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1. INTRODUCTION

It is known for a long time that there is a close connection between the geometry of hyper-
bolic space H**! of n 4 1 dimensions and the conformal geometry of the n-sphere S™, viewed
as the sphere at infinity of H"!. This picture was generalised by Fefferman and Graham
in [6] to the case of asymptotically hyperbolic Einstein geometry (alias Poincaré-Einstein ge-
ometry) with conformal infinity structure on a boundary space, in relation with conformal
invariant theory and the ambient metric construction. In recent years this relationship of the
Riemannian interior and its conformal boundary has been studied intensively using spectral
and scattering tools [7, 16, 17, 27], and related formal asymptotics [5, 8, 15]. This relationship
is also the geometric problem underlying the so-called AdS/CFT correspondence of String
Theory [23, 28].

The Einstein condition for a Riemannian metric finds an expedient formulation in terms of
conformal tractor calculus. In fact, the prolongation of the Einstein condition for a metric in
a conformal class gives naturally rise to the so-called standard tractor bundle 7 with tractor
connection V. Then parallel sections I of 7 with respect to V over a conformal manifold (M, c)
correspond uniquely to so-called almost Einstein structures oy. Almost Einstein structures
slightly generalise the notion of Einstein metrics. In fact, an almost Einstein structures gives
rise in a unique way to an Einstein metric on an open dense subset of the underlying manifold
M. However, in general, an almost Einstein structure admits a scale singularity set ¥ # (),
which may be viewed as a conformal infinity for the corresponding Einstein metric on the
complement M \ 3. In case the scale singularity ¥ is a hypersurface in M the corresponding
Einstein metric is asymptotically hyperbolic at ». This shows a close relationship between
Poincaré-Einstein metrics and almost Einstein structures with hypersurface scale singularity.

Usually a Poincaré-Einstein metric g is defined on the interior M of a smooth (compact)

manifold M with boundary N = OM. It was pointed out in [24], for example, that a manifold

M of dimension n + 1 with boundary can be doubled to a smooth manifold DM of

dimension n + 1 without boundary. This doubling construction takes two copies of M and
glues them together at their boundaries N via the identity map. In case M admits an even
structure on the boundary N the smooth structure on the doubling DM is natural. Such
an even structure on the boundary is induced for example by any even AH metric g+ on

the interior M. Consequently, any smooth even Poincaré-Einstein space (Hnﬂ, g+) gives
rise in a natural way to an almost Einstein manifold (DM, o ) without boundary, but with
hypersurface scale singularity ¥ (cf. Section 5.2 of [10]).

In this article we aim to describe a generalisation of the doubling construction for even
asymptotically hyperbolic spaces (MHH, g+) with boundary. We call this construction the

collapsing (-sphere product alias S¢-doubling of (Mnﬂ, g+). In brief, the S*-doubling con-
struction works as follows. Let £ > 0 be a number, and let S* be the standard smooth
(-sphere. The product S¢ x M is a ng-manifold of dimension ny := n + £+ 1 with boundary
St x N. If we identify the sphere S¢ at each boundary point ¢ € N to a single point, then we
obtain in canonical way a topological manifold DyM of dimension n, without boundary. In
addition, if the boundary N is even, then a natural smooth structure is induced on D;M. The
manifold D, M has no boundary by construction, but it admits a natural smooth submanifold
N, of codimension £ + 1, which we call the pole of D;M. The pole N, is the subset, where
the sphere S¢ collapses to single points. This picture gives rise to the notion of the collapsing
{-sphere product. And, if the interior M is equipped with an even AH metric g, then the
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Riemannian product metric g,q X g+ on the bulk S¢ x M of DyM, where g.4 denotes the round
standard metric on the factor S¢, collapses smoothly to a conformal structure on DyM. We
call DyM with this conformal structure the S‘-doubling of the AH metric g, on the interior
of M.

The S¢-doubling DyM of (MnH, g+) has some interesting properties. First, we note that
the S%-doubling of the hyperbolic space H"*! gives rise to the conformally flat model (=
Mabius sphere) S™. In general, the S*-doubling D,M admits a natural smooth action of the
orthogonal group O(¢ + 1) by conformal transformations. The orbit space under this action

is the initial AH space (Hnﬂ, g+). If gy is a Poincaré-Einstein metric, then D,M admits
multiple almost Einstein structures with hypersurface singularities. These hypersurface singu-
larities intersect exactly at the pole N,. Conformal manifolds with multiple almost Einstein
structures and intersecting hypersurface singularities are discussed from a general point of
view in [22]. Moreover, in the Poincaré-Einstein case the conformal holonomy group of the
St-doubling D;M has a decomposable standard representation. Such a decomposable confor-
mal holonomy representation is typical for special Einstein products (cf. [20, 2]). However,
in general, the Sf-doubling is not a special Einstein product at the pole N,! Furthermore,
the pole N, is for any AH metric g4 a totally umbilic submanifold of the St-doubling Dy M.
In fact, with respect to certain normal form metrics in the conformal class of D,M, the pole
N, is minimal. Finally, we remember that the bulk St x M of D;M with special Einstein
product g,q X g+ (in the AH Einstein case) admits a Ricci-flat ambient metric, which was
explicitly constructed in [11]. This ambient metric extends smoothly to the pole IV, and will
be presented here in explicit form.

The course of the article is as follows. In Section 2 we recall the doubling construction for a
manifold M with boundary. In particular, we define the evenness of the boundary and equip
the doubling space with a natural smooth structure. In Section 3 and 4 we generalise the
doubling construction by the collapsing sphere product D,M. For asymptotically hyperbolic
metrics on the interior of M we obtain naturally a conformal structure on D;M. In Section 5
we show that the collapsing sphere product of the hyperbolic space H"t! is the conformally
flat model space. Section 6 recalls the basic notions of conformal tractor calculus and almost
Einstein structures. In particular, the relation with Poincaré-Einstein metrics and conformal
holonomy is explained. In Section 7 we discuss basic geometric properties of the S¢-doubling
D,M. In particular, we will see in the AHE case that the pole is the intersection of scale
singularities of certain almost Einstein structures. Section 8 establishes a geometric construc-
tion of a Ricci-flat ambient space for DyM. In the last section we discuss extrinsic curvature
properties of the pole N, in DyM. In particular, we will verify strong umbilicity for the pole
in DyM.

2. EVEN BOUNDARIES AND SMOOTH DOUBLING

We recall here the doubling construction of a manifold with boundary (cf. e.g. [24]). The
evenness of the boundary ensures the existence of a natural smooth structure on the doubling
space.

Let 37" be a (topological) manifold of dimension n + 1 with boundary N := M of
dimension n > 0. There exists a well known topological doubling construction for any such
M. We take two copies of M and glue them together via the identity map idy at their
boundaries N. The resulting set DM is equipped with the final topology induced by the
gluing. This topology is locally Euclidean and equips the set DM naturally with the structure
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of a topological manifold. We call the manifold DM the (topological) doubling of M. The
doubling DM admits by construction no boundary.

Recall that a smooth (differentiable) structure D on a manifold M with boundary N is a
complete (or maximal) atlas of charts (with and without boundary) such that the coordinate
transformations on the overlaps for all these charts in D are smooth. Note that a coordinate
transformation between two charts with boundary is called smooth if it is the restriction of a
smooth diffeomorphism between some open subsets of R"*1,

Let us consider a smooth structure D more closely at the boundary N. For this purpose,

we denote by ]R’}fl the closed subset of R"*! which consists of all points z = (29,...,2"),
whose coordinate z° is non-negative. The reflection of R™*! at the hyperplane {z° = 0},
which sends (2%, 2!...,2") to (—2%, 2! ... 2"), is denoted by I. Then, for any open subset

U’ of R, we denote by DU’ the union (or doubling) U” U I(U’). The doubling DU’ is an
open subset of R"*! and the restriction of the reflection I is an involutive diffeomorphism
on DU’. This is also true if U’ has a boundary, i.e., when the intersection of U’ with the
hyperplane {2° = 0} is non-empty. In general, we call a smooth diffeomorphism & between
open subsets of R"*! even if & commutes with the reflection I, i.e., I is a bijection on the
domain and image of @ and Toa =ca&o I.

A chart ¢ : U — U’ for a C*°-manifold (M, D) with boundary is a continuous embedding
of an open subset U C M into RTFI with image U’. Let ¢ : V — V' be another chart of
(M, D) such that U NV # (). We denote the corresponding coordinate transformation from
o(UNV) top(UNV) by a:=1 o !l By definition of D, this coordinate transformation
« is the restriction of some smooth diffeomorphism & : D(p(U NV)) — D(¢(U NV)). Now,
if there exists a smooth even diffeomorphism &, whose restriction to (U NV) is a, we call
a:p(UNV) = yp(UNV) an even coordinate transformation and the charts ¢ and 1 are evenly
related. Obviously, a coordinate transformation on the overlap of any two charts, which does
not intersect the boundary of M, is even. However, in general, a coordinate transformation
on a chart overlap with boundary (in M) is not even!

Definition 2.1. Let (M, D) be a smooth manifold with boundary N. Then, we call a complete
atlas Dey of evenly related charts in D an even smooth structure on M. We also say in this
case that D, defines an even structure on the boundary N in M.

Note that any smooth atlas of evenly related charts determines in a unique way an even
smooth structure D, and, of course, a corresponding smooth structure D on M.

Now let us come back to the doubling construction for a manifold M with boundary N. It
is a matter of fact that in general a smooth structure D on M does not induce in a natural
way a smooth structure on the topological doubling DM. In particular, there is no natural
class of differentiable functions on the topological doubling DM! This phenomenon is implied
by the existence of smooth coordinate transformations on M, which are not even, in general.
However, if D,, is an even smooth structure on the manifold M, then the doubling DM is
equipped with a natural smooth structure D‘eiv induced by De,.

This natural smooth structure D% on DM can be defined as follows. There are two natural
continuous embeddings of M into the doubling DM. We choose one of these embeddings and
denote it by ¢5;. Note that DM is equipped with a canonical involution I paz- Then we
can define for any open subset U in M (considered as subset of DM via t57) the doubling
DU := U UI,7;(U), which is open in DM. Now let ¢ : U — U’ be an arbitrary chart of D,
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on M. The chart ¢ can be doubled (as a map) in the obvious way. We set

©d - DU — DU,
welU = (,D(U),
ue Iy U) — I(epz(w)) -

Lemma 3.1 below states (in a more general situation) that if ¢ and 1 are arbitrary charts
in Dg, then the coordinate transformation between the doubled charts ¢4 and ¥4 is smooth.
This shows that the collection of all doubled charts ¢4 for ¢ € D,, establishes a smooth atlas
on DM. We denote the induced smooth structure on DM by DZ . The definition of DZ, does
not depend on the choice of the embedding (7. In fact, D? is in a natural and unique way
induced by D,, on M.

