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Abstract

In this paper we consider embedded eigenvalues of a Schrodinger Hamiltonian in a waveg-
uide induced by a symmetric perturbation. It is shown that these eigenvalues become unstable
and turn into resonances after twisting of the waveguide. The perturbative expansion of the
resonance width is calculated for weakly twisted waveguides and the influence of the twist on
resonances in a concrete model is discussed in detail.

1 Introduction

Quantum waveguides have been studied ever since the pioneering works by Lewin (see [20] and also
[16, 21, 23]) appeared, even if only recently the problem of quantum transmission in waveguides
has been considered. In this framework the spectral analysis of differential operators in tubular
domains has become a research field of certain interest (see, e.g., [4, 5, 14, 15]). Moreover, with
the introduction of nano-devices such as nanotubes, new open problems in quantum transmission
for such structures appeared [6].

We consider a waveguide type domain 2 = R x w (see Figure 1, on the left), where the cross
section w of the waveguide is a bounded subset of R?2. We impose Dirichlet boundary conditions
at the boundary of ). The spectrum of the free operator —A on €2 is absolutely continuous and
covers the half-line [F1, 00), where E; is the lowest eigenvalue of the Dirichlet Laplacian on w. It
is a well known fact that the threshold of such spectrum is unstable against perturbations; indeed,
a negative perturbation of —A will induce at least one bound state below E;. The perturbation
can be either of a potential type or of a geometric type, see [2, 3, 8, 14, 15] and references there.
These new bound states correspond to the particles (electrons) which do not propagate along €2,
but remain localized in a bounded region of €.

Recently it has been shown,[13, 12], that the presence of bound states in 2 can be, up to certain
extent, suppressed by another geometrical perturbation: the so called twisting (see Figure 1, on
the right), see Section 2 for details. More exactly, the result of [13] shows that if the cross section
w is not rotationally symmetric and the tube (2 is twisted, even only locally, then the bound states
for the perturbed Hamiltonian —A + V' do not appear for any negative potential V(z), but only if
V' is strong enough. In other words, one could say that a twisting of a tubular domain € stabilizes
the transport of charged particles in €2 in the sense that it protects the particles to get trapped
by weak perturbations. Similar result was obtained for two-dimensional waveguide with combined
boundary conditions, where the twist is represented by the change of the boundary conditions at
one point, [18].

However, the geometrical perturbations of the waveguide generically induce also the existence of
resonances, i.e. metastable states with very long lifetimes, see [9, 10, 11]. These states correspond
to the particles which remain localized in a bounded region for a very long time before they finally
propagate to infinity.

It is the aim of the present paper to describe the influence of twisting on the resonances in the
waveguides. More precisely, we start form the situation, in which the free Laplacian is perturbed
by an attractive potential V', which decays at infinity along the waveguide direction. The point
spectrum of the perturbed Hamiltonian —A 4 V(x), where x € R represents the coordinate along
the waveguide direction, consists, in addition to the bound states below E7, of infinitely many
eigenvalues embedded in the continuum [Ej, c0) (see Figure 2). It was shown in [9], for two-
dimensional waveguides, that these embedded eigenvalues generically turn into resonances in the
presence of a constant magnetic field. Following the method of [9] we show that this happens
also when the magnetic field is replaced by the twisting, provided the cross section w is not
rotationally symmetric, see Theorem 1. For weak twisting we also give the perturbative expansion
of the corresponding resonance width.

In order to obtain a precise estimate of the imaginary part of the resonances and, in particular,
to prove that it is strictly negative we consider in Section 5 a concrete model in which the potential



Figure 1: On the left, the plot of the surface of a rectangular waveguide without twisting; in the
right, plot of the surface of the twisted rectangular waveguide. Bold line represents the boundary
of w.

V' approximates a one-dimensional point interaction and an additional perturbation W is intro-
duced. For such model we calculate the leading term of the imaginary part of a chosen resonance
explicitly, see Proposition 1. In particular, we show that the twisting can also decrease the lifetime
(i.e. increase the imaginary part) of an already existing resonance (induced by the perturbation
W), provided W satisfies certain symmetry condition. We may thus say that twisting not only
suppresses the creation of bound states, but also improves the particle transport in waveguides in
the sense that it does not allow the existence of embedded eigenvalues or (in certain situations) it
even might shorten the lifetimes of already existing resonances.

