [7] we define the subspaces H;, j = 1,2
of H := L*(G;C3) as

Hj:={u€H :wu(,—z3) = (-1) (-, a3), 1 =1,2,
us (-, —w3) = (1) us (- x3) }.
Then H = Hy ® H5. Further let
Hs:={u€ Hy: u= (u(x1,22),u2(x1,22),0)} .

It forms a subspace in H;. The orthogonal complement H4 to Hs in H; consists of all functions
w € Hy for which

/wi(-,x3)d:6320 in L*R%C) for i=1,2.
J
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Let P; be the orthogonal projections onto H;, j =1,...,4. Then P;P, = P, P; = P; for j = 3,4.
A simple calculation shows, that

D[] :== PiDlas) C D[aa), j=1,...,4

and

aolu,w] =0 forall wue D[], we D[aV]
if I, =2,3,4 and | # j. Hence, these subspaces are reducing for the operator A, and
(3.1) Ag=AP 0 AP © A® on H=H;o H, @ H, ,

where the operators AY) are the restrictions of A, to D(A((lj)) = D(A,) N H; and correspond to

the closed forms a(()f), given by the differential expression (1.3) on D[a((xj)], j=2,3,4. Put

(3.2) AY =AD ©AD on H, =Hs® Hy ,
being the restriction of A, to D(A,) N Hy. Then it holds
(3.3) Ay =AV 3 A? on H=H ®H,.

Decomposition (3.3) reflects the spatial symmetry of the operator A,, while (3.2) exploits the
specific internal structure of A,. These symmetries depend on the above-mentioned restriction
to perturbation functions f which are constant in xs-direction. We also note that (3.2) fails for
elasticity operators with non-zero Poisson coefficients.

The hierarchy of symmetry spaces H; for the vector-valued displacement functions carries over
to the matrix-valued stress functions. We set

H* ={we L}(G;C33) - w =w"}

and define the subspaces H jX of H* by

H :={we H* : w(-,—x3) = dw;;(-,x3), where

0=1fori,je{1,2} ori=j=3andd=—1 otherwise},
Hf :={we H: /’wij(',{Eg) dzz = 0in L*(R?%;C) fori,j € {1,2}},
J

HY = HXoHY,  H}:=HocH].

Then
H* =H @ H; & HY
and
e(u) € Hj for w € Dlag] N Hj.

For functions u € D(Q) := D[agl)] we define the operator Qu = v/2¢(u). It holds that Aé4) =
Q*Q. In Section 5.2 we will need the operator

(3.4) U:=Q (Ag4>)‘% . U:H,— Hf
which is an isometry between H, and the range of U,
R(U)=H) © (ker Q).
This follows from
1Tl = 1QASY) ™ 2ol = [ V2e((45")

for all v € Hy where || - ||x denotes the norm in L?(G;C3*3).

—1

20)||2 = agV[(ASY) 0] = ||v|?
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3.2. Separation of variables for Aj. Applying the unitary Fourier transform ® in (z1,z2)-
direction and its inverse ®*, one finds that ® Ag®* permits the orthogonal decomposition

& &
PAD* = | A()de on  H= [ hd¢, h=L*J;C?.
R2 R2
The self-adjoint operators A(§) are given by the differential expressions
0 + ¢ + & §1&2 —i£103
(3.5) A(g) = &1&2 —OF [P+ —ik0s
—1§103 —1€203 —203 + [¢[?

on the domains
D(A(E)) = {u € H*(J;C?) : O3usi—tr /2 =(03u1 + i&1us)|i—sr/2 = 0,
(O3uz + i&2u3)|i=tr/2 = 0}
The symmetry (3.1) extends to the operators A(£). Indeed, put
hj o= {u € h:uyp(t) = (=1)7  uy jo(—t), us(t) = (—1)us(—t)}, j = 1,2,

hs :=span{(1,0,0)",(0,1,0)7}, hy:={u€hy: / u;(t)dt =0, i = 1,2}.
J

(3.6)

Then we have
® . e
(3.7) H; = / h;dé  and @AV 0= [ AD(©d¢,  j=1,....4,
R? R?
where the operators A (¢) are the restrictions of A(¢) to D(AW (€)) = D(A(£)) N h;. Moreover,
it holds

A=AV )@ AD(E) on h=h @hs,
A = AP @ AN ()@ AP(E) on h=hs®hy®hy .

The operators AW (€) correspond to quadratic forms a?) (¢) being closed on the domains D[a) (£)] =
HY(J;C*)Nhj, j=1,...,4.