Definition 2.2. Let (M, De,) be a smooth manifold with even boundary N. Then we call the
space DM with smooth structure DY, the (smooth) doubling of (M, Dey).

Note that with this construction the boundary N of M is naturally embedded as a smooth
submanifold of codimension 1 in DM.

3. A GENERALISED DOUBLING — THE COLLAPSING SPHERE PRODUCT

The smooth doubling of the previous section has a useful generalisation. This is the con-
struction of the so-called collapsing sphere product. In order to equip a collapsing sphere
product of a smooth manifold admitting a boundary with a natural smooth structure, the
evenness of the boundary will be (as before for the doubling case) a sufficient precondition.

3.1. The topology. Let (HnH,Dev) be a smooth manifold of dimension n + 1 with even
smooth boundary N := 9M. We denote by M := M ~. OM the interior of M, which is
an open submanifold without boundary. It is a matter of fact that any such manifold M
admits an open neighbourhood W of the boundary N, which is diffeomorphic to [0,e) x N
for some € > 0. A corresponding diffeomorphism ® can be chosen such that & restricted to
the boundary N is the identity. We call such a neighbourhood W a collar of N.

The sphere S¢ of dimension ¢ > 0 is a closed (= compact, without boundary) smooth
manifold. If £ = 0 then we think of the sphere as two separate points {—1,1}, which is a
smooth manifold of dimension 0. Given a sphere S* we can form the product space S¢ x T
of dimension ny := n + £ + 1 with smooth product structure and (even) boundary S* x N.
The interior of S¢ x M is given by S* x M. Note that there exists a collar of the boundary
S¢ x N in 8¢ x M, which is diffeomorphic to S¢ x [0,€) x N.

Let us consider for a moment just a product of the form S* x [0,¢) with e > 0. As a
topological space we can identify the boundary S* x {0} of that product to a single point.
The resulting quotient space with final topology is homeomorphic to an Euclidean ball B£+1
of radius € in R¢*!. In fact, we have an explicit map for this identification with a ball by

i: S'x[0,e) — B
(y,r) = 1y,

where we understand y € S¢ as a point of the unit sphere in R
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More generally, let (as before) M be a manifold with boundary N and let ® be a diffeo-
morphism of some collar W of N onto [0,e) x N (which restricts to the identity on N). Then
we can identify S¢ x W in S¢ x M via the map ® := (i x idy) o (idge x ®) to a topological
space, which is homeomorphic to Bf“ x N. In fact, this construction for the collar W via
the identification ® can be trivially extended to an identification for S¢ x M. We denote the
resulting topological space with natural projection by

A:SY <M — DM .

Note that the natural inclusion of S¢ x M and the image of Bf“ x N by &1 cover the
space Dy;M. The corresponding inverse maps serve as charts (mapping into other manifolds)
for the quotient space Dy;M. This shows that D,M is a topological manifold. Note that
the definition of the final topology on D,M does not depend on the choice of the collar W
with diffeomorphism ® (and, of course, also not on the even smooth structure De,). In fact,
one can easily see that the coordinate transformation between any two charts ij’l x N and
Bf;’l x N around the identified points in Dy;M, which are induced by homeomorphisms ®;
and @5 of some collars in M, is a homeomorphism. We call D,M the (topological) collapsing
0-sphere product of M. If M is a compact space, then DyM is closed. Note that the set of all
(non-trivially) identified points in D, M is homeomorphic to the boundary manifold N of M.
We call this set the pole of D;M and denote it by N, (or simply just N again). The pole N,
is closed in D;M. The complement DyM ~ N, is called the bulk (or interior) of DyM. Also
note that by construction DgM = DM as topological manifolds, i.e., the collapsing 0-sphere
product is just the doubling as introduced in the previous section.

Before we come to the construction of a natural smooth structure on D,M, we want to
remark that DyM admits certain naturally induced continuous functions for any ¢ > 0. For
this, let f : M — R be an arbitrary continuous function. The function f lifts uniquely to
a function f on S¢ x M, which is constant along the S’-fibres. This function f, in turn,
passes down via the identification A to a uniquely and well defined function f; on DyM. The
function f; is continuous by construction.

3.2. The smooth structure. So far we have constructed from a (smooth) manifold M with
boundary N a topological manifold DyM for any ¢ > 0. We want to show now that the
even smooth structure D,, on M induces in a natural way a smooth structure D%, on the
collapsing ¢-sphere product of M. The following Lemma 3.1 is the key observation for this
construction.

Lemma 3.1. Let U', V' be open subsets of R™ and 1,69 > 0. Let £ > 0 be an arbitrary
integer. If

a=(aa%: [0,e)xU — [0,e3)xV’
is an even smooth diffeomorphism (between sets with boundaries), then the map
ap: BEPI XU — B x v/,
(ry,u) = (aru)y, a*(ru)),  yeS' R
is a smooth diffeomorphism between open subsets in R™.

We need for the proof of Lemma 3.1 the following Lemmata 3.2 and 3.3.
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Lemma 3.2. Let v : (—e,e) — R be an even smooth function, i.e., v(x) = v(—x) for all
x € (—¢e,e). Then the function I'(t) := v(\/1), t € [0,£2), is smooth on (0,€?) and its kth
derivative T'®) is continuous on [0,&2) for all k > 0.

PROOF. By definition, the function I'(t) is smooth on (0,£%). We have to show that all
derivatives T(*)(t), k > 0, converge to some finite value for ¢t — 0.

For this, we observe that the evenness of ~ implies that all odd derivatives (21 (z),
k € Zo, vanish for z = 0. We set s(z) := %_y7?(0)-2" for the Taylor serious expansion
of v at 0 to order s > 0. Obviously, the functions v, are smooth in the variable 2?2 for

all s. Hence the limit of vgk)(\/f) for t — 0 exists and is finite for any k. Moreover,

I'Hospital’s rule implies that ( v(Vt) — vs(V/?) )(k) — 0 for t — 0 when s > k. This shows
that lim,_o ~v*® (/1) exists and is finite for any k. O

Note that, by construction, we have vy(x) = I'(z?) for all € (—¢,¢), i.e., Lemma 3.2 says
that an even smooth function in a variable 2 can be considered as a smooth function in z2.

We also remark that there is a slight generalisation of Lemma 3.2. For this, let us assume
that U’ is a subset of R™ with coordinates v = (u!,...,u") and let v : (—¢,¢) x U’ — R
be a smooth function, which is even in the coordinate of the interval (—e,e). Then we
can define the function I'(t,u) := v(vt,u). Obviously, the function I'(¢,u) is smooth on
(0,£2) x U’. Moreover, the limits of all I'®)(t,u), k > 0, for t — 0 are smooth in the
parameters u = (u!,...,u™). This follows, since all partial derivatives of I'(t,u) with respect
to the coordinates (u',...,u") are even when considered as functions in ¢. Then Lemma 3.2
applies, which says that the limits for t — 0 of the partial u-derivatives of the F(k)(t, u) exist

for k > 0. These limits represent the partial u-derivatives of the F(k)(O, w).

Lemma 3.3. Let v :[0,¢) x U' — R be the restriction of a smooth function on an open subset
(—e,e) x U of R*1, which is even in the coordinate of the interval (—e,e). Then, for any
integer £ > 0, the function

v: BHIxU — R,

(,u) = A(z],u),

on the (£ + 1)-dimensional ball BT of radius € in R times U’ is smooth.

PrROOF. We have v,(z,u) = I'(|z|?,u), where T' is defined as in Lemma 3.2 (for fixed
u). The function |z|? is smooth on R, By Lemma 3.2, the function I' is smooth as
well and all partial derivatives I'®) are continuous on [0,€2) x U’. Moreover, by the above
remark following Lemma 3.2, we know that I' and its partial derivatives ') on [0,€2) x U’
depend smoothly on the w-coordinates. Then, it follows immediately by application of
the chain rule that any partial derivative (with respect to the z- and wu-coordinates) of
the superposition I'(|z|?, u) is continuously differentiable. This proves the smoothness of . [J

ProoF oF LEMMA 3.1. Obviously, the map ay is a homeomorphism. We have to show
that ay is smooth. The smoothness of the inverse (ay)~! follows then by the same argument,
since ! is also even and smooth.
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Let us denote the standard coordinates of B! in RF by o = (2!,...,2%"!) and let
u = (ul,...,u™) be the coordinates of U’ C R™. Then we can write
ag: B xU — B x v/,

(@) (g ge(r ) ),

where r := |z|. By assumption, « is the restriction of an even smooth diffeomorphism, which

~0
we denote by & = (a&°, @*). This means that the functions w and a*(r,u), a=1,...,n,
are all even in the variable r. By I’'Hospital’s rule again, it follows that M is smooth

as a function in r on the interval (—ej,e1). We can conclude that &) anq at(r,u),
a=1,...,n, are smooth functions in 7 and the parameters (u',...,u") of U’. Then it follows
by Lemma 3.3 that % and o*(|z|,u), a =1,...,n, are smooth functions on Bf:rl x U,
i.e., ay is a smooth map. O

Now let us gnsider ge collapsing _@—sphere product D;M of (M, D.,) with natural projec-
tion A : S* x M — DyM. For U C M, we set U, := A(S’ x U). Then a coordinate chart in
D, of the form ¢ = (¢°, ¢?) : U — [0,¢) x U’ induces in a natural way a chart

) or: U — Bf;’l x U,
(s,m) = (¢’(m)s, p?(m)),

where (s,m) denotes the class of (s,m) € S x U via the identification A. It follows directly
from Lemma 3.1 that the coordinate transformation between any charts ¢y and v, of the form
(1) is smooth. Moreover, note that all the charts of the form (1) cover an open neighbourhood
of the pole N, in D,;M and they are all compatible with the smooth product structure on
the bulk S* x M of Dy;M. This shows that the charts ¢, of the form (1) together with the
smooth product structure on the bulk induce a smooth structure D%, on D;M. Note that the
construction of Dﬁv does not depend on the choice of charts of the special form (1). In fact,
any chart o € D,, gives rise in a natural way to a chart ¢,, which then belongs to D,.

Definition 3.4. Let (M, D.,) be a smooth manifold with even boundary N. Then we call
(DyM,DE,) the (smooth) collapsing (-sphere product of M with pole N,.