2 Preliminaries

Let w be an open bounded and connected set in R? and let a be a differentiable function from R
to R. For a given z € R and s := (y, z) € w we define the mapping f. : R x w — R3 by

fe(z,s) = (z, ycos(e a(x)) + zsin(e a(x)), z cos(e a(z)) — ysin(e a(z))), (1)
where € > 0 is a real parameter. Furthermore, we introduce
Q=R xw and Q. := f(Qo).

Clearly, €. is a tube which is twisted unless the function « is constant (e.g., in Figure 1 we plot,
respectively, a rectangular tube without and with twisting).
For a real-valued measurable bounded function V' (z) on R we formally define the Hamiltonians

H°=—-A and HY =-A+V(z) in L*Q.)

with Dirichlet boundary conditions at d€.. The operator Hsv is associated with the closed
quadratic form

QY] = / [IV9[2 + V() 2] d ds, (@)

€



with the form domain D(QY) = H§(Q:). Given a test function 1 € C§°(R x w) it is useful to
introduce the following shorthand,

0-1 1=y, — 20y1. (3)

As usual in such situations, in order to analyze the operator HY we pass from the twisted tube
Q. to the untwisted tube 2y by means of a simple substitution of variables. This gives

QY] = /Q (Vo0 + 10,0 + (@), o + V(@) [¢]2) dards

where

Vsip = (92, 0:1) .
In other words, the operator HY acts on its domain in L2(£2) as

HY = -0} — 92 — [0, +ei(z) 0-]> + V(z) = Hy + U,

where
Hy =-07-02-092+V(a)
and
UY = —[0, +ea(x)d ] + 92
= —2ca(2)0, 0y —ed(x) 0y — 203 (x) 02 .

Remark 1. The term UY is a symmetric operator on L?(£2y) with Dirichlet boundary conditions
on 09.

In order to show that the embedded eigenvalues of H) turn into the resonances once the waveguide
is twisted, we employ the method of the exterior complex scaling in combination with the regular
perturbation theory. We start by locating the spectrum of the untwisted model.

3 Spectrum of H}

We will suppose that V satisfies the following

Assumption A. The function V(z) is not identically equal to zero and

/ (1+2?)|V(x)|dz < co and / V(z)dz <0. (4)
R R

It then follows from [22] (see, e.g. Theorem XIII.110 in and its Notes) that the operator
h:=-0?+V(x) in L*R)

possesses finitely many negative eigenvalues {u; };-V:l, N > 1, each of multiplicity one. We denote
by ¢;(z) the corresponding normalized eigenfunctions. The essential spectrum of h covers the
positive half-line [0,00). On the other hand, it is well known that the operator —A¢%), i.e. the
Dirichlet Laplacian on w, is positive definite and has purely discrete spectrum. Let {E,}5°,
be the non-decreasing sequence of its eigenvalues and let x,(s) denote the associated normalized
eigenfunctions. The set of such eigenfunctions is an orthonormal basis of L?(w) with Dirichlet
boundary conditions on dw. We denote by
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Figure 2: The discrete spectrum of H} consists of finitely many simple eigenvalue below E;
(denoted by full circle); the essential spectrum is given by the half-line [F7, +00). Furthermore, a
non empty set of simple eigenvalues (denoted by empty circle) embedded in the essential spectrum
occurs.

the set of eigenvalues of H} with associated normalized eigenvectors
Un,j (2, 8) = 0j(T)xn(s),
and
Y =YXN[E,+x), T =XN (-0, E)

where ¥_ is not empty since p; < 0 for any j. Then, by the standard arguments, [22], the
spectrum of

HY = -A+V(z), inL*Rxw)
is given by o(HY) = 04(HY ) U 0ess(HY'), where
oca(HY)=%_ and o.(HY) = [E1,00).

In addition, HY possesses point spectrum embedded into the continuum given by ¥, (see Figure
2) .

We expect that when € becomes non-zero then these embedded eigenvalues generically turn into
resonances, which are the main object of our study.

Remark 2. Since the operator H} commutes with complex conjugation then its eigenfunctions
1 can be assumed to be real-valued.

4 Complex scaling

Henceforth, we would like to employ the method of exterior complex scaling to the operator HY .
In order to do so, we will need some assumptions on the functions V and a:

Assumption B. V extends to analytic function with respect to = in some sector
Mpg:={CeC :|arg¢| < g}, with 5> 0.
Moreover, V is uniformly bounded in Mg.
Assumption C. « extends to analytic function with respect to x in
Mp=MgU{CeC : || <pF}, with §>0.
and ¢ is uniformly bounded in Mg. In addition &(z) > 0, Va € R.