(3.8)

3.3. The spectral analysis of the operator A((J4) . During this paper the spectral decomposition

of the operator Aé4) shall be of particular interest. Because of the decomposition (3.7) we have
in fact to carry out the spectral analysis of the operators A® (¢). Being the restrictions of the
non-negative second order Sturm-Liouville systems (3.5) to D(A(&)) N hy, the operators A (€)
have a non-negative discrete spectrum, which accumulates to infinity only. The eigenvalues of
A@(€) are invariant under rotations of £. If X is an eigenvalue of A®(€) with eigenfunction
w(€) = (u1(€),ua(€),uz(£))?, then, for any unitary matrix M € R?*2] ) is also an eigenvalue of
AW (M) with the eigenfunction u(M¢) fulfilling

(ul(Mé)) _ M(ul(f)), us(M€) = us(€).

uz(ME) uz(§)
Therefore, we can restrict ourselves to the special case £ = (2),7" > 0 where
—03 +r? 0 0
A® () = A@ (r) = 0 —02 + 21?2 —ir0s
0 —’L"I”&g —28§ + T2

The operator A® (1) can be written as A® (r) = AW () @ AW (r) where the latter two operators
are the restrictions of A (r) to

D(A(4) (r) ={ue D(A(4) (r)) :up =0},

For the eigenvalues A\ (r) of A®(r) it holds

(3.9) Me(r) =72 +4k* k€N,
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The eigenvalues \g(r) of the operator A® (1) however exhibit a nontrivial structure which was
analysed in [7]. The eigenvalues are simple for any fixed r and the functions r +— Ag(r) are real
analytic. The spectral minimum

(3.10) A=inf | (AW (r)) = inf Ay (r)

>0
r>0 =

is achieved for exactly one non-trivial value r = s > 0. Moreover it holds
(3.11) Me+e)=A+¢@2+0(E%) as e—0
for a certain ¢ > 0. Applying the function u(t) = (0,1 — Z cos(t), 1% sin(t))” to the quadratic form
a™ (r) associated with A®(r) yields for r = 1

A (1))

|‘“H%2(J;<c3)
and therefore A < 2. Comparing this with (3.9) we achieve for the ground state \; (1) of A (r)

A=inf | Jo(AW(r)) = inf A (7)

r>0

where the infimum is attained exactly at r = ». As stated in [7], it holds
(3.12) M(x+e)=A+¢**+0(%) as £—0
for some ¢ > 0. A numerical evaluation gives

2 =0.632138 41079 ,
(3.13) A =1.887837+107°,

g =0.849748 + 107F.

Also from [7] we obtain that the eigenfunction corresponding to A1(r) can be given by ¢y =
Y1/ l|¥1 |l L2(s5c8) where

1 (r,x3) :== (O, irdy(r,xs), da(r, arg,))T
and

dy (r,t) :== rBcos (£03) cos(vt) + "jﬁ cos (5) cos(ft),
da(r,t) := —rf~cos (%ﬁ) sin(yt) + rvy?2 cos (%W) sin(0t)

with 8 = \/A1(r) — 72 and v = \/A1(r)/2 — r2. Note that this is only valid for v # 0 which is
fulfilled in a neighbourhood of r = s.
For general £ € R? in a neighbourhood of |£] = 3 we denote the eigenfunction corresponding

to A1(€) again by ¢y = 1;1/”&1”[2(];([:3) where now
(3.15) V1 (€, a3) = (i&1 dv (€], 23),i& d1(|§|7$3)7d2(|§|7$3))T

Moreover, the spectral minimum of A (€) is attained for |¢] = s where A\;(€) = A. For such ¢
the functions

(3.14)

(3.16) we(w) = 1 (€, ag)e’* ()
fulfil
(3.17) —(A 4 graddiv)we (x) = Awe(z) for z€G.

4. EXISTENCE OF EIGENVALUES

Theorem 4.1. If f # 0 in L?-sense, then A has infinitely many eigenvalues in [0, A) for all
a € (0,1).
The idea of the proof is to construct suitable test spaces from the functions we in (3.16) such

that the quadratic form of Agfl) is strictly lower than A for all normed functions of these spaces.
Then the proof follows from an application of the variational principle.
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4.1. Proof of Theorem 4.1. First we define suitable cut-off functions for we. Let { € C°(R)
with ((t) =1fort <1,¢(t)=0fort>2and 0 <((t) <1forte(l,2)and set

Co(z) :==C(elnlz]) for zeR2 e>0.
It holds (. € C5°(R?) and

(4.1) /|V§€|2dx—>0 for € —0.
R2

Next, for arbitrary m € N we choose £¥ € R%2 k = 1,...,m with |€¥| = 5 such that &F # & for
k # 1. We set

u,(:) (z) = G (21, m2)wer (x) for z €
and define the test space
5,(,5) = span{u,(f) ck=1,...,m}.
As we show below,

(4.2) dim &) =m forall &> 0.

Therefore every element of 57(,5 ) can be represented in a unique way as
m
Uy = anu,(:) for neC™.
k=1

We recall that aq[u] = aglu] — avlu] for u € D[ag] where the quadratic form v was defined in
(2.6). As we will prove below it holds

(4.3) inf “[”’27] > ¢
0£u, €€ Il

for some ¢y > 0 independent of sufficiently small € > 0 and

al [uy) = Auy |2

(4.4) sup

—0 as €—0.
() |n[?
0F#un€€m,

Then for sufficiently small € > 0 there exists §(¢) € (0, acy) such that

D) = a§” fuy) — avfuy] = af [ug) — Alluy||? — avfuy] + Alluy |2

a
< 8(e)nl* — acolnl* + Alluy|®
< Allug|?

for all u, € &Y. From Glazman’s Lemma [14, 10.2.2] it follows the existence of at least m
eigenvalues (including multiplicities) below A. Because m was arbitrary, this proves the theorem.