Note that (DoM, DY) is naturally diffeomorphic to the smooth doubling (DM, DZ)). Also
recall that for any ¢ > 0 the pole N, is a closed subset in DyM. In fact, N, is a smooth
submanifold in (D,M,D.,) of codimension ¢ + 1. The bulk D,M ~ N, is an open smooth
submanifold of Dy M with respect to D, which is diffeomorphic to the product space S* x M.
A further remark is expedient. Let V*! be a (x + 1)-dimensional subspace of R“! with
0 < k < (. The intersection of V with the unit sphere S¢ in R‘*! defines an embedding
of the unit k-sphere S* C V into S¢. This embedding induces in an obvious way a natural
smooth embedding ¢, of D, M into D;M such that tge is the identity map on the pole
Np. In particular, the doubling (DM, D‘eiv) is contained in any collapsing ¢-sphere product

(DyM,Dt,) as a smooth submanifold of codimension .
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4. THE COLLAPSING SPHERE PRODUCT OF ASYMPTOTICALLY HYPERBOLIC SPACES

So far the collapsing ¢-sphere product is a standard construction, which generates from a
smooth manifold of dimension n 4 1 with even boundary a smooth manifold of dimension ny
without boundary. In this section we show that this construction admits a natural usage in
conformal geometry. In fact, we will see that the metric product of a round f-sphere (S, gq)
with (M, g, ) collapses to a smooth conformal structure on DyM if the metric g4 on the
interior M of M is asymptotically hyperbolic and even at the boundary N.

4.1. The even structure of an AH metric. Let (MnH,D) be a smooth manifold of

dimension n+1 > 1 with boundary N. A defining function r for the boundary N is a smooth
non-negative function on M such that 7 = 0 and dr # 0 on N (and otherwise » > 0 on the
interior M). Now let g4 be a smooth Riemannian metric on the interior M of M such that
g = rgy extends smoothly as a metric to M for some defining function = of the boundary
N. Then the restriction of g to T'IN rescales conformally upon changing the defining function
r, and so defines invariantly a smooth conformal class ¢ := [g|rn] of metrics on the boundary
N. The conformal class (or structure) c on N is called a conformal infinity of gy on M. If, in
addition, M is a compact space, then we say that the metric g, is conformally compact (cf.
e.g. [13]).

In the special case when |dr|% = 1 on N the sectional curvature of g, is asymptotically
constant 1 at each boundary point in IV, and the metric g4 is called asymptotically hyper-
bolic. Note that this definition does not depend on the choice of the defining function 7.
In particular, a metric g4 is asymptotically hyperbolic if it satisfies the normalised Einstein
condition

Ric(g4) = —ngy .

In this case we call gy an AH Finstein metric. Alternatively, we say that (M,gy) is a
Poincaré-FEinstein space.

Let us assume in the following that g, is an asymptotically hyperbolic metric on the interior
M of M. A defining function r of the boundary N defines for any small € > 0 a collar N,
of N in M. This collar N is by definition the preimage of [0,e) with respect to 7 near the
boundary. Note that the gradient grad?(r) of r is defined with respect to the metric g = r2g,
and grad9(r) does not vanish on N. for small €. This feature of 7 allows us to define uniquely
an explicit diffeomorphism of N, with [0,g) x N via the flow of the integral curves of grad9(r)
on N (cf. [13]). In addition, if we choose a smooth chart ¢ : U — U’ of the boundary N,
then we obtain via 7 in an obvious and unique way a chart ¢, : U. — [0,¢) x U’ of D on M.
The collar N, can be covered by such charts ,, i.e., the smooth structure D of M at the
boundary NN is determined by a smooth defining function r» and the smooth structure of V.

A smooth metric in the conformal class ¢ on N is induced by (many) different defining
functions r of the boundary N. However, the condition |dr|§ = 1 on a collar N, of N in

M determines r uniquely for a given metric g|7y in the conformal infinity ¢ on N. Such
a defining function r is smooth and exists for any smooth metric gg in ¢ (cf. e.g. Lemma
2.1 of [13]). We call this r a special defining function for gy on the boundary N. Now it
is straightforward to see that the asymptotically hyperbolic metric g4 is given on a collar
N: = [0,e) x N with respect to a special defining function r by

(2) r2(dr g ),
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where g, is a smooth family of (smooth) metrics on the boundary N with go = 72g4|7n (cf.
[13]). We say that g4 is given by (2) in normal form with respect to the special defining
function 7. In the following, we call a smooth defining function r on M generalised special for
the boundary NN if » > 0 on the interior M and ]dr% =1 on a collar N, for some € > 0, i.e.,

the defining function  is special at least on a small collar of N in M.

There exists also a natural notion of evenness for an asymptotically hyperbolic metric g .
To explain this notion, let us consider (the normal form (2) of) g4 on a collar [0,e) x N with
respect to some special defining function r. We call g4 even if there exists a smooth metric
h on the manifold (—&,e) X N such that h|g.xy = r?g+ and the involution r — —r is an
isometry of h. This definition of evenness for g+ does not depend on the choice of the special
defining function r (cf. Section 4 of [8]).

Furthermore, it is also true that if g4 is even then any two special defining functions r; and
ro of N are evenly related in the following sense. Let ¢ : U — U’ be any chart of the smooth
structure on N (which is induced by D). Then we have corresponding charts ¢,, and ¢,, in D
on M (as explained above). It is a matter of fact that the coordinate change for these charts
¢r, and ¢y, is an even diffeomorphism of open subsets in R?"! (cf. Section 4 of [8]). This
implies that the charts of the form ¢, for the special defining functions r of g4 define an even
smooth structure Dy, on M. The even smooth structure Dy, on M is uniquely determined
in this way by g4.

Definition 4.1. Let g4 be an even asymptotically hyperbolic metric on the interior M of
a smooth manifold (M, D) with boundary N. Then we call Dy, the natural even smooth

structure on M induced by g, .

4.2. The conformal structure on D;M. Now let us consider the collapsing ¢-sphere prod-
uct DyM, ¢ > 0, for some manifold (M, D) with boundary N and even asymptotically hyper-
bolic metric g4+ on the interior M. In this situation we always assume in the following that
M is equipped with D, and Dy M carries the smooth structure Dg N induced by D, . Also
remember that any continuous function f on M induces via A a continuous function f, on
D,M. In particular, a smooth defining function r for N in M induces a continuous function
re on Dy M. (Often it will be convenient to denote r, simply by r again.) Note that 7, is not
smooth with respect to Dé . at the pole Np,.

Lemma 4.2. Let r be a generalised special defining function for the boundary N in M and
let r¢ be the induced function on DyM. Then the function (r;)? is smooth on (DgM,D@).

PROOF. We have to prove the smoothness of 7‘% at the pole N,. For this, let ¢ : U — U’
be some smooth chart on N. In combination with » and some small e, the chart ¢
gives rise to a chart ¢, : U. — [0,€) x U’ in Dy, . Then the chart ¢, induces a chart
(pr)e : (U)g — B x U’ of Df;+ as given by (1) of Section 3. Now, by construction, the
pullback of 7, on D,M to B x U’ via (¢,); ' is given by |z|, where z = (2!,...,2/*1) are
the standard coordinates in B!, Since ||? is smooth on B! x U’ we can conclude that
(1¢)? is smooth on (U.), in D;M with respect to Df; .- This argument works for any smooth

chart ¢ on the boundary N, which proves that (r,)? is smooth at the pole N,. O

The bulk of DyM is the open smooth submanifold S¢ x M. The submanifold S¢ x M
is equipped with the Riemannian product metric gﬁ_ ‘= grd X g+, Where g,.q denotes the
round metric of constant sectional curvature 1 on S*. We want to demonstrate now that the
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conformal class of this metric gﬁ on the bulk S* x M extends smoothly to the collapsing
(-sphere product D,M for any ¢ > 0. For this purpose, let r be a generalised special defining
function for the boundary NV in M. Then we have the smooth metric rlg-gﬁ_ on the bulk S x M
of D,M, which belongs to the conformal class of gﬁ_.

Lemma 4.3. Let r be a generalised special defining function for the boundary N in M. Then
the metric r?-gﬁ on the bulk S* x M extends to a smooth metric § on (DZM,D$+) for any
{>0.

PROOF. Let N, be a collar of N in M with respect to r and some ¢ > 0 such that
|dr|,2g, =1 on N.. We set Noy := A(S* x N;), which is a tubular collar of the pole N,
in DyM. For convenience, we write 7 = ry,. The defining function r induces a natural
diffeomorphism N, , = B! x N and the metric 7’2'gf|r is given on N, o . N,, by

(3) dr* + g0 + gr .

Note that dr? + r2g,q is the flat Euclidean metric on B!\ {0}, which extends smoothly
to the origin. In our situation, this shows that the symmetric 2-tensor dr? 4 r2g¢,q extends
smoothly to the solid cylinder Bf“ x N. Tt is also clear that g, is a continuous tensor on
N. . Since dr? 4+ r2g,q on Bf“ and g,—o on N, are non-degenerate, we can conclude that
T2'gf_ is a continuous non-degenerate and symmetric 2-tensor on DyM. It remains to show
that the symmetric 2-tensor g, is smooth at the pole INV,,.

To see the latter point, we note that the definition of evenness for g, implies directly
that 72g, on M is the restriction of some smooth metric A on the doubling (DM, Dg+),
which is invariant under the smooth involution I,3;. This means that with respect to any
chart ¢ € Dy, of the form ¢ : U — [0,e) x U’ all the coefficients of r2g, are restrictions of
certain smooth functions on (—¢,e) x U’, which are even in the coordinate of the interval
(—¢,¢). Application of the Lemmata 3.2 and 3.3 to these coefficient functions shows that the
symmetric tensor g, depends smoothly on 2. Since r? = r? is a smooth function on D,M
(cf. Lemma 4.2), it follows that g, is smooth at the pole in (DyM, Dé). O

The conformal class of § on D,M is a smooth extension of the conformal class of gﬁ on the
bulk S¢ x M, defined via a generalised special defining function r. Since the bulk is dense in
DyM, this observation implies immediately that the conformal class of § on D;M does not
depend on the choice of the generalised special defining function r. We conclude that the
asymptotically hyperbolic metric g, on the interior M of M induces naturally for any ¢ > 0
a smooth conformal structure on the collapsing /-sphere product (D, M, Dg +) such that the
natural embedding of (the bulk) S* x M with metric gﬁ = gyq X g4 into DyM is a smooth
conformal map. We denote the conformal class of § on DyM by c[g.].

Definition 4.4. Let g+ be an even asymptotically hyperbolic metric on the interior M of a
manifold M with boundary N. Then we call (DyM,cogy]) the collapsing £-sphere product of
g+ And we call the pole N, with restricted conformal structure c¢[gy||n, a conformal infinity
of (D¢M,ci[g+]) of codimension £+ 1.

