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Abstract

In this paper we combine the ideas of regression function estimation on one hand and

regularization by discretization on the other hand to a regularization method for linear ill-

posed problems with additive stochastic noise. A general convergence result is provided and

its assumptions are verified for the partitioning estimators and to some extent for kernel

estimators. As an example of an inverse problem we consider Volterra integral equations of

the first kind.

1 Introduction

Consider the inverse problem

Find f† such that Yi = (Kf†)(Xi) + ǫi (1)

with (X,Y ), (X1, Y1), . . . , (Xn, Yn) independent identically distributed (d+1)-dimensional random
vectors, the real random variables Yi and ǫi being square integrable, E{ǫi |Xi) = 0, and

K : H1 → H2

a linear bounded operator on appropriate function spaces, which is not boundedly invertible, so
that the inverse problem is ill-posed. This is equivalent to

Find f† such that Kf† = y, where y(x) = E{Y |X = x)

Local averaging nonparametric regression function estimates for y such as partitioning, nearest
neighbour or kernel estimates have the form

yn(x) =
n∑

i=1

Wh
n,i(x;X1, . . . ,Xn)Yi , (2)

with appropriate weights Wh
n,i(x;X1, . . . ,Xn). On the other hand, regularization by discretization

in image space (or self-regularization) of the deterministic inverse problem

Find f† such that Kf† = y

is based on solving the discretized operator equation

QhKf = Qhy (3)

in a best approximate sense, i.e.,
fh = (QhK)†Qhy

where a superscript † denotes the generalized inverse. The idea of this paper is to use the operator
Qh

n = Qh
n(X1, . . . ,Xn) defined by local averaging regression (2)

(Qh
ng)(x) =

n∑

i=1

Wh
n,i(x;X1, . . . ,Xn)g(Xi) , (4)

as a discretization operator in (3), i.e., to apply regularization by discretization in a stochastic
setting. Note that as opposed to, e.g., [4], the discretization operator itself is of stochastic nature,
due to its dependence on the random variables X1, . . . ,Xn appearing in the weights. Using a
regression estimate ŷh

n ∈ Y h
n , e.g., ŷh

n = yn according to (2), we arrive at an inversion method of
the form

f̂h
n = (Qh

nK)†ŷh
n .
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The aim of this paper is to show that under certain assumptions and with an appropriate choice
h = h(n), this is indeed a regularization method in the sense that

E{
∥
∥
∥f̂h(n)

n − f†
∥
∥
∥

2

H1

} → 0 as n → ∞ .

Here h is an abstract discretization parameter, which, e.g., can be interpreted as the bandwidth
of a kernel estimator or is used to parametrize the number lh of partition elements for a partitioning
estimator. In analogy to the deterministic case, where the regularization parameter has to be
chosen in dependence of the noise level, we will here select h as a function of n, where, sloppily
speaking, large n corresponds to small noise level. Note however, that even without an ill-posed
inverse problem in the background, a dependence h = h(n) is always required in regression function
estimation, as opposed to the deterministic setting. We will here see that for regression estimation
in inverse problem, this choice additionally has to take into account the degree of ill-posedness.

For a convergence analysis of classical methods such as Tikhonov regularization, spectral cutoff
and more general spectral theory based regularization methods for linear inverse problems with
random noise, we refer to the existing literature (see, e.g. [?, ?, ?, 4, ?, ?] and the references
therein). The aim of this paper is to consider possible regularizing effects for a class of methods
for nonparametric regression estimation – so originally for well-posed problems – and to contribute
to the analysis of such methods when applied in an appropriate manner to linear ill-posed operator
equations.

2 Convergence analysis

2.1 A general convergence result

Theorem 1. Let K : H1 → H2 be a bounded linear operator between the Hilbert spaces H1 and
H2, let f† solve Kf = y and let for all n ∈ IN, h > 0

• ŷh
n ∈ Y h

n ⊆ H3 be a regression estimate;

• Qh
n : H2 → H3 be a bounded linear operator;

• H̃1, H2 be possibly stochastically defined, (i.e., H̃1 = H̃h
n,1 H2 = Hh

n,2) Hilbert spaces;

and let the following assumptions hold:

∀n ∈ IN, h > 0 ∃βh
n > 0 : E{

∥
∥ŷh

n − Qh
ny
∥
∥

2

H3
} ≤ βh

n (5)

∀n ∈ IN, h > 0 ∃Ch
n > 0 : P{

∥
∥
∥(Qh

nK)†|Ỹ h
n

∥
∥
∥

H3→H̃1

≤ Ch
n} = 1 (6)