Remark 3. Since & is uniformly bounded in Mg then from the Cauchy theorem it follows that
¢ is uniformly bounded in Mg for any 0 < 3’ < (.



Figure 3: The discrete spectrum of HY () consists of a sequence of real and simple eigenvalues
(denoted by circle); the essential spectrum is given by the half-lines E,, + e~ "SR+,

In analogy with [9] we introduce the mapping Sy, which acts as a complex dilation in the longitu-
dinal variable x:

(Sov)(x,5) = %P, s), BeC.
The transformed operator then takes the form

HY(0) = SpHY Syt = Hy' (0) + UY (6),

€

where
HY (0) = SeHy Syt = —e 292 — 0] — 02 + V(e x)
and

UY(0) = SeUY Syt = —2ce7 % é(e’2)0, 0, —ee™? d(e?z) 0, — 2a? () D2. (5)

T

Lemma 1. Let V satisfy assumptions A and B, then H{ () is an analytic family of type A with
respect to . Furthermore, the spectrum of HY (6) has the form (see Figure 3)

o (HY (0)) = [En + e #RY].

n

More precisely, the essential spectrum of HY () consists of the sequence of the half-lines E, +
e"2S9RY n = 1,2,..., and the discrete spectrum of HY () consists of the set of eigenvalues
Wy + By with associated eigenvectors

[V (0] (2, 8) = [Sotn,j] (2, 5) = €205 (") xu(s). (6)

Proof. Tt follows from Assumption B that the family of operators HY () in analytic of type A
with respect to 6, see [17, Chap.7]. For what concerns its spectrum it is enough to remark that
the operator

h(0) = SehS; ' = —e72? 92 + V(e’x)
in L?(R) has the spectrum given by
o(h(0)) = {p1, ..., pn}Ue R,
o

Lemma 2. Let V satisfy assumptions A and B and let o satisfies assumption C, then the operator
UY(9) is a relatively bounded perturbation of HY (6). Moreover, the family of operators HY (6) is
analytic of type A for all 6 such that |0] < Re, where R. — 0o as ¢ — 0.



Proof. In order to prove this Lemma we introduce R¢ = (HY (6) — ¢)~1, where ( is a point from
the resolvent set of HY (). Note that both

8% RC and 3.,2_ R<

are bounded operators (w is a bounded domain). This follows from the fact that R; maps L?(€)
into the domain of H} (6)

D(Hy (6)) = H*(2) N Hy(9),

which is contained in the domain of I ® 8% as well as in the domain of 92® I. For any ¢ € C§°(Q)
we have the estimate

10:0- 0| = (82074, 050790) /2 < 020/ 2 1020 M2 < (1029 + (1034
where || - || denotes the norm in L?(R x w). This implies that
1920 + 02) Re|| < C¢ (7)

for some constant C¢. On the other hand, using the boundedness of V' (e?z) we can estimate the
first order term in (5) as follows

18017 = (,02¢) < (¥, Hy (0)9) + e1 [[9]|®
(Re (Hy (0) =€), (Hg (8) = Q) v) + (ex + O[]
IR I(HY (8) = O wlI* + (ex + Ol (8)

where c; is a positive constant. We can thus conclude that there exists a constant c; > 0 such
that

IN

IUZ(6) R ]| < ea(e +€2) [[¥]

holds true for all ¢ € C§°(Qyp).

To prove the second statement of the Lemma we first notice that by assumption B we have
D(HY (0)) = D(H{ (0)). By assumption C and [17, Sec. 7.2] it thus suffices to show that both
0,0, and 0, are relatively bounded with respect to HY (6). However, this follows immediately
from (7) and (8). O

Lemma 2 tells us that the eigenvalues of HY () are analytic functions of §. By a standard
argument, [7], it turns out, that they are in fact independent of . The non-real eigenvalues of
HY (0) are identified with the resonances of HY, [7].

Remark 4. As a result of the previous proof it follows that UY () is a regular perturbation of
the operator HY (). This enables us to apply the analytic perturbation theory to the eigenvalues
of the operator HY (6).

Theorem 1. Let E = E,, + u; € ¥4 be a simple eigenvalue of HY (). For any ball B centered
in E there exists €* > 0 such that for any e with || < €*, there is an eigenvalue E(g) of HY (0)
belonging to B and with the imaginary part given by

SE(e) = —e%a + O(e?) (9)
where a is a constant independent of € and equal to
2 A
a= Z }<87xn, Xk>L2(w)} (vj, SF(E — Ek)UJ>L2(R) . (10)
k<k*
Here
v; = (—2&0, + &)yp;, k= max {Er, — E <0}
and 37 stands for the imaginary part of the reduced resolvent of h = —92 + V with respect to the

eigenvalue [i;.