In shorter notation, we simply say (DM, ¢;[g+]) is the S*-doubling of ... Note that the pole
N, with restricted conformal structure c,[g]|n, is conformally equivalent to the conformal
infinity of g, on the boundary N of M.
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The proof of Lemma 4.3 also provides the local normal form (3) for a class of representatives
in ¢/[g4] around the pole N,. This normal form is characteristic for the collapsing sphere
product construction.

Theorem 4.5. Let g;, t € [0,¢), be any family of metrics on a manifold N such that g° :=
(dr? 4 r%g,q) + gr is a smooth metric on the product space B' x N, where r denotes the
radial coordinate of the ball BETY. Then gy 1= t=2(dt? + g;) is a smooth even asymptotically
hyperbolic metric on (0,¢) x N, and the metric g represents the conformal class c,[gy] of the
St-doubling of g, on the interior of M = [0,€) x N.

PRrOOF. It follows directly from the assumptions that the restriction of the metric g¢ =
(dr? 4+ 12g,4) + gr to B! x N, where B! is some straight line in Bf“ through the origin, is
a smooth metric. This shows that dt? + g; is a smooth metric on (—¢,¢) x N, which implies
that g, = t=2(dt?> +g;) on (0,¢) x N is a smooth asymptotically hyperbolic metric. Also note
that the map ¢ — —t on (—¢,€) x N is by construction an isometry for dt? + g;. We conclude
that g4 is even.

Now, in turn, we can produce the S%doubling of the even asymptotically hyperbolic
metric g, = t72(dt? + g;) on the interior of M = [0,e) x N. By definition of c/[g,] on
Bt x N, it is clear that the metric g = (dr? + r%g,q) + g, is a representative of c;[g;]. O

In conformal geometry, a standard problem is the existence and construction of compact
Poincaré-Einstein spaces M for a given conformal infinity structure (cf. [14, 18, 4, 1]). In
this respect, we can think of the S*-doubling as a solution of an analogous problem for a
given pole N with conformal infinity structure in higher codimension ¢ + 1. This view will be
justified in Section 7 when we show that the S‘-doubling of an AH Einstein metric g4 is an
(multiple) almost Einstein space. This problem in higher codimension seems to be intimately
related to the theory of totally umbilic submanifolds in almost Einstein spaces (cf. Section
9).

==n+1
5. THE MODEL EXAMPLE — DZH"

The Poincaré hyperbolic disk is a standard model for asymptotically hyperbolic geometry.
To describe this model briefly, let us denote by E?H the closed unit ball in R?*!. Its
boundary is the unit n-sphere S™ and the corresponding interior is the open unit ball B{LH.
The hyperbolic metric g4 is given on B’f"’l by

4 .
9+ = m 2?211(@‘2)2 )

where |z|? denotes the square of the Euclidean norm on R™*!. A special defining function
r for the boundary S™ in E?H with respect to g4 on the collar E?H ~ {0} is given by
r=2.1712l Writing E?jll (dz%)? in polar coordinates and expressing everything in terms of r

I+|z|
then gives

(4) g+ = 2 (& + (1= (r/2)*)gra) .

where g¢,4 is the round metric on S™ of scalar curvature n(n — 1) (cf. [13]). In particular, we

see that the boundary conformal structure of g, induced on S™ is equivalent to the Mobius

sphere. In the following, we will denote the hyperbolic model with boundary simply by ",
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By the results and constructions of the previous sections, we know how to construct the
collapsing ¢-sphere products DgﬁnH of the hyperbolic space "7 for any £,n > 0. We want
to argue here that D" (with conformal structure cy[g4]) is conformally equivalent to the

sphere S™¢ of dimension ny := n+ £+ 1 with standard metric g,4, i.e., DgﬁnJrl is a realisation
of the ny-dimensional Mobius sphere.

To start with, let v be an arbitrary loop (= closed path) in Dgﬁnﬂ. A tubular collar of
the pole N, = 5" in DgﬁnH is homeomorphic to Bf“ x S™. In case vy intersects the pole N,

the radial coordinate r of v on the ball Bf“ becomes zero (at some time). Obviously, if £ > 1
we can deform the loop v homotopically, so that the radial coordinate r of the deformation

. . . . —nt1 . .
on Bf“ x S™ does not vanish to any time. This shows that any loop in Dan+ is homotopic

to a loop 4, which does not intersect the pole. Now, if £ > 2 the bulk of DgEnH, which is
homeomorphic to S* x B’f“, is simply connected. We can conclude that 74, and hence ~, are
homotopic to the trivial loop.

In case £ = 1 we can still argue that 4 on the bulk S x B’f“ is null-homotopic. In fact,
this follows, since 4 on S' x B{‘H is homotopic to a loop %, which is constant on the factor

B{‘H, and which lies in a tube B? x S™ of the pole. Such a loop is null-homotopic, since B?
is simply connected. It follows that DgEnH is a simply connected space for any £ > 1. Note
that, if £ = 0, then Dgﬁwr1 is homeomorphic to the doubling of a closed unit ball in R**1,
ie., DOEWr1 is homeomorphic to the (n + 1)-sphere, which is simply connected except for

n = 0. Altogether, yet we know that Dgﬁwrl is a simply connected and closed space for any
Ny > 2.

Next we want to show that the conformal structure c¢[g,] on the S’-doubling Dgﬁwrl is
flat. This is clear for n 4+ ¢ < 1. So let us assume ny, > 3. To prove the statement in this
case, it is sufficient to observe that the Riemannian product metric g.q X g4, which lies by

construction in the conformal class ¢,[g] on the bulk S x H"*! of DZENH, is conformally
flat. There are various ways to see this. For us, it is most natural to argue here that g,.q X g+
is a special Einstein product (cf. Section 7), which implies that the conformal holonomy
group of grg X g4 on S¢ x H"H! is the product of the Riemannian holonomy groups of the
space- and timelike metric cones of the factors g4 and g.q (cf. [20]). Since the factors g, and
grq both have constant sectional curvature £1, the metric cones are flat and their holonomy
groups are trivial. Hence the conformal holonomy group of g.q X g4+ is trivial, which is only

possible if the conformal curvature (i.e. the Weyl and Cotton tensor) vanishes. This shows

the conformal flatness of ¢;[gy] on the bulk S¢ x H™*!, hence on the S‘-doubling DZENH.

It is well known from the theory of Riemannian surfaces that any simply connected closed
surface with smooth conformal structure is equivalent to the Riemannian sphere. The ana-
logue statement in any higher dimension m > 3 is true as well. One way to see this uses
the so-called developing map as follows (cf. e.g. [25]). It is a matter of fact that any simply
connected, conformally flat smooth manifold X™ of dimension m > 3 admits a conformal
immersion (or development map) ¢ into the m-dimensional M&bius sphere LP™ = S™. This
immersion ¢ is uniquely determined up to a conformal transformation (with an element of the
Mobius group) of S™. Now, in case X is a closed conformally flat manifold, the developing
map ¢ is a smooth covering of the sphere S™ (with standard smooth structure). Thus, since
S™ is simply connected, the developing map ¢ is a conformal diffeomorphism. This argu-

ment applies to DgEnH for ny > 2, which shows that DgﬁnJrl is conformally equivalent to
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the Mé&bius sphere LP™ and, in particular, diffeomorphic to the standard sphere S™¢. (For
ny = 1 it is anyway clear that Doﬁ1 is a circle S1.)

Theorem 5.1. The S‘-doubling space DgEnH of the hyperbolic metric g, on H"* is con-
formally equivalent to the round ng-sphere (S™, g.q) for any n,¢ > 0.

We aim to present an explicit conformal diffeomorphism between DgﬁnJrl and the Mdobius
sphere LP™ (for any n,¢ > 0). For this purpose, we remind of the ambient model for the
Mobius sphere LP" (with n > 0), which is also the basic construction for the treatments of
Section 8. So let us consider the Minkowski space RVt of dimension n + 2 with standard
metric

<x>j>1,n+1 = _ijO + E?:—i—ll$ijiv

x,% € R"2 of signature (1,n + 1). Here the standard coordinates of a point z in R *! are
denoted by (20, z!, - ,2"*!), where 2 is the timelike coordinate. The projective null cone
LP™ of RL™F! s diffeomorphic to the sphere S™ and the Minkowski metric (-, )1 ,,+1 induces
the standard conformally flat structure on LP"™. The upper half L, of the null cone in Rb7+1
is in a natural way a R,-ray bundle over LP" with projection m. Any smooth section of this
R_ -ray bundle induces a conformal embedding of LP™ = S™ into the Minkowski space R"+1,
and thus represents a metric in the conformal class of LP". For example, the intersection of
L, with the hyperplane {2° = 1} represents a round metric of constant sectional curvature
1 on LP".

The hyperbolic space H**! can be realised in RUV"*! as well. In fact, the hyperquadric
{r e R"*2 : (2,2)1 41 = —1} with induced metric is isometric to the Poincaré disk and the
projective null cone LP™ can naturally be seen as its boundary. A defining function for the
boundary LP"™ with respect to g, on H"T! in RV +! is then given by

r=az"—/(x0)2 1.

(Note that /(20)2 — 1 = {/27H(2%)2 is the spacelike radial coordinate of R ! restricted

to H"*!.) One can easily check that r is the special defining function on H"*! realised in
R+ which belongs to the round standard metric g,4 on the projective null cone LP™.

As we mentioned already above, the cone R, x H**! with metric —dt?4t2g, is flat. In fact,
this metric cone is realised in R *1 by the upper half timelike cone {x € R"*2 | (z,x) 41 <
0,2° > 0}. Also note that the cone Ry x S¢, ¢ > 0, with metric ds? 4 s2g,q is isometric to
the Euclidean space R‘T! \ {0} (with removed origin), and the round sphere (S¢,g,q) is
isometrically embedded as the unit sphere into the cone R < {0}.