4.2. Proof of (4.2). Choose an interval I C R and x5 € R such that (.|;x{z,3 = 1. Recall the
definition of we in (3.16) and of ¢; in (3.15). Choose x3 € J such that da(sr,23) # 0. Then for
arbitrary n € C™ the condition

m

anu,(f)(:v) =0, z€R*xJ
k=1

evaluated for z € I x {x2} x {3} implies
m -
anelglxl =0, z€l.
k=1

Because £§ # €} for k # [ the functions 1 — e+ k = 1,... m are linearly independent. Hence,

1 = 0. This proves the linear independence of the functions u,(f).
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4.3. Proof of (4.3). Because f # 0 in L%-sense there exists ) C R? open, nonempty and ¢ > 0
such that for xq being the characteristic function of Q it holds cxq(x) < f(z) for almost every
x € R2. Hence,

inf vlu,] = 1nf 2/ fle(uy) |2d:10> 1nf 20/ le(uy)|? dz =: co.
In|=1 QxJ

We consider only Sufﬁmently small € > 0 such that C5|Q = 1. Then ¢y does not depend on €. If
co = 0 there must be some function v, € e, In] = 1 such that [, le(v,)]?dz = 0. Particularly

this means
m

0 = Osuy 3(z) = anagu,(f;(x) for ze€QxJ
k=1
In analogy to Section 4.2 we obtain 7 = 0 which is obviously contrary to the requirement |n| = 1.
This proves cg > 0.

ol

4.4. Proof of (4.4). Note that |jull, = (aé4)[u] — Alul] ) for u € Dla, (s )] defines a norm in
D[agl)]. Therefore it holds that

m 2 m
(4.5) 1?2 < (Z 17| |u§:>||a> < 2> a2,
k=1 k=1

A direct calculation using the definitions of we in (3.16) and ), in (3.15) yields
i 12 = a6V ) = Al |

=aqy
= / 21l + W13 01C P + 212 + [¥1,5]7) 102+
e

+ |th1,2 016 + 1,1 02| da.
Hence,
[W712 <0 [ V6P e
R

for C' > 0 independent of €. The result follows now from (4.1) and (4.5).

5. AUXILIARY MATERIAL II

5.1. The classes ¥; and S™. In order to describe the exponential accumulation rate of the
eigenvalues of A((f) at A we need to generalise the well-known weak Neumann-Schatten classes 3,
see [14, 11.6], and the classes SP introduced by Safronov [15, 8]. They are both designed to measure
polynomial accumulation rates only. We develop these generalisations only as far as it is needed
here. Particularly we abandon to postulate conditions ensuring basic properties like linearity or
ideal structure for the generalised classes. For a systematic treatment of such extensions see for
example [16, 17].
Let 7 : R4 — R4 be a function with lims_,g7(s) = 0. Then for suitable compact operators T
we can define the functionals
AL (T) =limsupr(s)n(s,T), 6(T)=1lim iglfw(s)n(s, T).
S*’O S—
We denote by X, the class of compact operators T which fulfil A;(T) < oco. Analogously, for
suitable operator functions 7 : Ry — &4 we define the functionals
Ar(T) =limsup7(s)n(1,7(s)), 0(7)=1lm iélfﬂ'(s)n(l, 7(s)).
s—0 S
We denote by S™ the class of operator functions 7 which fulfil A;(87) < oo for all § > 0.
Furthermore, Sf is the class of all T € 8™ fulfilling A(87) = 0 for all 5 > 0. We will need the
following two lemmata which were also stated in [8] for the polynomial case.
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Lemma 5.1. For 7 € 8™ and Ty € S§
(5.1) élIIll AR(BT)=Ar(T) implies A(T +7p) =A(T) and

(5.2) élml 0-(8T) = 0(T) implies 0-(T +Tp) = 6(T).

Proof. From Ky-Fan’s inequality [14, 11.1.3] it follows
n(1,7(s) +To(s)) <n(l—¢,7(s)) +nle,To(s)) for e,5s>0

which leads to
A (T 4 To) < limsup (7(s)n(l —&,7(s)) + 7(s)n(e, To(s))) < Ax(

s—0

7).
Using the condition from (5.1) we obtain

Ar({£T) = Ax(T) as e—0
and therefore

AT +Tp) < An(T).
Analogously it holds
(5.3) Ar(T) € A1 (T + T) + An(=1T0) — An(T +To)

which proves the first implication. The second one is established in the same way. O

Lemma 5.2. Let 7 : Ry — G fulfil T(s) = T in S as s — 0. Then for all 7 : Ry — Ry
with lims_o7(s) = 0 it holds T € Sf.

Proof. Let U(s) =T for s > 0. Obviously, it holds U € SF. Furthermore,
A (B(T —U)) =limsupr(s)n(8~1,7(s) —T)=0 for >0

s—0
because n(3~1,T(s) —T) is bounded as || 7 (s) — T|| — 0 for s — 0. Therefore, 7 —U € SF. Since
U fulfils the condition in (5.1), Lemma 5.1 yields T € Sf. O

5.2. A modified Birman-Schwinger principle. Using the results from Section 3.1 we define
a modified Birman-Schwinger type operator

A—T1 : A—T1 :
(54) Va (T) = — Vol ——
AW A7 A A 47

in Hy for 7 € (0,A) and o € (0,1) where

(5.5) Vo =Uaf(I—a/fUUN ) 'WafU
and U is the isometry defined in (3.4). Since f € L>°(R?;[0,1]), the operator V, is bounded. The
following version of the Birman-Schwinger principle [18, 19] is crucial for our considerations.