10



Proof. Let 1(8) = 1y, ;(8) be the associated normalized eigenvector (6) belonging to E. We apply
the regular perturbation theory saying that for some fixed r > 0 small enough and for any ¢ with
modulus small enough, in the given ball B, (E) exists only one eigenvalue E(¢) of HY (0) with
associated eigenvector

1 -1

W)= e p B O] O
T 9B,

Furthermore, the regular perturbation theory also yields that this eigenvalues is given by means

of the convergent perturbative series

</‘L(9)7H5V(9)¢8(9)>L2(R><w) -
E(E) = = = g em(g), €m = O(Em)
<w(9)7 Q/JE (9)>L2(]R><w) m=0

where, as usual,

o= E and e = @(‘9)_7 UY (0)0(0) 2 @xw) (0 UYY) L2@xw)

- =
(0(0),1(9)) L2 (R xw) (¥, V) L2 (Rxw)
are constant with respect to §. The constants ey and e; are real since UY symmetric (see Remark

1) and v is real-valued (see Remark 2). If we prove that Sex = —e2a + O(e?) for some a > 0
independent of € then the stated result follows. To this end we recall that (see [22, §XI1.6], [9])

Seqs = Saz (1 4+ 0(e)) ,

where
w = = (00O [~ O] U Oue) | T
2mi Jop, TE 0 € L2Rxw) ( — F
= lim f(6,E+ip)= lim f(#=0,FE+ip)
p—0+ p—0+
and
6.0 = (OO (<~ H O] YO,
_ 2
+[(BO), UY O0(0)) agary| €~ B
Hence
az = — (W, UY R(E +i0)UY ) 12 (xw) (11)

R — -1
where R(¢) = [C — HY } is the reduced resolvent of H with respect to the eigenvalue E, see
[17]. Recalling that ¢ has the form

P(,8) = (2, 8) = ;(2)xn(s)

for some n and j and that {xx(s)} is a basis of L?(w) with Dirichlet boundary conditions, we
obtain

UY = di(x)xr, where di(@) = (x, UY ) 12() -
k
We can thus write

ay = _Z<dk,[h—E+Ek —iO]ldk> : (12)
K L2(R)

11



Concerning the imaginary part of as we emphasize that only finitely many terms on the r.h.s. of
(12) have a non zero imaginary part. The latter follows from the fact that Ey — E belongs to the
resolvent set of h for any k large enough, more precisely for k > k*, where

k= max {Ex — E <0} . (13)
From
di(x) = €05 (2)(0r Xn, Xk)L2(w) [1 + O(E)], v = (200, + d)gp;
we can then conclude that
ay = —2A[1+ 0(e)].

The equation (9) now follows because

A:AWJ_ Z ’ TXny Xk Lz(w)’ <U]7h E+Ek—10] >
k<k* L2(R)

is independent of . Finally, introducing

37(0) = 3 (=i == c+i0)

we arrive at (10) since

Z Or Xns Xk) L2 w)‘ vJ? SHE — Ek)vJ>L2(]R) :
k<k

Remark 5. Notice that if w is rotationally symmetric, then a = 0.

Remark 6. We point out that 37({) is a symmetric and positive operator for ¢ real (see, e.g.,
[9]). We can thus generically expect that for any £ > E; fixed there exists e* > 0 small enough
such that HY (0) does not have discrete spectrum in the interval [Ey, £] for any 0 < |¢| < &*; more
precisely, for any ¢ > 0 the set

oa(H (0)) N{[E1, €] % i[-0, +0]}

is empty or it consists of finitely many points with imaginary part strictly negative (see Fig. 4).
As a result it follows that any embedded eigenvalue E € ¥ of the untwisted model turns into be
a resonance for the twisted model once the twisting is applied. In particular, the twisted model
does not admit embedded eigenvalues in the interval [E, 4+00).

Remark 7. Finally, let us mention that there is one important difference between our result and
that of [13]. Contrary to the effect of the twist on the ground state, the effect on the embedded
eigenvalues occurs also when the Dirichlet boundary conditions at 92 are replaced by the Neumann
conditions. However, since all the calculations with the corresponding Neumann operators are
completely analogous, we skip them and work only with the Dirichlet operators.