∀(fh
n )n∈IN,h>0 , fh

n ∈ (Qh
nK)†Ỹ h

n :

lim sup
h→0

n→∞

E{
∥
∥fh

n

∥
∥

2

H̃1
}

h→0
n→∞−→ 0 ⇒ lim sup

h→0
n→∞

E{
∥
∥fh

n

∥
∥

2

H1
}

h→0
n→∞−→ 0 (7)

where Ỹ h
n = Y h

n + R(Qh
n). Moreover, define

f̂h
n = (Qh

nK)†ŷh
n ,

and let h(n) be chosen such that
Ch(n)

n βh(n)
n → 0 , (8)

and

E{
∥
∥
∥(id − ProjH1

N (Q
h(n)
n K)⊥

)f†
∥
∥
∥

2

H1

} n→∞−→ 0 . (9)

Then

E{
∥
∥
∥f̂h(n)

n − f†
∥
∥
∥

2

H1

} → 0 as n → ∞ .
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Proof. The assertion follows immediately from the error decomposition

f̂h(n)
n − f† = (Qh(n)

n K)†Qh(n)
n Kf† − f† + (Qh(n)

n K)†(ŷh(n)
n − Qh(n)

n y)

= −(id − ProjH1

N (Q
h(n)
n K)⊥

)f† + (Qh(n)
n K)†(ŷh(n)

n − Qh(n)
n y)

by applying (9) to the first term on the right hand side and (5), (6), (8) as well as (7) to the
second term on the right hand side.

2.2 The approximation error

We first of all derive a sufficient condition for

E{
∥
∥
∥(id − ProjH1

N (Qh
nK)⊥

)f†
∥
∥
∥

2

H1

} h→0,n→∞−→ 0 (10)

via pointwise convergence of the adjoint of Qh
n, without any assumption on the distribution of X.

If H2 ⊆ H3, then for arbitrary ε > 0 we have by f† ∈ N (K)⊥ = R(K∗) existence of a
vε ∈ H2 = H2 ∩ H3 such that

‖f† − K∗vε‖H1
< ε . (11)

Therewith, due to ‖I − ProjH1

N (Qh
nK)⊥

‖H1→H1
= 1 we get

‖(I − ProjH1

N (Qh
nK)⊥

)f†‖H1

≤ ε + ‖(I − ProjH1

N (Qh
nK)⊥

)K∗vε‖H1

= ε + inf{‖K∗vε − z‖H1
| z ∈ N (Qh

nK)⊥ = R(K∗Qh
n
∗
)}

≤ ε + inf{‖K∗vε − z‖H1
| z ∈ R(K∗Qh

n

∗
)}

= ε + inf{‖K∗vε − K∗w‖H1
| w ∈ R(Qh

n

∗
)}

≤ ε + ‖K∗‖H2→H1
inf{‖vε − w‖H2

| w ∈ R(Qh
n

∗
)}

≤ ε + ‖K‖H1→H2
‖vε − Qh

n

∗
vε‖H2

,

which by the presumed boundedness of K as an operator from H1 to H2, yields convergence of
the approximation error (10) provided that

∀v ∈ H2 ∩ H3 : E{‖v − Qh
n

∗
v‖2

H2
} → 0 as h → 0 n → ∞ . (12)

More generally, if there exists a Banach space B ⊆ H2 ∩ H3 with B dense in H2, then a similar
argument shows that (12) is sufficient for (10). Namely, then for arbitrary ε > 0 we have by
f† ∈ N (K)⊥ = R(K∗) and boundedness of K∗ : H2 → H1 existence of ṽε ∈ H2 vε ∈ B ⊆ H2∩H3,
such that ‖f† − K∗ṽε‖H1

< ε
2 and ‖ṽε − vε‖H2

< ε
2‖K∗‖H2→H1

, hence (11).

We therefore state an auxiliary result for the adjoint of Qh
n:

Lemma 1. Let the spaces H2, H3 be defined by

H2 = L2
µ′′ , H3 = L2

µ (13)

with µ the distribution of Xi and µ′′ the empirical measure corresponding to X1, . . . ,Xn, namely
such that

1

n

n∑

i=1

f(Xi) =

∫

f(s)µ′′(ds) .

Moreover, let Qh
n be given by (4) with the weights satisfying

Wh
n,i(x;x1, . . . , xn) = Fh

n (x, xi, ~Nh
n (x, x1, . . . xn)) (14)

7



with
Fh

n : IRd × IRd × IRrh → IR , ~Nh
n : (IRd)n+1 → IRrh

.