Lemma 5.3. For 7 € (0,A) and a € (0,1) it holds

(5.6) no (A= 7 AD) =y (1,Ya(7).

Proof. For convenience, we put A := Aé4) and g, := vaf. Furthermore, the expression L < H
means that L is a subspace of H. Using Glazman’s lemma [14, 10.2.2] we obtain

n_(0,A®)= sup {dimL: agl)[u] —awfu] < 6|jull?, 0#wueL}
L<D[a{"]

= sup {dimL:|(A- 5)%u||2 < avfu], 0#wueL}
L<D[a{"]

Applying the substitution v := (A — 5)%u and Glazman’s lemma we obtain

n_ (8, AD) = sup {dim L : [[v]2 < gaQ(A —8)~Ful2, 0#ve L}
L<Hy

=n4(1,(A—38)"2Q"¢2Q(A — )" %)
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where || - || x denotes the norm in L?(G; C3*3). Next, we define a bounded operator W : Hy — H
by

W = gaQ(A = 8)"% = gaUA2 (A~ )72
As is well-known [14, 3.10], the discrete and essential spectrum of W*W and WW?* coincide,
except for the point zero. Because

WW* = gaUU*ga + 5gozU(A - 6)_1U*ga7

we obtain
n_(6,AY) =n (1, 9aUU*ga + 09aU(A — 8) U g0)
— sup {dimL: |[Va 2wl < |[Taw|? 0% we L}
L<HJ
where

Voo = (I — guUU%gs)™" and To = V3(A—08)"2U"ga.
Applying the substitution w := f/(;%w we get

n_(8,AV) = sup {dimL: @] < ||T.V.2w||?, 04 @ € L}

L<HJ

— 0y (1,VET T VE)

=

Since the spectrum of VQ%KTQVQ% and Taf/a’lg‘ coincides, except in the point zero, we obtain
n_ (6, AD) =n, (1, T,V T))
which is (5.6) for § = A — 7. O

We recall that U, defined in (3.4), is an isometry between H4 and R(U). Therefore the operator
UU* is an orthogonal projection onto R(U) fulfilling
0<UU* < 1.

Here 0 and I are the zero and identity operator in H;*. Hence, from the definition of V, in (5.5)
we get

(5.7) UtafU <V, <U" 2 fU.
Defining

A—T1 : A—T1 :
) " (A§J4)—A+T> d (Ag4)—A+T>
we obtain
(5.9) aY(1) < Valr) < $25V(7)

for 7 € (0,A) and « € (0,1). This allows us to work with the simplified Birman-Schwinger type
operator Y(7) instead of Yo (7).
Note that the operator Y(7) is compact. This can be obtained by considering the operator

-1
(5.10) (A—1)/TU (Ag4> A+ T) U\/f
in H;* which has the same spectrum beyond zero as (7). Since
-1 -1
U(a -a+r) Ut =@ (A’ —a+n) @

is an operator of order minus two and f has compact support, the compactness of (5.10) is a
consequence of the Rellich-Kondrachov Theorem [20].
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5.3. Reduction to the spectral minimum of A((J4). We develop a slightly modified version of
[8]. As in Section 3.3, A1 (¢) denotes the lowest branch of eigenvalues of A® (¢). The corresponding
normed eigenfunction in L2(.J;C3) is 11 (&, ). We set

(5.11) Ao(€) =M(E) —A for (€=
where Z := AT ([A, A + 6)) for suitable § > 0. The spectral projection of A" onto [A, A + 6) is
given by
(ew)(@) = @, oyy (X2(E) ((@U)(E )01 (6. ) parico) ¥ (€:23) ) w € Ha
Then the unitary operator
o : MeHy — L3(E), (o) (€) := ((Pu)(&, ) ¥1(&:)) pa(sics)

maps II.H, into the Fourier transformed scalar-valued regime. Next, we define

Ple) = +v/ (&) for €] > s,
' —/o(&) for |¢] < s

From the properties of A1 (¢) which were collected in Section 3.3 we obtain P € C}(Z). Further-
more, P depends only on [¢]. Using (3.12) and (5.11) we obtain

VP =q for [£] =
and therefore |[VP(§)| > 0 for £ € = if we choose § > 0 sufficiently small. Now we are able to
describe A((34) by a suitable direct integral. Let
My={6eR?:P(6) =)} for Ae©:=(—V5V0).