5 One concrete model

In the previous section we have seen, that the embedded eigenvalues under the influence of twisting
generically turn into resonances.
In this section, we introduce an addition potential perturbation W(z,s) and consider the
operator
HXH = -A+V(z)+rW(z,s) in L*Q), (14)

where k is a small parameter. The potential function W is supposed to satisfy

12
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Figure 4: The discrete spectrum of HY (6), for e # 0 small enough, consists of two parts; the first
part is given by the real and simple eigenvalues (full circle) below Fj, the second one is given by
simple eigenvalues with real part larger that F1 and with imaginary part strictly negative (empty
circle).

Assumption D. For each fixed s the function W (-, s) satisfies (B).

For simplicity we put £ = €. In the same way as in the previous section we can thus define the
translated operator

H(0) = SoHY Sy = Hy (0) + U (0), (15)
where
HY (0) = SoHy Syt = —e 2002 — 07 — 02 + V(e’x)
and
UY ()= —2ce?a(e2)0, 0; —ce P ale’x) 0, — 202 (%) 02 + e W (e, 5).

If & = 0, then the waveguide is straight, without twisting, and the embedded eigenvalues of
HY in general turn into resonances due to the presence of the additional W (x, s) provided W is
not constant in s, see [9].

Our goal is to find out, how the presence of twisting changes the width of these resonances
in the leading order of the perturbation series. To make this problem simpler we would like to
consider a concrete model, in which V acts as a Dirac delta potential. However, as the Dirac
delta potential is obviously not dilation analytic, see Assumption B, we will approximate it by the
sequence

v

Vi) = ———=——,
(=) 2 cosh?(v)

V>0, (16)

which converges to the delta function at zero as ¥ — oo in the sense of distributions. Moreover,
to be able to give some quantitave results we assume that

alzr) ==
and that w satisfies the

Assumption E. The cross section w is such that the two lowest eigenvalues E;, Fy of —ALD are
simple and

1
Ey —E, > 1 C1 = (x1,0- X2)L2(0) # 0. (17)

Under assumptions (A — E) we then have

Proposition 1. Let a(z) = z and consider the embedded eigenvalue E = Es + pq of the operator
Hy", where V, is given by (16). Then in the vicinity of E there is an eigenvalue E(e) of HY»(0)
with the imaginary part given by

SE(e) = —e%a+0(e*), a>0. (18)

13



Moreover, if

W(z,s) = W(|zl,s), (19)
then
Uh_)rrgo a=C; BB + (W), (20)

where (W) > 0, see (39), (40).
Remark 8. Note that
SE(e) > (W),

which means that the twisting pushes the eigenvalue E(¢) down in the complex plane, making
thus the lifetime of the corresponding resonance shorter.

Remark 9. The assumption (E) on the cross section is quite weak. As an example one could
take the rectangle w = [0, 1] x [0, 2]. In this case one has

1 1
o(=ADy = {El = ZWQ, Ey =272, B3 = Z37T2, E, = Z77r2, . }

and

x1(y, z) = V2 sin (7 y) sin (g z) . x2(y,2) = V2 sin (7 y) sin (7 2) .

An explicit calculation then shows that

2
C1 = (x1,07 X2)L2(w) = —3 #0.

On the other hand, it is clear that C; = 0 whenever w is rotationally symmetric. Of course, in
such a situation the twisting has no influence on E(e).

Remark 10. In a similar way one could calculate the imaginary parts of the eigenvalues of H V()
coming from the higher threshold energies E}, , k > 3. To avoid cumbersome computations we skip
it.

5.1 Proof of Proposition 1

Equation (18) follows directly from Theorem 1. The rest of the proof will be given in two steps.

Spectrum of h, = -9 +V,
Following [19, §23] we set

1
s== [—1 1+ - (21)
2
the eigenvalue problem h,¢; = 11;¢; admits solutions
v? 2 ’
with associated eigenfunctions
- o 1
907(‘/1‘.) = (1 - 52) ]/QF |:ej — 5,65 +s+ 176.7 +1, 5(1 - 5) ) (23)

14



where

—_

¢ = tanh(vz), e; = ~ —Hi_ - l—(2j —1)+14/1+ 2

; (24)

v 2 v

F' denote the hypergeometric function and e; — s = j — 1. In particular, when v > 1 then
S~ 217 < 1 and the spectrum of h consists of only one eigenvalue