Then

Qh
n

∗
: H3 → H2 ,

(Qh
n

∗
z)(s) = n

∫

Fh
n (x, s, ~Nh

n (x,X1, . . . Xn))z(x)µ(dx) . (15)

Proof. For any w ∈ H2, z ∈ H3, we have

〈Qh
nw, z〉H3

=

∫ n∑

i=1

Wh
n,i(x;X1, . . . ,Xn)w(Xi)z(x)µ(dx)

=

∫ n∑

i=1

Fh
n (x,Xi, ~Nh

n (x,X1, . . . ,Xn))w(Xi)z(x)µ(dx)

=

∫

n

∫

Fh
n (x, s, ~Nh

n (x,X1, . . . ,Xn))w(s)z(x)µ′′(ds)µ(dx)

= 〈w,Qh
n

∗
z〉H2

.

Remark 1. It is readily checked that the assumptions of Lemma 1 hold for the following local
averaging regression function estimators:

• partitioning estimator:

Wh
n,i(X;X1, . . . ,Xn) =

lh∑

j=1

I{Xi∈Ah
j
}

∑n
l=1 I{Xl∈Ah

j
}

I{X∈Ah
j
} (16)

where 0
0 := 0 and (Ph)h>0 is a family of partitions of IRd, Ph = {Ah

1 , Ah
2 , . . .};

rh = lh ≤ ∞ , ~Nh
n,j(x, x1, . . . , xn) =

n∑

m=1

I{xm∈Ah
j
} , j = 1, . . . lh ,

Fh
n (x, s, ~z) =

lh∑

j=1

I{s∈Ah
j
}

zj
I{x∈Ah

j
} ,

with lh the number of partitioning elements Ah
j . In the special case of a cubic partition (i.e.,

of the Ah
j being d-dimensional hypercubes) the quantity h = h(n) is just the side length of a

cube.

• kernel estimator

Wh
n,i(X;X1, . . . ,Xn) =

K(X−Xi

h )
∑n

l=1 K(X−Xl

h )

where K : IRd → IR is a kernel function, and h = h(n) is the bandwidth;

rh = 1 , Nh
n (x, x1, . . . , xn) =

n∑

l=1

K(x−xl

h ) ,

Fh
n (x, s, z) =

K(x−s
h )

z
.

8



• kh-nearest-neighbor estimator:

Wh
n,i(X,X1, . . . ,Xn) =

1

kh
I{Xi∈B

Nh
n(X,X1,...,Xn)

(X)}

where BR(x) denotes the ball of radius R around the point x, and h = h(n) = kh

n ;

rh = 1 , Nh
n (x, x1, . . . , xn) = min

{m1,...,m
kh}⊆{1,...,n}

max
j∈{1,...kh}

|xmj
− x| ,

Fh
n (x, s, z) =

1

kh
I{s∈Bz(x)} ,

usually under the assumption that equal distances, so-called ties, appear with probability zero
(cf. [2], pp 86,87).

Note that in each of these cases the value of ~Nh
n is invariant under permutations of the last n

arguments:

∀(x, x1, . . . , xn) ∈ (IRd)n+1 ∀π : {1, . . . , n} → {1, . . . , n} bijective :

~Nh
n (x, xπ(1), . . . , xπ(n)) = ~Nh

n (x, x1, . . . , xn) . (17)

To obtain (12), we proceed similary to the proof of Stone’s theorem, see Theorem 4.1 of [2].

Lemma 2. Let H2, H3 be defined as in (13). Then for any v ∈ H2

E{‖v − Qh
n

∗
v‖2

H2
} ≤ 2J∗

n + 2L∗
n (18)

with

J∗
n = E{ 1

n

n∑

i=1

(

n

∫

Wh
n,i(x;X1, . . . ,Xn) [v(Xi) − v(x)] µ(dx)

)2

}

= n2E{
(∫

Wh
n,1(x;X1, . . . ,Xn) [v(X1) − v(x)] µ(dx)

)2

} , (19)

L∗
n = E{ 1

n

n∑

i=1

([

1 − n

∫

Wh
n,i(x;X1, . . . ,Xn)µ(dx)

]

v(Xi)

)2

}

= E{v(X1)
2

[

1 − n

∫

Wh
n,1(x;X1, . . . ,Xn)µ(dx)

]2

} . (20)

Proof.

E{‖v − Qh
n

∗
v‖2

H2
}

= E{
∫

(v(s) − (Qh
n

∗
v)(s))2 µ′′(ds)}

= E{ 1

n

n∑

i=1

(v(Xi) − (Qh
n

∗
v)(Xi))

2}

= E{ 1

n

n∑

i=1

(

v(Xi) − n

∫

Fh
n (x,Xi, ~Nh

n (x,X1, . . . Xn))v(x)µ(dx)

)2

}

= E{ 1

n

n∑

i=1

(

v(Xi) − n

∫

Wh
n,i(x;X1, . . . ,Xn)v(x)µ(dx)

)2

} .