In particular, My = {£ € R? : |£| = 5} is the set where \;(+) attains its minimum. We denote by
dM) the measure on My which is induced by d¢ on R2. Furthermore, we set du := |VP|_1dM,\
and

G(\) := L*(My,duy) for A€ O.
The measures d€ and duxdA coincide on =. With these definitions we obtain
S 52
o = / Md\ on L*(E) = / G(\)dA
e e

where A\? has to be interpreted as the operator of multiplication by A? in G(\). The spaces G())
are unitarily equivalent. We denote by U : G(A\) — G(0) the corresponding unitary operator. It
follows that the space L?(Z) is unitarily equivalent to

Go := L*(©) ® G(0)
where the corresponding unitary operator Y : L?(Z) — G is given by
(Yu)(A\) = Ux(ulpr,) for we€ L*(Z) and almost every ) € O.
Finally, we define the isometry
(5.12) F =TIl

between II.H4 and Gg which reduces the operator A(()4) — A to its essential behaviour near the
spectral minimum. Namely, if we define Jyu := (Fu)()) for u € II.Hy and almost every A € © it
holds

(5.13) In(AY = ANyu = A2 Jyu.
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5.4. Reduction of Y(7) to the spectral minimum. For u € H; it holds
B/ Fu= U [TolL(@(45") ") V/Ful
= U, [<¢\/7U7<P1>L2(J;«:3XS)]

My

M
where
1(6,5) = ——— (DQD 1) (£, 3)
)
(5.14) |

T
= g (e (o))
oG ((@3)%(5 3) + ((5;)¢1(€, 23)
for ¢ € Z and x5 € J. Here A\ (€) denotes the lowest eigenvalue of A (€) corresponding to the
normed eigenfunction 1 (§,-) as stated in Section 3.3. Because of the compact support of f and
the smoothness of o1 in &, the function (®v/fu, 1) 12(s;csxs) is also smooth in & for every u € Hy'.
Therefore, the operator X : H — G(0) with

(515) Xu = [<@\/?U,@1>L2(J;C3x3)}M for we Hf
0
is well-defined. Moreover, there exists a constant C' > 0 such that
(5.16) [ Xu— NLU fullgoy < CAJullx  for ue HS, XeO.

The essential spectral properties of the Birman-Schwinger operator (5.8) can be found in the
operator

(5.17) L(T) = F'K(T)K* (1) Fe®0 on II.Hy® (I —1I.)Hy,
where KC(7) is given by
(5.18) K(r) : H = Ge : urn; @ Xu.

The function

(5.19) ) = (

corresponds to the outer terms of the simplified Birman-Schwinger operator (5.8). We will see
that the spectrum of £(7) is basically determined by the spectrum of the operator

A-T1

1
2
W) for A S ©
T

(5.20) K=XX*
which is a compact integral operator in L?(Mo, duo) with kernel
1 e (®
(5.21) k(n, &) = W /G f(z)e (n=¢) (zé)@ol (n,x3), 01(&, x3))caxs do, 1, & € M.

6. STATEMENT OF THE MAIN RESULTS

We assume f # 0 in L?-sense. Let (34(c)); be the eigenvalues of ALY below A in nondecreas-
ing order including multiplicities. These eigenvalues are embedded eigenvalues for the complete
operator A,. Let furthermore (A;(K)); be the eigenvalues of K in non-increasing order including
multiplicities.

Theorem 6.1. For alll € N it holds that
(6.1) s(a) = A —?(Ar\(K))? +o(a?) as a—0.

For the calculation of the eigenvalues A\;(K) in the case of rotationally symmetric perturbations
see Section 8. There we express \;(K) in terms of a double series and provide estimates on \;(K)

for sufficiently big I.
For our second result we define the function

(6.2) w(t) ==t
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Note that the inverse function w™! exists if we consider w : (tg,00) — (0,79) for sufficiently big

to > 0 which corresponds to small 75 > 0. Now we can state the estimate on the counting function
for eigenvalues of A,(f).

Theorem 6.2. It holds that

_ (4)
(6.3) lim n_(A—T’AO‘) =1.

T—0 w1 (7’)
From Theorem 6.2 we can derive the following two estimates on the eigenvalues of A((f).

Corollary 6.3. For every € > 0 there exists N. > 0 such that

(6.4) w((l+e)k) <A —sg(a) <w((1—e)k) for k> N..
Corollary 6.4. It holds that
(6.5) In(A — s (e)) = —2klnk +o(kInk) as k— cc.

Remark 6.5. It is interesting to note that the estimates in Theorem 6.2, Corollary 6.3 and 6.4 do
not depend on the perturbation. This is a consequence of the super-polynomial type of eigenvalue
accumulation, as can be seen in Section 8.3.

Remark 6.6. The result (6.5) is very similar to asymptotics obtained in [9, 10]. There it was
shown that the negative eigenvalues A,, of the three-dimensional Pauli operator with constant
magnetic field perturbed by a compactly supported potential fulfil

(6.6) In(—Ag) = —2klnk +O(k) as k — oo.

Although the Pauli operator is quite different to the elasticity operator, there is a common property
which may explain the similarity of the accumulation rate asymptotics: in both cases an operator
with strongly degenerated spectral edge is perturbed by a compactly supported perturbation.

We suppose that differences between the two problems become visible by a refined analysis of
the asymptotic formulas. In [11] a detailed investigation of the Pauli operator was accomplished
yielding also the second term of the asymptotic expansion for (6.6). It is an interesting open
problem whether the methods from [11] can be used to obtain also a refined formula for the elastic
problem.

7. PROOFS OF THE MAIN ESTIMATES

In the following we denote by A;(-) the eigenvalues of the corresponding non-negative compact
operator in non-increasing order including multiplicities.