2

V2 2 1 1
Nl—_z -1+ 1+; N_ZJ’_O(U ) (25)
with the associated normalized eigenvector
o1(z) = %, ¢1(z) =[1 - tanhz(uzzr)]el/2. (26)
1@1(2) |2 )
We emphasize that h, — ho, = —0% — § as ¥ — —+oo in the norm resolvent (see, e.g., [1]),
where ¢ denotes the Dirac’s delta at x = 0.
Computation of the coefficient a
For v — oo we have
1 -1
oalhy) =<1 = ~1 +OW ). (27)
We take v large enough so that for the set ¥ = {E = E;,, = u; + E,} of eigenvalues of Hy* holds
1 1 1 1
E1’1:E1_1+O(V )<E1 <E1’2:E2_Z+O(V )<E2. (28)

We then apply then the perturbative theory to the embedded eigenvalue

E = ELQ =FEs+ 11 (29)
with the associated eigenvector
U(2,y,2) = p1(z)x2(y, 2) .- (30)
In such a case k* =2 and
%CLQ = (31)
2
- pl_i% QY (dr [h — E+ By, —ip] " di) o) + ‘<¢, UZ%) | (1)
k=1,2
where
UYr = —2e0,0. — 02 +eW and di(z) = (xr, U ¥) 12w (32)

An integration by parts shows that (x2,9rx2)12(w) = 0. We thus get

W, U ) r2mxe) = —26(p1,0001) L2(r) (X2, OrX2) 12(w)
—&%(p1,01) 12(R) (X25 02X2) L2(w) + € (01, Wa201) L2(R)
= —Coe®+¢{p1, Wazr p1)12x)

15



where
Co = (x2,92x2)r2(w), Waz(z) = (x2, Wx2) 12(w) -
Furthermore, from (32) it follows that
di(z) = —2eC1 0pp1 — €20 o1 +eWia 01,  da(x) = —2Co o1 + € Was 01
where
Co = (x1,92X2)r2(w)»  Wiz(z) = (x2, Wx1) r2(w) -

Collecting all these facts and keeping in mind that £ = Es + p1 and ¢ is the eigenfuction of &,
with eigenvalue u; we get after some tedious, but straightforward calculations, that

. L — 2 L oN—
Jim, 3 {{da, = B4 B = il o)) + (0,050 g () =00 (33

This implies

Sags = -— hnol+ C\\S‘<d1, [h,/ —F+ FE — ip]_l d1>L2(R)
p—
- — lim S [452012@@1, lhy — E + By —ip] (91g01>}

p—0F

— hm % [62 <W12 P1, [hy — E + El — ip]_l W12 (p1>}
p—0F

_M%QQGSB&%JM—E+Er4M4Wh¢Q
p—

Wiz 1, lhy — B+ By —ip] " 0un)] + (). (34)

We now pass to the limit ¥ — oo which implies
1 L —el2
=g o=y ge ; hy = heo s (35)
where the last limit is reached in the norm resolvent sense. We recall also that the resolvent
[hoo — ¢]71 of hoo = —0? + 6 has the kernel given by
Ke(z,2') = IC(C)(:E, x') + Ké(I, 7',

where

1 1

No— - - ik[|z|+|z’|] — 1.2
)= orar i . (=K Sk >0,

’Cg($,$/) = i etklz=a'] IC%(x,x

see [1]. In our case
C=k*=E—-E +ip=Ey—E 4+ +ip. (36)

We will denote by K2 and K} the integral operators with the kernels KP(z,2') and K}(z, ')
respectively. Since 9,1 () is an odd function, it follows that Ké@mwl =0 and

(D201, (K + KE) Wiz 1) + Wiz o1, (K + K¢) 31901>} =0. (37)

This means that in the limit v — co we have to replace [h, — E + E; —ip]~! on the r.h.s. of (34)
by KZ. An explicit computation then gives

) SEy —
lim $(0x¢1, K¢ 0pp1) = AVE: = By ¥ i 5 - (38)
0t [1+4(E2 — Er + )]

16



Finally, the contribution from W equals

20° + 1 2
hm S(Whz 1, (K + KHWiz 1) = T (/ Wia(x)e1 () cos(bx) d:c) (39)
p—0 R

where

b:\/EQ—El—FILLl.

We denote by

(W) = EQ};;?;; (/ Wha(z)o(z) cos(bx) d:v>2 (40)

its limit as v — oo. In view of (35) and (38) we get

\/B2—E1— 1%
2 2—4—|—<W>

lim SQag = —¢” | Cf (B — )2
V—00 o — bH

The proof is complete.
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