9



We now prove convergence to zero of the terms J∗
n, L∗

n for the partitioning estimator (16)
without any assumption on the distribution of X. For this purpose, we denote by Ah(x) the
partition element containing the point x and make use of the notation

Wh
n,i(X;X1, . . . ,Xn) =

I{Xi∈Ah(X)}

1 +
∑n

m=1
m 6=i

I{Xm∈Ah(X)}
. (21)

Lemma 3. Let (Ph(n))n∈IN be a sequence of partitions of IRd, i.e., Ph(n) = {Ah(n)
1 , A

h(n)
2 , . . .}

such that for each sphere S centered at the origin

max
j : A

h(n)
j

∩S 6=∅

diam(A
h(n)
j ) → 0 as n → ∞ (22)

and
|{j : A

h(n)
j ∩ S 6= ∅}|

n
→ 0 as n → ∞ . (23)

Then
J∗

n → 0 and L∗
n → 0 as n → ∞ .

For the proof we need two auxiliary results.

Lemma 4. Let the random variable Z be binomially distributed with parameters n and p. Then

E

{
1

(1 + Z)2

}

≤ min

{
2

(n + 1)2p2
,

1

(n + 1)2p2
+

3

(n + 1)3p3

}

.

Proof.

E

{
1

(1 + Z)2

}

=

n∑

k=0

1

(1 + k)2

(n

k

)

pk(1 − p)n−k

≤ 2

n∑

k=0

1

(k + 1)(k + 2)

(n

k

)

pk(1 − p)n−k

= 2
1

(n + 1)(n + 2)

n∑

k=0

(
n + 2

k + 2

)

pk(1 − p)n−k

= 2
1

(n + 1)(n + 2)p2

n∑

l=2

(
n + 2

l

)

pl(1 − p)n+2−l

≤ 2

(n + 1)2p2

and by the decomposition

1

(k + 1)2
=

1

(k + 1)(k + 2)
+

1

(k + 1)2(k + 2)

≤ 1

(k + 1)(k + 2)
+

3

(k + 1)(k + 2)(k + 3)
,

similarly

E

{
1

(1 + Z)2

}

≤
n∑

k=0

1

(k + 1)(k + 2)

(n

k

)

pk(1 − p)n−k

10



+

n∑

k=0

3

(k + 1)(k + 2)(k + 3)

(n

k

)

pk(1 − p)n−k

=
1

(n + 1)(n + 2)

n∑

k=0

(
n + 2

k + 2

)

pk(1 − p)n−k

+
3

(n + 1)(n + 2)(n + 3)

n∑

k=0

(
n + 3

k + 3

)

pk(1 − p)n−k

≤ 1

(n + 1)2p2
+

3

(n + 1)3p3
.

Lemma 5. Let (Ph)h>0 be a family of partitions of IRd, denote by Ah(x) the partition element
containing the point x and let Wh

n,i(X;X1, . . . ,Xn) according to (21) be the weight of the corre-
sponding partitioning estimate.

Then for any measurable w : IRd × IRd → IR+

E

{(∫

Wh
n,i(x;X1, . . . ,Xn)w(x,X1)µ(dx)

)2
}

≤
∫

min

{

2

n2
,

1

n2
+

3

n3µ(Ah
j )

}(∫

Ah(t)
w(x, t)µ(dx)

µ(Ah(t))

)2

µ(dt) .

Proof.

E

{(∫

Wh
n,1(x;X1, . . . ,Xn)w(x,X1)µ(dx)

)2
}

= E

{∫
I{X1∈Ah(x)}

1 +
∑n

m=2 I{Xm∈Ah(x)}
w(x,X1)µ(dx)

∫
I{X1∈Ah(z)}

1 +
∑n

m=2 I{Xm∈Ah(z)}
w(z,X1)µ(dz)

}

=

∫ (∫ ∫

I{t∈Ah(x)}I{t∈Ah(z)}w(x, t)w(z, t)

E

{
1

1 +
∑n

m=2 I{Xm∈Ah(x)}

1

1 +
∑n

m=2 I{Xm∈Ah(z)}

}

µ(dx)µ(dz)) µ(dt)

≤
∫ (∫ ∫

I{t∈Ah(x)}I{t∈Ah(z)}w(x, t)w(z, t)

√

E

{
1

(1 +
∑n

m=2 I{Xm∈Ah(x)})2

}

√

E

{
1

(1 +
∑n

m=2 I{Xm∈Ah(z)})2

}

µ(dx)µ(dz)

)

µ(dt)

=

∫
(
∫

I{t∈Ah(x)}w(x, t)

√

E

{
1

(1 +
∑n

m=2 I{Xm∈Ah(x)})2

}

µ(dx)

)2

µ(dt)