Proof of Theorem 6.1. From the definition of £(7) in (5.17) and from the minimax principle
[14, 9.2.4] it follows that

2(A — 7) arctan(,/3/7) M(K)

(7.1) N(L(T)) = (107|720 M (K) = Jr

and therefore

MWTL(T)) = A\ (K)+0(1) as 7—0, leN.
Lemma 9.2 which we will prove below gives us

IVTY(T) = VTL(D < C(VT+ V/7T) =0 as 70
which leads to
(7.2) N(VTY(T)) = A \(K) as T —0.
From the Birman-Schwinger principle (5.6) it follows that

Ma(A = sa()) =1
With (5.9) this yields
M@Y(A = 54())) <1 < TN (@V(A - (a)))
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and therefore

(7.3) (@Y (A = 5q(a))) =1 as a—0.

Since AY > (1- a)A,(34) it holds that inf O'(A((;l)) > (1 — a)A. Hence,
A—=s(a) -0 as a—0.

If we replace now 7 by A — 5q(«a) in (7.2) and compare it with (7.3), we obtain

a 'VA - g(a) = An\(K) as a — 0.

This concludes the proof. ([l

Proof of Corollary 6.4. From Corollary 6.3 it follows that we can find N € N and ¢, > 0 for
k € N with e, — 0 as £ — oo such that

Inw((1+ek)k) <In(A — s (a)) <lnw((l —ex)k) for k> N.
From the definition of w in (6.2) we obtain
Inw((1+ep)k) =—2klnk+o(klnk) as k— oo.
(]

Proof of Corollary 6.3. From Theorem 6.2 it follows that for every € > 0 there exists an N, € N
such that

k n_ (s (a) + 0, A((f)) 1
= < for k> N..
WA — (@) w A —smp(a) —1-e O c
Therefore, the upper estimate in (6.4) follows. The lower estimate is obtained analogously. (I

For the proof of Theorem 6.2 we need a small auxiliary result which states a very special
behaviour of the function w(t) = ¢ =2t

Lemma 7.1. For all ¢ > 0 it holds that

(7.4) fi e7)

=1,
70 w1(r)

Proof. By the mean value theorem we obtain that for sufficiently small 7 > 0 and certain £ €
(min(7, e7), max(r, c7))

|1 —c|T

w=H(§)|w (wH(E))]

w1t (er)
w1 (7)

In = |lnw er) —lnw ()| =

T :
~ cw (@ (w ()]
Because x := w1 (£) — oo as 7 — 0 we obtain

w1t (er)
w1 (7)

This proves (7.4). O

2
< i 121 w(@)

0<1 =
= 2o ¢ alw'(@)]

T7—0

In

In the following we use the notations

(7.5) o(r) :==

Note that 7(7) = o(72).
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Proof of Theorem 6.2. As we will prove in Section 8 below, the operator K defined in (5.20)
fulfils

(7.6) A(K)=1, 6.(K)=1.

The functionals A and § were introduced in Section 5.1. From the definition of £(7) in (5.17) and
from the minimax principle [14, 9.2.4] it follows that

ML) = I [2agoy (i) = 2A=T) ”j?“(m) M(E).

Therefore, if we set (; := 2(A — 7) arctan(y/d/7), we obtain for arbitrary 8 > 0

n(1, BL(7)) = n((B¢:) VT, K).
Note that ¢ — 7A as 7 — 0. Using Lemma 7.1 together with (7.5) and (7.6) we obtain
A,(BL) =lim sgp o(m)n(1, BL(T))

= limsu 79(7—) LT
= mete e 20 U5V TV K)
— AL(K)=1.

In the same way we achieve the result for 6,(8L£). From the definition of £ in (5.17) it follows
that n(1, 3L(7)) = n(1, V/BF*K(7)) and therefore

(7.7) AL(BF*K) =1, Jo(BF*K) =1 forall g>0.

Let us denote by

1
2

Z(7):=/fU <7(4)A_T )

Ay —A+T
the right part of the Birman-Schwinger operator (5.8). In Lemma 9.1 below we will show that
Z*(1) — F*K(7) converges in G4 to a compact operator as 7 — 0. Therefore, we can apply
Lemma 5.2 for this operator family and obtain
B(Z*(r) — F*K(1)) € 8§ for (3> 0.

By (7.7) we have proven that SF*K € 8¢ and A,(BF*K) =1 for all 8 > 0. Hence, Lemma 5.1 is
applicable which yields

(7.8) A (BY) = A(VBZY) = A(V/BF*K) =1 for 3>0.
Using (5.9) we achieve
(7.9) Ro(Y) = Rp(ad) < Ap(Va) < Ap(725Y) = Ap(D).

This and the same procedure for §,(V,) yield
Ap(Va) =1, 6,(Va) =1.
The proof is completed by applying the Birman-Schwinger principle (5.6). O
8. TREATMENT OF THE OPERATOR K

8.1. Calculation of the eigenvalues. As mentioned in Section 5.4, the operator K is an integral
operator in L?( My, duo ) with kernel

(8.1) k(n,§&) = @2 /f =) ( )<<P1(77,l’3) ©1(§,73))csxs dw,  m, € € M.

If we remember the definition of o7 in (5.14) and of ¢ in (3.15) and set
pi=32du + lld2ll5, po=2[ld5l7, pr=Ildy +dall. p2=2]da]|7,
where || - || is the norm in L?(J) and dy2(t) := dy (¢, ), we obtain

p2(n- &2 +pi(n- &) +po
Ap(2m)?