From our discussion so far, we obtain now an obvious isometric embedding of the Riemann-
ian product space (S, g,q) x (H"*1, g, ) into RM™¢F! for any n, £ > 0. In fact, we can simply
take the product of the embeddings of H"*! into R+ and (5%, g.4) into R

L St x Ht! — RbLretL
(y17"' 7ye+1) X (':L'O"" 7$n+1) = (':L'O?""xn—‘rl?yl?"' ’yé-‘rl) )
where (z,2)1,41 = —1 and (y,y)¢r1 = 1. The image ¢(S* x H"*!) is then a submanifold of

the upper half null cone L in Rb™*! and a smooth section of 7 : L, — LP™ restricted to
the base space 70 ¢(S¢ x H**1). The base 7o 1(S* x H**!) is LP™ minus the set LP" = {[z
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y] € LP™ | y = 0}. The latter space is the projective null cone of R»*! and the boundary

of H"*! (i.e. the pole of the collapsing f-sphere product of A" as we see next).
Now, by rescaling the section +(S* x H"*1) of L, over the base 7 o ¢(S* x H**!) with the

factor x—lo such that the z%-coordinate is normed to 1, we obtain a conformal embedding 7

of S x H"*! into the round sphere (S™,g,4) (minus LP"). Note that the special defining
function r = 2% — \/(29)2 — 1 gives rise to an identification of S¢ x (H"*! \ {z° = 1}) with

(B {0}) x S™. Via this identification the embedding 7 is explicitly given by
i: (BEFL < {0}) x S7 —  Rbretl
2 .
(Taylf” 7y£+1) X (.Z'l,"' 7xn+1) = (17%x27%yj)

with |z|2 = |y|? = 1. Tt is obvious that the map 7 extends smoothly to the singular set {0} x S™
in Bf“ x S™, and its inverse is also smooth at the image of {0} x S™. This shows that the
conformal embedding 7 of the bulk S¢ x H"*! into the Mobius sphere LP™ = (8™ [g,.q])

admits a smooth extension to the collapsing ¢-sphere product Dgﬁwr1 of "™ such that the
image of the pole N, is LP" = {[z : y] € LP™ | y = 0} in LP™. This extension with image
LP™ is smoothly invertible. Thus we have another (constructive) proof of the conformal
equivalence of Dgﬁwr1 and the Mobius sphere LP™¢ for any n, ¢ > 0.

6. TRACTOR CALCULUS AND ALMOST EINSTEIN STRUCTURES

We introduce here some standard constructions from conformal tractor calculus (cf. [26,
3]). Tractor calculus provides us with the right setting for a discussion of almost Einstein
structures, which are closely related to Poincaré-Einstein metrics (in the case of negative scalar
curvature). We will see later indeed that the collapsing sphere product of a Poincaré-Einstein
space admits by construction multiple almost Einstein structures.

6.1. Tractor calculus. Let M™ be a smooth manifold of dimension n > 3. Recall that a
Riemannian conformal structure on M is a smooth Ri-ray subbundle Q C S2T*M , Whose
fibre over p € M consists of conformally related positive definite metrics at p. Smooth
sections of Q are metrics on M, which define an equivalence class ¢ = [g] of conformally
related metrics g on M. The principal R -bundle 7 : @ — M induces for any representation
t € Ry — t7%/?2 ¢ End(R), w € R, a natural line bundle £[w] over M, which we call
the conformal density bundle of weight w. Then, if V is any vector bundle of tensors on
M, we denote by V[w] := V ® E[w| the corresponding tensor bundle of conformal weight
w € R. We write g for the conformal metric on (M, c), that is the tautological section of
S2T*M|2] := S?T*M ® £[2] determined by Q. Note that £[w], w € R, is trivialised by any
metric g € c.

Now let (M™,c) be a Riemannian conformal manifold of dimension n > 3. For a given
choice of metric g € ¢, the tractor bundle 7 of the conformal manifold (M,c), may be
identified with the direct sum

T =2, ReTMaR,

i.e., a section T in T consists of a triple (a,,b), where a,b are real functions and v is a
vector field on M. Under a conformal rescaling of g to § = e*-g with respect to a smooth
function ¢ the triple (a,1),b) transforms by

(5) (@) = (efa, e () +agrad(p)) , e (b —dp() - gHgmdgcpHﬁ) )
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i.e., the metric g gives rise to a different isomorphism for the tractor bundle 7 with R&T M ®R.
The transformation rule (5) shows that 7 invariantly admits a composition structure

T = &[1 Q TM|[-1] Q E[-1] ;

&[—1] may be naturally identified with a subbundle of 7 and T'M[—1] is a subbundle of the
quotient bundle 7 /E[—1]. We denote the natural projection from 7 to £[1] by II.

The tractor bundle 7 carries an invariant metric (-, -)7 of signature (1,n+1) and a canonical
invariant connection V, which preserves this tractor metric (-,-)7. The metric (-,-)7 is given
for T, T € T with respect to a metric g € ¢ by

(T,T)r = ab+ab + g(v,9) .

The tractor connection V is given by

a X(a) — g(X,v)
Vx| v | =] V4 +bX —aPI(X)
b X(b) +PI(X, )

for any X € TM, where V9 denotes the Levi-Civita connection of g on T'M, and

1 scald
P9 — — Ric?
n—2<2(n—1) RZC)

is the Schouten tensor in terms of the Ricci tensor Ric? and the scalar curvature scal? of g.
With P9(X) we denote the vector in T'M, which is dual to PY(X,-) via g.

6.2. Almost Einstein structures. As discussed in [3], there exists a conformally covariant
second order differential operator D : I'(€[1]) — I'(7) for densities of conformal weight 1.
This differential operator D acts with respect to a metric g € ¢ on real functions s € C*>°(M)
by

s
DIs = | gradi(s) |-
s
where 09 := —1(AY — tr,PY) with Laplacian A%s = tryV9ds. For an invariant construction

of D see [9]. It is a matter of fact that for densities o € T'(€[1]) the equation VDo = 0 is
equivalent to

(6) trace-free part of (V9ds — s-P9) = 0,

where s corresponds to o via g € ¢. In turn, it is true that if a tractor T' = (s, 1), b) satisfies
VT = 0 then the component s € C*°(M) of T with respect to g € ¢ satisfies (6) and D9s = T.

It is also well known that a solution s of (6) without zeros on M has the property that the
rescaled metric § = s~2-¢g is an Einstein metric, i.e., § satisfies Ric9 = %-g. Equivalently,
this means that the metric 0~2g is Einstein. On the other hand, if a metric s72-g in the
conformal class ¢ on M is Einstein then s satisfies (6) with respect to g. However, in general

one has to expect that a solution of (6) admits zeros on M.

Definition 6.1. Let (M", c), n > 3, be a conformal manifold with standard tractor bundle
7.
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(1) We call (M™,c) an almost Einstein space if a V-parallel standard tractor I # 0 exists.

(2) If I #£0 in T'(T) is V-parallel, then we call 0 =TI(I) an almost Finstein structure of
(M, ). Accordingly, if g € c is a choice of metric, then we call a non-trivial solution
s € C>®(M) of (6) an almost Finstein structure of (M, c).

(3) If I # 0 in I'(T) is V-parallel, then we denote the zero set of the almost Finstein
structure o = II(I) by X(o) (resp. X(I)). We call 3(o) the scale singularity set of o
(resp. I).

(4) We denote by P(T) the subspace of I'(T), which consists of all V-parallel standard
tractors I on (M™,¢c). Note that P(T) is a vector space of finite dimension N < n+2,
on which the tractor metric (-,-)r naturally induces a symmetric bilinear form.

(5) Let S be an Buclidean subspace of P(T). Then we set X(S) = (jes 2(1).

On an almost Einstein manifold (M, ¢, I) (or (M,c,o) with o = II(I)) we shall write S(I)

(or S(0)) as a shorthand for —(I, I)7. This may be viewed as scalar curvature quantity for the

structure, since off the singularity set ¥(I) we have S(I) = ns(fﬁgl) for the metric g = 0~2g.

Theorem 6.2. [10] Let (M,c,I) be an almost Einstein space of Riemannian signature with
o =1(I) and S(o) = —(I,I)r. If S(o) > 0 then (o) is empty and (M,o~2g) is Einstein
with positive scalar curvature; if S(o) = 0 then X(o) is either empty or consists of isolated
points and (M ~ X(0),072g) is Ricci-flat; if S(o) < 0 then the scale singularity set %(o) is
either empty or else is a smooth hypersurface, and (M ~ X(c),0~2g) is Einstein of negative
scalar curvature.

6.3. The relation to Poincaré-Einstein geometry. The case of an almost Einstein struc-
ture o = II() on (M™,¢) with S(o) = —1 and X(0) # 0 is closely related to the geometry of
Poincaré-Einstein spaces as follows. If g € ¢ is a metric on M, then the corresponding solution
s of (6) to o vanishes exactly on ¥(o) and we have ds # 0 for any p € 3(o). Hence the real
function s has positive and negative values on M. We set M (s) := {z € M|s(z) > 0}. By
construction, the space M (s) is a smooth manifold with boundary (o), for which s serves
as a defining function. The interior M, (s) of M (s) is the open subset of M, where s is
positive. Note that, since (Do, Do) = 1, we have |[grad?s|, = 1 on the hypersurface (o).
This shows that the metric g, = s~2g is asymptotically hyperbolic and, moreover, satisfies
Ric9+ = —(n — 1)g4+ on the interior M (s). Thus

(7) (M (s),9+)

is a Poincaré-Einstein space as introduced in Section 4. In case M is a closed space the
Poincaré-Einstein metric g+ on M, (s) is conformally compact. Note that the construction
can also be applied to the almost Einstein structure —s on (M, g). In general, the manifolds
M (s) and M, (—s) with metric g, = s~2g are not isometric, even not locally near the bound-
ary Y(o). In the following, if the Poincaré-Einstein metric g4 is even (at the hypersurface
singularity (o)), then we call the corresponding almost Einstein structure o and the parallel
standard tractor I = Do even as well.

6.4. Conformal holonomy. We remark here that almost Einstein structures can be de-
tected by conformal holonomy. In fact, let (M,c) be a connected conformal manifold, and
note that V on 7 over (M, c) admits a uniquely defined holonomy group, which we denote
by Hol(T) (cf. [20, 21, 2]). Since the tractor connection V is canonical, we call Hol(7T) the
conformal holonomy group of (M, c). In general, Hol(7T) is a subgroup of the structure group
O(1,n + 1) of 7, and Rb"*! is the standard representation space of Hol(7T). (Note that a
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concrete realisation of a representation of Hol(7) on RY"*! needs the choice of a tractor
frame at a point of M.) The conformal holonomy representation on R%"*! has the following
useful property, which is a direct consequence of the very definition of holonomy.

Lemma 6.3. Let (M™,c) be a conformal manifold of dimension n > 3 with conformal holo-
nomy group Hol(T). Let P(T) C I'(T) be the space of V-parallel standard tractors on (M,c),
and let Fiz(RY™" L) be the space of fived vectors under that action of Hol(T) on RY™ 1 (with
respect to the choice of some tractor frame). Then there exists a uniquely determined vector
space isomorphism

P(T) = Fiz(RMT),
I < v(I) .