≤
∫ (∫

I{t∈Ah(x)}w(x, t)

11



√

min

{
2

n2µ(Ah(x))2
,

1

n2µ(Ah(x))2
+

3

n3µ(Ah(x))3

}

µ(dx)

)2

µ(dt)

(24)

=

∫

min

{
2

n2
,

1

n2
+

3

n3µ(Ah(t))

}(∫

Ah(t)
w(x, t)µ(dx)

µ(Ah(t))

)2

µ(dt) ,

where we have used independence in the third line, the Cauchy-Schwarz inequality in the fourth
line, and Lemma 4 together with the fact that

∑n
m=2 I{Xm∈Ah(x)} is b(n−1, µ(Ah(x))) distributed,

in the sixth line.

Proof. (Lemma 3) Let ε > 0 be arbitrary. According to Theorem A.1 in [2] we choose a uniformly
continuous compactly supported function ṽ such that

∫
|v(x) − ṽ(x)|2µ(dx) < ε. Therewith,

J∗
n ≤ 3n2E{

(∫

Wh
n,1(x;X1, . . . ,Xn) [v(X1) − ṽ(X1)] µ(dx)

)2

}

+3n2E{
(∫

Wh
n,1(x;X1, . . . ,Xn) [ṽ(X1) − ṽ(x)] µ(dx)

)2

}

+3n2E{
(∫

Wh
n,1(x;X1, . . . ,Xn) [ṽ(x) − v(x)] µ(dx)

)2

}

= 3Jn,1 + 3Jn,2 + 3Jn,3 ,

with h = h(n), where due to Lemma 5

Jn,1 ≤ 2

∫

|v(t) − ṽ(t)|2
(

µ(Ah(t))

µ(Ah(t))

)2

≤ 2ε ,

since µ(Ah(t))
µ(Ah(t))

=

{
0 if µ(Ah(t)) = 0
1 else

and

Jn,2 ≤ 2

∫

S∗

(∫

Ah(t)
|ṽ(x) − ṽ(t)|µ(dx)

µ(Ah(t))

)2

µ(dt) ,

with suitable compact set S∗, where the integrand is bounded by 4(maxt∈IRd |ṽ(t)|) and goes
to zero as n → ∞, since ṽ is uniformly continuous and (22) is assumed. Hence by Lebesgue’s
Dominated Convergence Theorem, Jn,2 → 0 as n → ∞. By Lemma 5 and the Cauchy-Schwarz
inequality we get

Jn,3 ≤ 2

∫
(∫

Ah(t)
|ṽ(x) − v(x)|µ(dx)

µ(Ah(t))

)2

µ(dt)

≤ 2

∫ µ(Ah(t))
∫

Ah(t)
|ṽ(x) − v(x)|2µ(dx)

µ(Ah(t))2
µ(dt)

= 2

∫ ∫
IAh(t)(x)|ṽ(x) − v(x)|2µ(dx)

µ(Ah(t))
µ(dt)

= 2

∫

|ṽ(x) − v(x)|2
[∫

IAh(x)(t)

µ(Ah(t))
µ(dt)

]

µ(dx)

= 2

∫

|ṽ(x) − v(x)|2
∫

IAh(x)(t)µ(dt)

µ(Ah(x))
µ(dx)

≤ 2

∫

|ṽ(x) − v(x)|2µ(dx)

≤ 2ε .

12



With ṽ as above we obtain

L∗
n ≤ 2E{(v(X1) − ṽ(X1))

2

[

1 − n

∫

Wh
n,1(x;X1,X2, . . . ,Xn)µ(dx)

]2

}

+2E{ṽ(X1)
2

[

1 − n

∫

Wh
n,1(x;X1,X2, . . . ,Xn)µ(dx)

]2

}

= 2L′
n + 2L′′

n

with h = h(n), where by Lemma 5

L′
n ≤ 2E{(v(X1) − ṽ(X1))

2} + 2n2E{(v(X1) − ṽ(X1))
2

[∫

Wh
n,1(x;X1,X2, . . . ,Xn)µ(dx)

]2

}

≤ 2ε + 4

∫

(v(t) − ṽ(t))2

(∫

Ah(t)
µ(dx)

µ(Ah(t))

)2

µ(dt)

≤ 6ε .