(8.2) k(n,€) = @ )&l (178) dg.
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From now on we restrict ourselves to the case of functions f which are rotationally symmetric.
Setting a := sup{|z| : « € esssupp f} we obtain for the integral on the right hand side

a 2w
f(ac)e”'("_g) dor = / / f(r)re”ln_gl 8P dp dr
R2 0

oo

— 97a2 <a|77 §|> / f r2k+1 qp
With the substitutions

t
n_%<cf’ss>, g_%<c?s), dm:%uvp]Morldt:gdt

sin s sint

>
Il
=)

we can consider the operator K also as operator in L?((0,27)). Using
n-&=scos(s—t), |n—E&F =251 —cos(s —t))

and setting

1
fk ::/0 f(ar)r%Jrl dr,

the kernel of K can be rewritten as

me 32 cos s—t)) i( a? 2(Cos(s_t) 1))1@f~k.

(8.3) k(s, t) > (P

27rqu

Obviously, k(s,t) is a power series in cos(s — t). Therefore, k(s,t) can also be written as

)
(8.4) Z il

l=—0c0

’L

(s—t
27
which means that K has exactly the eigenfunctions s — e*"* corresponding to the eigenvalues
wrn for n € Ng. The eigenvalue pu,, is given by

27
i = ppe’™Y = / E(0,t)e™™ dt
0

_ @ i %2mi (a%)2kfk i /2W(COS(t))m(COS(t) _ 1)keint dt
(8.5) T Apg &P TR 2w
= @i T
ax) Jk (=pktntm k 2+n
qu me% Z 2k (k!)2 Z 220+ n (2l+n—m)( l )
k=ln—mly =

Here |j]+ = 5(|j| +j) for j € N,

8.2. Estimates for the eigenvalues. From a detailed analysis of the latter expression which
will be given in Appendix A it follows that we can find ¢ > 0 and N € N such that

axe\ 2n axe\ 2n
(8.6) ¢ 1(2n) fon (%) < tin < ¢(20)? fan (%) forall n>N
where
1
(8.7) fx ::/ flar)rk=3dr.
0

From (8.4) we see that the eigenspaces of the eigenvalues p,, have dimension two for n > 1 and
dimension one for n = 0. If we denote by A, (K) for n € N the eigenvalues of K in non-increasing
order including multiplicities, we obtain for a certain constant ¢ > 0 and all sufficiently big n € 2N

(8.8) I, (%) <A(K) = Air (K) < en®f (%)”
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8.3. Estimates for the number of eigenvalues. Note that every non-trivial function f €
L (R?;[0, 1]) with compact support can be estimated from above and from below in L?-sense by
some characteristic function of a ball in R? multiplied by a constant C' € (0, 1].

If we replace f by its lower and upper estimate in the definition of K, we obtain a lower and
an upper estimate for the operator K. Since the spectrum of K is invariant under translations of
f, we can actually restrict ourselves to the case of balls with centre at zero, i.e.

f = CX{IGRQ:\1\<¢1}

for C € (0,1] and a > 0. In this case, f, = C(n —2)~! for n > 2, and the estimate (8.8) can be
simplified to

(8.9) (é)n <M (K) < (g)n, neN

for a certain constant ¢ > 0. Obviously, (8.9) holds true for K with arbitrary perturbing function
f, if ¢ is choosen sufficiently large depending on f.

Let v(t) := t~* as in (7.5) and vy (t) := (ht)~! for h > 0. The inverse functions of v and vy,
exist, if we consider these functions for sufficiently large ¢ only. We need the following limit result.

Lemma 8.1. For every h > 0 it holds that

=1

im v_l(T)
(8.10) Tlﬂo v;l(T)

Proof. Since v(t) = exp(—tInt) and vy, (t) = exp(—tInht) it holds that
v i) =9 (~InT), v, (1) =70, (~InT), 0(t) =tlnt, Ox(t) = tlnht.
Therefore, (8.10) is proven by showing that

(8.11) lim w

—— =1
T—00 vh (7-)

Assume 0 < h < 1. In this case 9,(t) < 9(¢) and 971(7) < 5, ' (7) for all sufficiently large ¢,7 > 0.
Furthermore, for any e € (0, 1) we find ¢, > 0 such that

(1 =e)t) < (1 —e)o(t) <on(t)
for all ¢ > t.. Therefore, 9, (1) < (1 —)~1971(7) for all sufficiently large 7 and hence

~ 1 ~—1
1 — e <liminf ?71(T) < lim sup 1371(7—) <1

T—00 vy, T) T—o0 Uy (T)

for all € € (0,1). This proves (8.11). The proof for the case h > 1 is obtained analogously. O

For 7 € [Ak41(K), \e(K)), k sufficiently large, we obtain from (8.9) that
n(r, K) k
1 < <
vy (7) v (Ae(K))
and therefore, using (8.10) and the definitions from (7.5),

= limsup 7 (7)n(7 = limsu U_l(T) n(r, K)
(812) ATI’(K) =1 T~>Op ( ) ( 7K) =1 TﬂOpUgl(T) ,071(7-) -

On the other hand, for 7 € [Ag41(K), A\t (K)), k sufficiently large, we have
UGESN >1
ve (1) vz (M (K)
with some constant ¢ > ¢ independent of 7 and k&, which is again a consequence of (8.9). Therefore,
Ir(K) = hin‘%lf m(T)n(t, K) = hin‘%lf Za_lgi :L)(_:’(T)) >

Hence, we obtain 1 < §,(K) < A;(K) < 1 which proves (7.6).
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9. ESTIMATES FOR THE REMAINDER TERMS
Lemma 9.1. The operator Z*(1) — F*K(1) converges in S as 7 — 0.