In particular, Lemma 6.3 give rise to a 1-to-1 correspondence for almost Einstein structures
on (M, c) and the space Fiz(R""*1) <\ {0} of non-trivial Hol(7)-fixed vectors in R+,

6.5. An example. The Mdobius sphere LP" = (S, [g,q]), n > 3, is simply connected and
conformally flat. This implies that the conformal holonomy of LP" is trivial, and the space
P(T) of V-parallel standard tractors on LP™ has dimension N' = n + 2. There is a clear
geometric picture for the almost Einstein structures on the Mébius sphere LIP™ via the ambient
model (cf. e.g. [10]). We simply describe here a certain set of almost Einstein structure oy,
i =1,...,n+1, with negative scalar curvature S(o;) = —1 on the round sphere (S™, g,.4). For
this purpose, let S™ be embedded as the unit sphere in the Euclidean space R"*!. We denote
the standard coordinate functions on R"*! by (z!,...,2"*!), and by s;, i = 1,...,n+ 1, we
denote the restriction of 2’ to the sphere S™. One easily checks that every s;, i = 1,...,n+1,
is an almost Einstein structure on the round sphere (S, g.4), and the corresponding parallel
tractors I; = D9Id(s;) have norm —1 with respect the tractor metric (-,-)7. Obviously, the
singularity set ¥([;), ¢ = 1,...,n+ 1, is the equator, which is the intersection of S™ with the
hyperplane {z* = 0}. Then each metric si_2-grd, i=1,...,n+1, on S™ \ X([;) represents
two copies of the hyperbolic metric g, on H". Also note that, if 7 C {1,...,n+ 1} is any

—1
collection of £+1 indices {41, ..., 441}, then the metric <E§§S?j> “Grq ON S"\{E?iislzj =0}

is isometric to the product metric grg X g4 on S¢ x H**. This again demonstrates that the
sphere (S, [grq4]) is conformally equivalent to the collapsing ¢-sphere product of the hyperbolic

—n—/{

space H .

7. ALMOST EINSTEIN STRUCTURES ON DyM

In this section we describe characteristic properties of the S¢-doubling D;M of an asymp-
totically hyperbolic space. For example, the S¢-doubling DyM admits a natural action of the
orthogonal group O(¢ + 1) by conformal transformations. If M is a Poincaré-Einstein space,
the S%-doubling admits almost Einstein structures, whose scale singularities intersect at the
pole N,. The latter feature is explained by the conformal holonomy.

7.1. Special Einstein products. First, recall that in dimensions 1 and 2 a canonical tractor
connection (equivalently Cartan connection) is not determined locally by the conformal struc-
ture in the usual way. However, in [12] we describe a definition for 7 — M, dim(M) = 1,2,
and a connection V via a given Einstein metric on M. Note that in dimension 2 a metric
is Einstein if it has constant scalar curvature. In dimension 1 any metric is Einstein, by
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convention. In the construction of [12], the given Einstein metric on M is represented by a
V-parallel tractor I in I'(7). In both cases dim(M) = 1,2 the connection V is flat.

Next recall that (M x MJ?, g1 X g2), with n1,ng > 1 and nj +ng > 3, is a so-called special
Einstein product if (M;, g;), i = 1,2, is Einstein with corresponding Einstein tractor I; and
|I1]?> = —|I2]? # 0. The latter condition simply means that the relation ng(ng — 1)scal9t =
—nq(n1—1)scal9? # 0 holds for the scalar curvatures of the factors. By pull-back, we view each
of the tractor bundles 7;, for ¢ = 1,2, as bundles on the product M; x Ms. By ’Z;l, 1=1,2,
we denote the orthogonal complement to I; in 7; with respect to the tractor metric (-, ).
The tractor connection V on 7; restricts to a connection V¢, for i = 1,2, on the subbundle
T.-. We have the following general result for special Einstein products (cf. [20, 2, 12]).

Proposition 7.1. Let (My x Ma, g1 X g2) be a special Einstein product. We define T :=
Tt 0T, Vi=ViavVv?ad () = <',‘>T1J_ + (-,-}7—2¢. Then (T,{(-,)7,V) is the normal
standard tractor bundle with canonical metric and connection.

Note that this construction of 7 is also applicable for special Einstein products with n; < 2
or ng < 2 if we use the tractor bundles in low dimensions as mentioned above.

7.2. Multiple almost Einstein structures on D,M. Now let (MnH, g+) be an even
Poincaré-Einstein space of dimension n+1 > 1, and let Dy M be an S*-doubling with conformal
structure ¢g[g+] of dimension ny =n+ ¢+ 1> 3. We denote by Hol(T), P(T) and Hol,(T),
Po(T) the conformal holonomy group and the space of V-parallel tractors on (M, [¢g+]) and
(DyM ,colgy]), respectively. The dimension of P(7) is N > 1.

Theorem 7.2. Let (Hn+l,g+) be a connected even Poincaré-Einstein space with S*-doubling

D¢M of dimension ny > 3 and pole N, of codimension £+ 1. Then

(1) Holy(T) = Hol(T).

(2) Ewvery almost Einstein structure o = I(I), I # 0, on the bulk S* x M"™*1 extends
smoothly to D;M. If £ = 0 then every almost Einstein structure on M extends
smoothly to the doubling DyM .

(3) The space Pe(T) has dimension N + € and splits naturally into an orthogonal direct
sum Sy ® P, where Sy C Py(T) is Euclidean with dim(S;) = £+ 1, X(S¢) = N, and
o =1I(I) is even for every 0 # 1 € Sy.

The main ingredient for the proof of Theorem 7.2 is the following general result for the
holonomy group of a connection.

Lemma 7.3. Let V — M be a smooth vector bundle over a connected manifold M with
smooth connection D. Let N be a smooth submanifold of codimension k > 1 in M. Then the
holonomy groups of (V,D) on M and of the restriction (V,D)|pn on M ~ N (naturally)
coincide.

PRrROOF. First, note that, since the codimension of N in M is greater then 1, the set M ~ N
is a connected open dense submanifold of M. Moreover, any continuous path g : [0,1] — M
is homotopic to a continuous path 71 : [0,1] — M ~ N via a homotopy equivalence v : [0,1]? —
M, for which 74 is a path in M ~ N for any s € (0, 1]. Also note that the holonomy group of
(V,D) on M contains naturally the holonomy group of the restriction (V, D)y n. We want
to show that they coincide.

For this purpose, let us consider the holonomy algebra hol,((V, D)) of the restriction
at a base point p € M ~ N. We denote by £, , the set of continuous paths from ¢ to p in
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M. By qu we denote the subset of those paths in £, ,, which do not meet N. Due to the
classical holonomy theorem of Ambrose and Singer the holonomy algebra hol,((V, D)|r-n)

is spanned by the parallel translations of the curvature endomorphisms Ré) of D at any

q € M ~ N along some path of £~q7p. Note that the set Rjs v of curvature endomorphisms,
which spans hol,,((V, D)|a-v), is a closed subspace of gl(V).

Now, since for any path 9 a homotopy exists such that v, is a path in M ~ N for
all s € (0,1], and since the curvature R” is smooth and Ry is closed in gl(V), it
follows that the parallel translations of any curvature endomorphism R? , ¢ € M, along

some path of Lg, ~ £~q7p do not contribute any further element to Rj;.n. This proves
bol,(V, D) = hol,((V, D)|nm~n). In particular, the connected holonomy groups Holg(V, D)
and Holy((V, D)|ym~n) coincide. In fact, since any loop at p in M is homotopy equivalent
to a loop at p in M ~ N, it follows that the holonomy groups of (V,D) and (V,D)|ymn
coincide as well. O

PROOF OF THEOREM 7.2. (1) First, we assume ¢ > 0. Note that the holonomy group of
(T,V) on the round sphere S’ is trivial, and from Proposition 7.1, it follows directly that
the conformal holonomy group of the bulk S* x M of D,M is the product of the holonomy
groups of the factors (7;1, V%), i = 1,2. This shows that the conformal holonomy group of
the bulk S* x M is equal to the holonomy group Hol(7) of (T,V) on (M, gy ). However, the
pole N, in DyM has codimension £+ 1 > 1. Hence, application of Lemma 7.3 proves that
Hol(T) = Holy(T) for £ > 0. This identification is natural.

Note that for £ = 0 the bulk of the doubling DyM is disconnected. Hence an application
of Lemma 7.3 is not possible. Instead, we have the following argument. In Section 8 we will
see that DgM is naturally embedded in DM as the hypersurface singularity of an almost
Einstein structure. Moreover, note that the normal bundle of DoM in DM is trivial, by
construction. Then Theorem 4.5 of [10] states that in this situation the intrinsic tractor
parallel transport along curves in DyM coincides with the extrinsic tractor parallel transport
in D1 M. This fact implies that Holo(7) is naturally contained in Holi(7). Since M is an
open submanifold of DyM, it is also clear that Hol(7) is naturally contained in Holo(7).
Hence, with Hol(7T) = Holy(T), we obtain Hol(T) = Holy(T) as well.

(2) We prove this statement on the level of V-parallel standard tractors, i.e., we show
that any V-parallel tractor on the bulk extends smoothly to DyM. In fact, we have already
seen in the prove of statement (1) that the conformal holonomy group of the bulk S x M
naturally coincides with Holy(7). Thus we obtain via the natural vector space isomorphism
of Lemma 6.3 a natural isomorphism W : Py (7) = Py(7), where P (7) denotes the space
of V-parallel tractors on the bulk. By construction, this isomorphism has the property that
the restriction of W(I) € Py(T) to the bulk S* x M is I € P«(T) . In particular, the almost
Einstein structure II(¥ (7)) is a smooth extension of TI(I) to DyM for any 0 # I € Py (7).
For ¢ = 0 the same argument works if we consider one connected component M of S x M in
DoM.

(3) Let £ > 0. Note that, by construction, the conformal class ¢;[g4] restricted to the
bulk S¢ x M™*! of D,M is represented by the special Einstein product g,4 x g, i.e., by
Proposition 7.1, the tractor bundle 7 on S¢ x M™t1 splits into a direct sum 7 = ’1'1L ® 7-2J_
with connection V = V! @ V2. Then it is also clear that Py (7) splits into a direct orthogonal
sum PL @ P2, where PL = R denotes (the pull-back of) the space of V-parallel tractors
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in T(7;%) on (S%, g,q) and P2 denotes (the pull-back of) the V-parallel tractors in I'(Z3") on
(M, g+). Via the isomorphism ¥ we obtain the natural splitting P;* & Sy of Py(T ), where we
denote P := U(P2) and Sy := ¥(PL). The latter space has dimension ¢ + 1. In particular,
we see that dim(Py(T)) =N + L.