Further,

L′′
n =

∫

ṽ(t)2µ(dt)

−2n

∫

ṽ(t)2E{
∫

Wh
n,1(x; t,X2, . . . ,Xn)µ(dx)}µ(dt)

+n2

∫

ṽ(t)2E{
[∫

Wh
n,1(x; t,X2, . . . ,Xn)µ(dx)

]2

}µ(dt) ,

where, by Jensen’s inequality, for all t ∈ IRd

nE{
∫

Wh
n,1(x; t,X2, . . . ,Xn)µ(dx)}

= nE{
∫

IAh(t)(x)

1 +
∑n

m=2 IAh(x)(Xm)
µ(dx)}

≥ n

∫
IAh(t)(x)

1 + E{∑n
m=2 IAh(x)(Xm)} µ(dx)

= n

∫
IAh(t)(x)

1 + (n − 1)µ(Ah(x))
µ(dx)

= n

∫
IAh(t)(x)

1 + (n − 1)µ(Ah(t))
µ(dx) (25)

≥ nµ(Ah(t))

1 + nµ(Ah(t))

= 1 − 1

1 + nµ(Ah(t))

and, by Lemma 5,

n2

∫

ṽ(t)2E{
[∫

Wh
n,1(x; t,X2, . . . ,Xn)µ(dx)

]2

}µ(dt)

≤
∫ (

1 +
3

nµ(Ah(t))

)(∫

Ah(t)
µ(dx)

µ(Ah(t))

)2

ṽ(t)2µ(dt)

≤
∫

ṽ(t)2µ(dt) +
3

n

∫
ṽ(t)2

µ(Ah(t))
µ(dt) .

13



Thus, the terms of the form
∫

ṽ(t)2µ(dt) in L′′
n cancel out and with suitable compact set S∗,

L′′
n ≤ 2

∫

S∗

1

1 + nµ(Ah(t))
ṽ(t)2µ(dt) + 3

∫

S∗

1

nµ(Ah(t))
ṽ(t)2µ(dt)

≤ 5maxs∈S∗ ṽ(s)2

n

∫

S∗

1

µ(Ah(t))
µ(dt)

≤ 5maxs∈S∗ ṽ(s)2

n

∑

j : A
h(n)
j

∩S∗ 6=∅

µ(A
h(n)
j )

µ(A
h(n)
j )

≤ 5 max
s∈S∗

ṽ(s)2
|{j : A

h(n)
j ∩ S∗ 6= ∅}|

n
→ 0 as n → ∞ . (26)

by (23).
Therefore L∗

n → 0 as n → ∞.

Remark 2. An analogous result to Lemma 3 can be proven for the kernel estimator with K = IS0,1
,

replacing Ah(x) by x + hS0,1 as follows: Note that the analoga of (24), (25) need not be valid any
more, however, the limit (26) can be carried over according to (5.1) on page 76 of [2] under the
assumption nh(n)d → ∞ as n → ∞. In the special case µ = const.λ (λ Lebesgue-Borel measure
on [0, T ]d, see also Corollary 1 below) equations (24), (25) hold due to the translation invariance
of λ.

2.3 Convergence rates for ŷ
h

n

Lemma 6. Assume that
∀x ∈ IRd : V ar{Y |X = x} ≤ σ2 .

Then for ŷh
n = yn according to (2) with (16) and lh < ∞

∀n ∈ IN, h > 0 ∃βh
n > 0 : E{

∥
∥ŷh

n − Qh
ny
∥
∥

2

H3
} ≤ βh

n (27)

holds with

βh
n = 2σ2 lh

n

Proof. The proof follows along the lines of part of the proof of Theorem 4.3 in [2], see the estimate
of the term E{

∫
(mn(x) − m̂n(x))2µ(dx)} on pages 65, 66.

Note that similar results can also be obtained for the kernel and the nearest neighbour estimate,
see, Theorems 5.2, 6.2 in [2].

2.4 Stability estimates

Estimates of the form

∀n ∈ IN, h > 0 ∃Ch
n > 0 : P{

∥
∥(Qh

nK)†|Y h
n +R(Qh

n)

∥
∥

H3→H̃1
≤ Ch

n} = 1 (28)

heavily depend on the degree of illposedness of the operator equation Kf = y and its interplay
with the discretization operator Qh

n and are therefore problem-dependent. We here consider first
kind Volterra integral equations

∫ t

0

k(t, τ)f(τ) dτ = y(t) , t ∈ (0, T ) .

since on one hand they appear in a wide range of applications, on the other hand their degree of ill-
posedness can be specified in a precise and clear manner via the concept of k-smoothing Volterra

14



operators. Namely, k-fold differentiation of a first kind integral equation with a k-smoothing
Volterra operator leads to a well posed second kind Volterra equation, hence an integral equation
with a k-smoothing Volterra operator is k times as ill-posed as numerical differentiation. We will
here only describe the case k = 1 in detail, since the generalization to k > 1 is quite obvious. More
precisely, let K be defined by

(Kf)(t) =

∫ t

0

k(t, τ)f(τ) dτ . (29)

with
|k(t, t)| ≥ γ > 0 ∀t ∈ (0, T ) , (30)

and a sufficiently smooth kernel
k ∈ L∞(0, T ;L2(0, T )) . (31)

Also, let
H1 = L2(0, T ) (32)

and let the spaces H2, H3 be defined as in (13). The norm ‖·‖H̃1
to be defined in Proposition 1

below will be an approximation of ‖·‖H1
in the sense of (7), see Lemma 8.