Proof. Let us note that Z*(7) and F*K(7) are compact operators for all 7 > 0 since Y(7) and
L(7) are compact. We can split Z(7) into

Z(r)=Z(n)U. + Z(r)(I — I1,.).
From the boundedness of (Agl) — A)~z (I —11.) it follows immediately that

1

A—T1 ?
Z(r)(I -1I.) = \/fU <m> (I —1L.)

converges in G, as 7 — 0. The proof is accomplished if we can show that also
Q(r):=FII.Z* (1) — K(7)

converges in G, as 7 — 0. This is done by a detailed analysis of the spectral structure developed
in Sections 5.3 and 5.4. We recall that due to (5.13) and the definition of 1, in (5.19) it holds

1

A _ 2
I,.2*(r) = I, (4)77 U*\/f = F*n, FILU*\/.
Ay’ —A+T

Therefore,
Q(r)u = nTFHCU*\/_u —nr @ Xu=n,Ru, for ue€ H),
where the operator R : H; — Gg is given by

R=FIU*\f-1®X.
For 71 > 7 > 0 and u € H;' we obtain that

1(Q(m) — Q(ra))ul, = /@ 1012 () = ey () (Rt (N [0y AN
- /@ [ (N) = 7y )2 [ATLU™ v/ Ft — X 2 AN

< Cllull? /@ X2 (A) — s (V)2 A

for a certain C' > 0. This is a direct consequence of (5.16). The integral on the right hand side
can be estimated by C1+/7 for a certain constant C; > 0. Therefore, we achieve
1(Q(m1) — Qm2))ullg, < CCLVTIul%

which proves the convergence of Q(7) as 7 — 0. O

Lemma 9.2. There exists a constant C > 0 such that for all sufficiently small T > 0
(9.1) 1Y(7) = L(7)[| < C(A+1/3/7).

Proof. On (I — 1I.)Hy the operator Y(7) is bounded as 7 — 0 whereas the operator L£(7) is
identically zero. On the other hand, for u € II.H, it holds

(V) = L(n)u, w)] = [(Z(T)u, Z2(T)u) — (K* (1) Fu, K* (1) Fu)|
(9:2) < I(2(7) = K*(1)F)ull* + 2[Re((Z(7) = K* (1) F)u, K* (1) Fu)|
< [I(Z(r) = £ (1) F)ull* + 2[|(2(r) — £ (1) F)ul |[K*(T)Ful.
From Lemma 9.1 it follows that Z(7) — K*(7)F is bounded as 7 — 0, and from (7.1) in the proof

of Theorem 6.1 it follows that
" c
(M)l = VA(L(T)) < 5

for a certain ¢ > 0. Inserting this into (9.2) we obtain (9.1). O

%
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APPENDIX A

We want to derive estimate (8.6). Setting C; := a?s(Apq)~! we obtain from (8.5) for n > 2

that
2m —1) (a%)Q(nJrk m)fn m § 1 k4+n—m\ (2l4+n
(Al) ,u’n - Cl Z pm% Z 2n+k m 77,-‘1-]{} m)Gg Z 2n+2l (2l+n7m)( 1 )
=0

With the estimate

1) . o 1)

Z 1 (k+n7m)(2l+n)< (k+n—m)l(k+n)(k+n—1) 1

2n+20 \2]4+n—m 1 . o ) 4 [T

(A.2) 1=0

and

<(l<:+n— m)!n?(k + 1)2
- 27 n!

with the definition Cy := 27271:0 Pm2™a 2™ we obtain

1
e1

ase\2n n2f,_o o= (ax)® (k + 1)2
TS

L < C,C l(— :
Hn = 218265 (3 29Kt k- 2)

Using (n + &k —2)! > (n — 2)! k! and Stirling’s formula

n\"m n\"
2mn (—) <n! < et \/2mn (—)
e e

we achieve

as\2n 0t s
7) (n!)?

1+(a%)2 2n
€4 ~ axe

< R 3

< Cl Cg . (2”) fn_g ( )

tn < C1C 4e%+(a%)2 (

2n

This proves the upper estimate in (8.6). In order to prove the lower estimate, we start again with
formula (A.1) and estimate it from below. If we define C3 := pas¢*(as)~* and use (A.2), we obtain

Esti

azx\2n ntf, o 1 fax\2 n2fn_o o= (a3)? (k +1)2
2> (nl)2 ~ CiCet (_) nl z::l 2(n+k—2)!

2
mating the sum in the second term and using Stirling’s formula, we achieve
1 4 ~n7 2n
> <0103 — 20,0, 4(a%)2e%+(a%>2> n"fo—2 (%)
n

(n1)? \ 2
CICB — —0102 4(@%) e%""(‘“‘)2
- (2n) fu-a (

167esn

tn > C1C3 (

a%e)2
2n

This proves the lower bound in (8.6) for sufficiently large n € N.
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