Let us to take a closer look at the parallel tractors in Sp. First, note that any non-trivial
I € Sy has negative scalar curvature S(I) < 0, i.e., S is an Euclidean subspace of Py(7") with
respect to the tractor metric. Then it follows from Theorem 5.2 in [22] that X(S,) is either
empty or a submanifold of codimension £+ 1 in DyM. Moreover, the proof of Theorem 5.2 in
[22] shows that 3(Sy) cannot lie in the bulk, i.e., ¥(S;) C N,. Next we describe the almost
Einstein structures, which correspond to the tractors in &, in explicit form near the pole IV,,.
This will show that X(S;) = N,,.

So let us consider S¢ as the unit sphere in R, We have shown at the end of Section 5
that the restriction s; for i = 1,...,¢+ 1 of the ith coordinate function on R‘*! is an almost
Einstein structure on the round unit sphere S. In fact, the corresponding V-parallel standard
tractors {I1,...,I;41} span P(T) of S¢. Via pull-back we can understand the I;’s and s;’s
as parallel tractors and almost Einstein structures on the bulk S¢ x M with metric g, X g4,
respectively. Now let r be any special defining function on an e-collar of the boundary N in
M. The special defining function r defines a chart with image B! x N around the pole N, of
DyM. We denote the standard coordinates of the e-ball Bf“ by (y',...,y1). The conformal
class ¢g[g1] on BEH x N is represented by (3) r2-(grq X g+) = dr? + r2g.q + gr, i.e., here the
rescaled functions r-s;, i = 1,...,¢+ 1, are almost Einstein structures. Note that 3* = r-s; for
i=1,...,0+1on (B~ {0}) x N. This shows that the coordinate function ¢’ is the almost
Einstein structure on Bf“ x N with metric dr? +1r2¢,q+ ¢,, which corresponds to V(L) eS
fori=1,...,0+ 1. With Theorem 5.2 of [22] we obtain X(Sy) = ﬂfiil Y(I;) = Np. Also note
that the map (y%,n) € B x N — (—y',n) € B! x N is an isometry of 72-(g,q x g4 ). This
proves that any almost Einstein structure o; = II([;), i = 1,...,¢ + 1, is even. Hence any
almost Einstein structure o = II(I), I € Sy, is even.

Finally, let £ = 0. In this case we know by (1) that the almost Einstein structures on M
correspond uniquely to the almost Einstein structures on DoM, i.e., dim(Po(7)) = N. The
natural splitting of Py (7’) is simply given by Sy := RI and Py = I+, where I is the V-parallel
tractor, which induces the Poincaré-Einstein metric g4 on M. By assumption, II(I) is even.
O

7.3. Two further properties. Theorem 7.2 establishes the existence of multiple almost
Einstein structures with intersecting scale singularities on the collapsing ¢-sphere product of
a Poincaré-Einstein space for £ > 0. In turn, we show in [22] that any closed Riemannian
conformal manifold admitting multiple almost Einstein structures has locally the form of
a collapsing f-sphere product near the intersecting scale singularities. Also note that by
Theorem 7.2 Dy;M has decomposable conformal holonomy if M is a Poincaré-Einstein space
(cf. [20, 2]). However, if the conformal holonomy Hol(7) of (M,gy) acts irreducibly on
the orthogonal complement of the Hol(7 )-fixed vector of the standard representation, which
corresponds to the Einstein metric g, then D,M is not (even locally) conformal to a special
Einstein product at the pole N,!

Finally, we observe that there is a natural action of the orthogonal group O(¢ + 1) on
the S%-doubling D,M of any asymptotically hyperbolic space (M, g, ). In fact, the standard
action v of O(¢ + 1) on the round sphere S¢ extends trivially to an action 4 on the product
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space S¢ x M, which is the bulk of D,/M. If we define 7|y, to be the trivial action of O(£+ 1)
on the pole N, of D,M, then 7¥|n, and 7 give rise to a smooth group action ¥ of O(£+1) on the
S*-doubling D;M. The action 4 on (DyM, cs[g+]) consists only of conformal transformations.
The quotient DyM /4 by this action is the smooth manifold M with boundary N. The
conformal action 7 plays a crucial role in the considerations of [22]. In case (M,g,) is a
Poincaré-Einstein space the action ¥ (restricted to the connected component SO(¢ + 1)) is
generated by the flow of those normal conformal Killing vector fields, which correspond to
the wedge products I A J of two Einstein tractors I, J € S (cf. [19]).

8. AN AMBIENT METRIC OF D,M

Let (DyM,celg+]) be the S-doubling of some even AH Einstein metric g.. We dis-
cuss in this section explicit constructions of a Poincaré-Einstein metric with conformal in-
finity (DyM,c[g+]) and a Fefferman-Graham ambient metric for the conformal manifold

(DM, cqlg]).

8.1. A Poincaré-Einstein metric for D;M. Let £ > 0 be arbitrary. The Euclidean space
R is naturally identified via the inclusion i with the hypersurface {zt? = 0} in R“*2. The
restriction of i to the unit ¢-sphere in R‘*! gives naturally rise to an embedding ¢ : S¢ — S+,
We observed already at the end of Section 3 that the inclusion ¢ induces a smooth embedding
tge+1 of the S*-doubling (D;M, ¢;[g4]) into the S*T'-doubling (Dy1 M, coy1[g4]) of an even
AH Einstein metric g;. In fact, on the bulk S* x M of (DyM, c[g+]) the embedding ts¢41 is
just given by ¢ X id|ps. On an e-tube around the pole N, of Dy M with respect to any special
defining function r of g4 the embedding ¢y 41 is given by

i xid|y: B x N — B2 x N .

Since ¢¢[g.] on the bulk S¢ x M is the conformal class of g,y x g4 and ¢ is an isometric
embedding, it is obvious that ¢y 4 is a conformal embedding of DyM into Dy M.

At the end of Section 5 we have discussed the almost Einstein structures on the sphere. Ob-
viously, there exists (up to a sign) a unique almost Einstein structure o495 on S*! with (scalar
curvature) S(oy4o) = —1 and scale singularity X(oy1o) = ¢(S%). The almost Einstein structure
0¢+2 gives naturally rise to an almost Einstein structure on the S“’l—doubling Dg+1M, which
we also denote by oo (cf. Theorem 7.2). By construction, the scale singularity ¥(cy12)
on Dy M is the image of the S‘-doubling D,M under tee+1- In particular, if g € cpy1(g4]

on Dg+1M and syyo corresponds to oyyo via g, then the space Dg+1H +(Sg+2) admits D, M
as its boundary (cf. (7)). The metric gp41 = s;fz-g on the interior (D1 M)y (spy2) is AH
Einstein. This proves that

(8) ( Dé+1M+(SZ+2) , gev1)

is a Poincaré-Einstein space with conformal infinity (DyM, c/[g+]). Note that the Poincaré-
Finstein metric ggy1 is even.

With respect to a special defining function r of g, = r~2(dr? + g,) the conformal infinity
celg4] of Doy M (se42) restricted to a tubular collar BEF! x N of the pole N, C DM is
represented by a metric gg = drg —H‘g 9rd+ gr, of the form (3), where 7, is the radial coordinate
on B! induced by r. The corresponding normal form of g, is then given by

(9) z 2 (d$2 + (d?“% + nggrd + gre+1(x))) )
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where z denotes the additional standard coordinate of the collar B2 x N of B! x N and
rep1(z) = /2 4+ 22 is the radial coordinate of BEF2 x N. Off the pole N, the conformal

infinity cg[g4] is represented by go = ¢rq X g+. The corresponding normal form of gy is
given on a collar of the bulk of DyM by

(10) o (d? 4 (1 22/0) gea + (14 27/0)" 0.

(cf. [11]).

8.2. An ambient metric for D,M. Next we recall the notion of ambient metric spaces
due to Fefferman and Graham (cf. [6]). Let (M™,[g]) be a Riemannian conformal manifold
with corresponding R -ray subbundle @ = M in S?T*M of conformally related metrics.
The bundle Q admits the Ry-action v(s)(z,g:) = (x,5%¢s), * € M. A manifold M of
dimension n 4+ 2 with a free Ri-action, which is also denote by 7, and an Ri-equivariant
embedding i : Q — M is called an ambient space of (M,[g]). We write X € X(M) for
the fundamental vector field generating the R -action, i.e., for f € C(M) and u € M we
have X f(u) = % f(y(e)u)|u=o. An ambient metric h is a pseudo-Riemannian metric on an

ambient space (M, 1) of signature (1,n + 1) such that

(i) the metric h is homogeneous of degree 2 with respect to the R -action 7, i.e., Lxh =
2h and X is a homothetic vector field.

(ii) For u = (z,9,) € Q and §,n € T,,Q, we have h(i.&,i.n) = gz (7, Te1).

The second condition implies that the tangent direction along the fibres of Q 5 M is null.
To simplify the notation we will usually identify Q with its image in M and suppress the
embedding map ¢. In order to link the geometry of the ambient manifold to the underlying
conformal structure on M one requires further conditions on h. A suitable condition is the
Ricci-flatness of h on M (at least up to a certain order of an expansion at Q; cf. [6]).

In [8] Fefferman and Graham pointed out that for any conformal manifold (NN, ¢) there ex-
ists a natural 1-to-1 correspondence between Ricci-flat ambient metrics h and even Poincaré-
Einstein metrics g4 (which have conformal infinity (N, ¢)). We briefly describe this correspon-
dence. Let gy = r~2(dr? + g.) be an even Poincaré-Einstein metric on some collar [0,¢) x N,
which is smooth up to the boundary N with conformal infinity ¢ = [go], where g, denotes
some l-parameter family of metrics with respect to a special defining function r. Then the
smooth metric

(11) h = 2pdt2 + Qtdtdp + t2gr(p)

on N := N x (0,00) x (—%, 52—2) with 7(p) = 1/2|p| is Ricci-flat and ambient for (N, c). Here
the coordinate t € (0,00) parametrises the fibre of the ray bundle @ — N and p is the
coordinate of a thickening interval. In turn, for p < 0 the Poincaré-Einstein metric g is
given by the restriction of the metric (11) to the hypersurface {—2pt?> = 1} in N. Note that
with s = rt and —2p = r? the metric (11) takes on the open subset {p < 0} C N the form

(12) —ds® + s%gy

i.e., the ambient metric h is (off the ray Q) a metric cone over the Poincaré-Einstein metric
g+-
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We can apply now the normal form (11) for ‘a Ricci-flat ambient metric directly to the even
Poincaré-Einstein metrics (9) and (10) of (D¢M, c¢[g+]). We obtain

(13) h = 2pdt® + 2tdtdp + t*(dr] + rigra + 9r())
with 7(p) = 1/72 + 2|p| around the pole N,, and moreover, we have
(14) h = 2pdt? + 2tdtdp + 2 (1 + p/2)%gra + (1 — p/2)%gs)

for the bulk of (DyM,cglgs]) (cf. [11]). This is a sufficient answer for an ambient metric of
(D¢M, colg+]). Note that (13) and (14) represent the same ambient metric off the pole N,,
i.e., (13) is a smooth extension of (14) over the pole. (Also note that the ambient metrics
of the form (13) are up to a Q-fixing diffeomorphism isometric for any two special defining
functions 71 and ro of (M,gy).) However, we also want to explain (13) and (14) from a
more geometric point of view. In fact, recall that we used in Section 5 the ambient space
REmetL of the Mdbius sphere in order to explain the smooth collapsing of (DgﬁnH, celg+))-
The following description generalises this picture.