Moroever, consider again the partitioning estimator for defining Qh
n, i.e., we use (4) with

Wh
n,i(X;X1, . . . ,Xn) =

lh∑

j=1

I{Xi∈Ah
j
}

∑n
m=1 I{Xm∈Ah

j
}

I{X∈Ah
j
} .

Boundedness of K : H1 → H2 can be seen as follows:

‖Kf‖2
H2

=
1

n

n∑

i=1

(
∫ Xi

0

k(Xi, τ)f(τ) dτ

)2

≤ 1

n

n∑

i=1

∫ Xi

0

(k(Xi, τ))2 dτ

∫ Xi

0

(f(τ))2 dτ

≤ ‖k‖L∞(0,T ;L2(0,T )) ‖f‖
2
L2(0,T ) .

Due to the estimate

∥
∥
∥(Qh

nK)†|Ỹ h
n

∥
∥
∥

H3→H̃1

= sup
q∈Ỹ h

n , q 6=0

∥
∥(Qh

nK)†q
∥
∥

H̃1

‖q‖H3

= sup
q∈Ỹ h

n , q 6=0

∥
∥(Qh

nK)†q
∥
∥

H̃1
√∥
∥
∥ProjH3

R(Qh
nK)

q
∥
∥
∥

2

H3

+
∥
∥
∥ProjH3

R(Qh
nK)⊥

q
∥
∥
∥

2

H3

≤ sup
f∈(Qh

nK)†Ỹ h
n , f 6=0

‖f‖H̃1

‖Qh
nKf‖H3

,

where we have used ProjH3

R(Qh
nK)

= (Qh
nK)(Qh

nK)†, we can derive

∀n ∈ IN, h > 0 ∃Ch
n > 0 ∀f ∈ (Qh

nK)†Ỹ h
n :

P{Ch
n

∥
∥Qh

nKf
∥
∥

H3
≥ ‖f‖H̃1

} = 1 (33)

as a sufficient condition for (28).
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Proposition 1. Define

‖f‖2
H̃1

:=

lh∑

j=1

(

1

ĉh
n,j

n∑

i=1

wh
n,i,j

∫ Xi

0

k(Xi, τ)f(τ) dτ

− 1

ĉh
n,j−1

n∑

ν=1

wh
n,ν,j−1

∫ Xν

0

k(Xν , τ)f(τ) dτ

)2

(34)

with the abbreviation

wh
n,i,j =

I{Xi∈Ah
j
}

∑n
m=1 I{Xm∈Ah

j
}

, ĉh
n,j =

√

µ(Ah
j )
(
1 − (1 − µ(Ah

j ))n
)

, j ∈ {1, . . . , lh}

(note that
∑n

i=1 wh
n,i,j = 1 and

∑lh

j=1 wh
n,i,jI{X∈Ah

j
} = Wh

n,i(X;X1, . . . ,Xn)).

Then (33) and therewith (28) holds with

Ch
n =

1

mink∈{1,...,lh} ĉn,k

√

µ(Ah
k)

C̃h , (35)

where

C̃h =

√
√
√
√
√

lh∑

j=1





lh∏

k=j+1

(1 +
√

k − 1)





2

. (36)

Here, ĉh
n,k ≥ ĉh

k := (1 − e−α)
√

µ(Ah
k) and

Ch
n ≤ Ch :=

1

(1 − e−α)mink∈{1,...,lh} µ(Ah
k)

C̃h

if h = h(n) is chosen such that mink∈{1,...,lh} µ(Ah
k) ≥ α

n for some α > 0, which is, e.g., the case
under condition

∀x ∈ IRd : nµ(Ah(n)(x)) → ∞ as n → ∞ .

Proof. We get

∥
∥Qh

nKf
∥
∥

2

H3
=

∫




n∑

i=1

lh∑

j=1

I{Xi∈Ah
j
}

∑n
m=1 I{Xm∈Ah

j
}

I{x∈Ah
j
}

∫ Xi

0

k(Xi, τ)f(τ) dτ





2

µ(dx)

=
lh∑

k=1

∫

Ah
k





n∑

i=1

lh∑

j=1

wh
n,i,jI{x∈Ah

k
}

∫ Xi

0

k(Xi, τ)f(τ) dτ





2

µ(dx)

=

lh∑

k=1

µ(Ah
k)

(
n∑

i=1

wh
n,i,k

∫ Xi

0

k(Xi, τ)f(τ) dτ

)2

.