First, we recall from [11] that the ambient metric (14) of the bulk, which is a special
Einstein product, is isometric to the product of cones of the factors (S%, g,q) and (M, g, ),
i.e., we have

(15) h = (dv2 +0%gra) X (—ds® + 5°g,)
via the coordinate change t = 22, p = 2(;::). We aim to extend the ambient metric (15)

smoothly to the pole IV, of DgM For this, let r be an arbitrary special defining function of
g+, which defines an e- collar around N. An ambient metric for the conformal boundary N
of (M,gy) is then given by (11) on N. Recall that (11) is a smooth extension of the metric
cone (12). Hence we set

(16) h = (dv?® +v%g.q) x (2pdt2 + 2tdtdp + tzgr(p))

on R x N, which is by construction a smooth and Ricci-flat extension of the ambient metric
(15) (resp. (14)).

We claim that (16) is an ambient metric on R“! x N for a tubular collar of the pole N, in
DyM. This is clear off the pole, where the ray bundle Q is given by the hypersurface {rt = v},
and the Euler vector X is vov+tdt. Obviously, the hypersurface {rt = v} and X = vdv+tot
are also smoothly defined over the pole N,. In fact, Q restricted to N, is the set {r,v = 0}
and the Euler vector X over N, is just t0t. Factoring Q = {rt = v} through the integral
curves of X then produces a smooth ny-dimensional manifold, which is diffeomorphic to the
collapsing f-sphere product of the collar [0,¢) x N in M, and the section in Q with t = 1
represents a smooth metric in the S*-doubling of g.. We conclude that (16) is a Ricci-flat
ambient metric for (DM, c[g+]) around the pole N, (which is by construction isometric to
(13)). Again, the ambient metrics of the form (16) are (up to a O-fixing diffeomorphism)
isometric for any two special defining functions 71 and ro of (M, g, ). In words, an ambient
metric (around the pole N,) for the St-doubling of an even AH Einstein metric is given by
the product of (the completion to the origin of) the cone over S* with an ambient metric of
the even boundary N.

Theorem 8.1. Let (Hn+l,g+) be an even AH Einstein space and (D¢M,colgs]) an S*-
doubling of g4 for some £ > 0. The S*-doubling D;M admits a Ricci-flat ambient metric h,
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which is given for the bulk of DyM by (14) (resp. (15)). Moreover, with respect to a special
defining function v (such that g, = r=2(dr®> + g,) forr < ¢)

(1) the ambient metric h is given on a tubular collar of the pole N, by (16) with r(p) =

VA

(2) Alternatively, h is given around the pole Ny by (13) with r(p) = \/r? + 2|p|.

9. THE POLE N, AS MINIMAL SUBMANIFOLD

Let (D¢M,ci[g4]), £ > 0, be the S*-doubling of an even asymptotically hyperbolic space
(M, g4+). We show in this section that the pole N, is a totally umbilic submanifold of DyM.
In fact, with respect to any normal form metric (3) in the conformal class ¢¢[g+] the pole N,
is minimal.

9.1. Total umbilicity and minimality. Let (M", g) be an arbitrary Riemannian manifold
and let N™, dim(N) = m > 0, be a submanifold of M with codimension s :=n—m > 0. The
restriction of the tangent bundle T'M to the submanifold N admits a natural g-orthogonal
decomposition into the tangential part TN with projection pr and the bundle TN of normal
vectors on N in M with projection pr. The restriction gy := g|rn is a Riemannian metric
on N, and the Levi-Civita connection VIV of gy is the tangential part of V9 (restricted to
tangent vector fields on N).

Definition 9.1. The second fundamental form of a submanifold N™ in (M,g) is given by
the normal part
IM(X,Y):=pr; oV%Y, X,Y € X(N),
of the Levi-Civita connection of g on M. The mean curvature of N in (M,g) is the trace
HY = Ltr, 119,
(1) If m > 1 and II9 has only a trace part, i.e., Il = H9 @ gy on N, then we call N a

totally umbilic submanifold of (M, g).
(2) If H9 =0 then N is called a minimal submanifold of (M, g).

Note that the property of total umbilicity for a submanifold N does not depend on the
metric in the conformal class of the ambient manifold (M, c), i.e., total umbilicity is a well
defined, invariant notion for submanifolds of a conformal manifold.

Theorem 9.2. Let (DyM,ci[gy]), £ > 0, be the S*-doubling of an even asymptotically hyper-
bolic metric g+ on the interior of a manifold M Then
(1) the pole N, is a totally umbilic submanifold of codimension £ + 1 in DeM (if n > 2).

(2) The pole is a minimal submanifold in DyM with respect to a metric of the form (3)
in celgq] (ifn=1).

Proor. With respect to any special defining function r on an e-collar of the boundary N
in (M, g.) we obtain a normal form metric (3) g = dr? + r2g,q + g, in c¢[g+] on a tubular
collar B! x N. Let n; := 02%, i = 1,...,£ + 1, denote the standard coordinate vectors of
the factor Bf“, and let e; := Oy’, i = 1,...,n, be some local coordinate vectors on N. Let
U : (z,y) — (—x,y) be the isometric involution on B! x N (due to the evenness of g, ). We
have

9g(Viejnk) = g(Wu(Vie;), Vulng)) = —g(Viej,ng) = 0
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for any 4,5 € {1,...,n}, k € {1,...,£+ 1}. This proves that N, is totally geodesic in DyM
with respect to the metric ¢ = dr? + r2¢g,q + g-. In particular, N, is totally umbilic in
(D¢M, cplg+]) and minimal with respect to g. O

In the following, we denote by W9 and CY the Weyl and Cotton tensor, respectively, of a
metric g € ¢¢[g4] on DeM. The restrictions of W9, C9 to the pole N, are denoted by Wy,
resp., C|n,. On the other hand, we have the (intrinsic) Weyl and Cotton tensor WNe and
CNr of the pole N,, respectively. The pole N,, admits further extrinsic curvature conditions
in (DyM,cylg+]) in case (M, g, ) is a Poincaré-Einstein space.

Theorem 9.3. Let N, be the pole of an S*-doubling (DM, cslg+]) for a Poincaré-Einstein
space (Hn+l,g+) withn > 3. Let g € colg+] be a metric, and let TN, be the normal bundle
of N in D¢M. Then
(1) n 1 W9 =0 for any normal vector n € T+N,,.
(2) If dim(M) > 5, thenn 1 C9 =0 for any n € TN,,.
(3) Whe = W9|Np and CNv = Cg|Np.
Theorem 9.3 follows directly from Theorem 8.5 of [22]. The proof relies essentially on the

fact that, if (MHH, g+) is Poincaré-Einstein, any unit normal vector on NN, in DyM with
metric g € ¢g[g+] is the gradient at N, of an almost Einstein structure on D,M!

9.2. Strong umbilicity. In [22] we have introduced the notion of a normal s-form tractor
Iy for any submanifold N™, m > 1, of codimension s > 0 in a conformal manifold (M, c).
The normal s-form tractor is by definition a section of the s-form tractor bundle A*7T of M
restricted to N. In case s = 1 the definition of Iy in [22] coincides with the classical definition
in [3] for the normal tractor of a hypersurface. With respect to a metric g € ¢ on the ambient
manifold M the normal s-form tractor Iy of a submanifold N is given by

0
(17) In == | wol(glpiy) 0 |,
HY 1 vol(glrry)
where vol(g| 7. ) denotes the volume form of the (oriented) normal bundle (TN, g) (cf. (34)

in [22]). (Note that the normal bundle 7N admits a local orientation in any case.)
If Iy is V-parallel along N with respect to the tractor connection V on (M, ¢), i.e.,

foNZO VXETN,

then we say N is a strongly umbilic submanifold of the conformal manifold (M, c). Let us set
K(X) =37 (X (v) + P9(X,n;))n; for X € TN with respect to g € ¢, where v; := g(HY,n;)
and {ni,...,ns} is some orthonormal basis of the normal bundle T+ N. We have shown in
[22] that N is strongly umbilic in (M, ¢) if and only if N is totally umbilic and

K(X) 1 vol(glpry) = 0
for any X € T'N with respect to g € c.

Theorem 9.4. Let N, be the pole of the S*-doubling (D¢M,ci[g4]), ¢ > 0, of an even
asymptotically hyperbolic space (Mn+1,g+), n > 1. Then N, is strongly umbilic in DyM.
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PRrROOF. Let g = dr? +r%g,q+ g, be a normal form metric (3) in ¢;[g,] on a tube B x N
of the pole N,. We know already that N, is minimal with respect to g. Hence, in order to
show strong umbilicity for the pole, it is sufficient to show Ric/(X,n) = 0 for any X € T'N,,
n € TLNp with respect to the normal form metric g.

So let n; := 0z%, i = 1,...,¢ + 1, denote the standard coordinate vectors of the factor
Bf“, and let e; := Jy’, i = 1,...,n, be some local coordinate vectors on N (as in the
proof of Theorem 9.2). Note that g(VZnj,ng) = 0 and Vi, ng = 0 on BE! x N for all

i€{l,...,n} and j,k € {1,...,¢ + 1}. Furthermore, we have VZe; = Ekfikjek + Xsbj;ns for

certain functions fi]} and bj; on B x N. The functions bj; are zero for r = 0. We obtain

9(VE,VZer,m) = 0 at the pole for all i,j,k € {1,...,n}, I € {1,...,£+ 1}. This shows
Ric9(X,n) = X;RI(X,ej,ei,n) =0 for any X € TNy, n € T-N,,. O
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