Denoting

ξj =
1

ĉh
n,j

n∑

i=1

wh
n,i,j

∫ Xi

0

k(Xi, τ)f(τ) dτ − 1

ĉh
n,j−1

n∑

ν=1

wh
n,ν,j−1

∫ Xν

0

k(Xν , τ)f(τ) dτ

j ∈ {2, . . . , lh} (37)

ξ1 =
1

ĉn,1

n∑

i=1

wh
n,i,1

∫ Xi

0

k(Xi, τ)f(τ) dτ

16



we obviously have

ξj = −
j−1
∑

k=1

ξk +
1

ĉh
n,j

n∑

i=1

wh
n,i,j

∫ Xi

0

k(Xi, τ)f(τ) dτ .

Applying the simple estimate (that can be shown by induction)

(

∀j ∈ {1, . . . , lh} : ζj ≤
j−1
∑

k=1

ζk + Bk

)

⇒
(

∀j ∈ {1, . . . , lh} : |~ζ|2l2 ≤ (C̃h)2| ~B|2l2
)

to ζj = |ξj |, Bj = | 1
ĉh

n,j

∑n
i=1 wh

n,i,j

∫Xi

0
k(Xi, τ)f(τ) dτ |, we get

‖f‖2
H̃1

= |~ξ|2l2 ≤ (Ch
n)2

∥
∥Qh

nKf
∥
∥

2

H3
.

Lemma 7.

E{wh
n,i,jg(Xi)}

=
1

nµ(Ah
j )

(
1 − (1 − µ(Ah

j ))n
)
∫

Ah
j

g(t)µ(dt) .

Proof. By the identity

I{Xi∈Ah
j
}

∑n
m=1 I{Xm∈Ah

j
}

=
1

1 +
∑n

m=1,m 6=i I{Xm∈Ah
j
}

I{Xi∈Ah
j
} ,

that can be obtained by distinction between the cases Xi ∈ Ah
j and Xi 6∈ Ah

j , we get that

wh
n,i,jg(Xi) =

1

1 +
∑n

m=1,m 6=i I{Xm∈Ah
j
}

︸ ︷︷ ︸

=a(Xm : m 6=i)

I{Xi∈Ah
j
}g(Xi)

︸ ︷︷ ︸

=b(Xi)

,

hence by independence

E{wh
n,i,jg(Xi)} = E{a(Xm : m 6= i)}E{b(Xi)}

where

E{a(Xm : m 6= i)} =
1

nµ(Ah
j )

(
1 − (1 − µ(Ah

j ))n
)

(see the proof of Lemma 4.1 in [2] with p = µ(Ah
j )).

Lemma 8. Let µ = λ be the restricted Lebesgue measure times 1
T , with (Ph)h>0 a family of

equidistant partitions of [0, T ], Ph = {Ah
1 , Ah

2 , . . .}, and let in addition to the assumptions made
above,

∂1k ∈ L2((0, T )2) (38)

hold.
Then there exists a c > 0 such that

∀f ∈ L2(0, T ) : lim inf
h→0

n→∞

E{‖f‖2
H̃1

} ≥ c ‖f‖2
H1

. (39)

Consequently (7) holds.
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Proof. Let f ∈ L2(0, T ). Taking into account the fact that by the Cauchy-Schwarz inequality

E{‖f‖2
H̃1

} =

lh∑

j=1

E{ξ2
j } ≥

lh∑

j=1

(E{ξj})2 (40)

with ξ according to (37), we first of all show that

lim inf
h→0

n→∞

lh∑

j=1

(E{ξ})2 ≥ c ‖f‖2
H1

. (41)

Due to Lemma 7, we have

E{ξj} =
1

√

µ(Ah
j )

3

∫

Ah
j

∫ t

0

k(t, τ)f(τ) dτµ(dt)

− 1
√

µ(Ah
j−1)

3

∫

Ah
j−1

∫ t

0

k(t, τ)f(τ) dτµ(dt) .

Since we are in the 1-d case with µ being the restricted Lebesgue measure up to a constant factor,
we can write Ah

j = [thj , thj+1), µ(Aj) = h, for thj = (j − 1)h, h = T
lh

. Therewith,

lh∑

j=1

(E{ξj})2 =
1

h3

lh∑

j=1

(
∫ th

j+1

th
j

∫ t

0

k(t, τ)f(τ) dτ dt −
∫ th

j

th
j−1

∫ t

0

k(t, τ)f(τ) dτ dt

)2

.

Integration by parts yields

∫ th
j

th
j−1

∫ t

0

k(t, τ)f(τ) dτ dt

= −
∫ th

j

th
j−1

(t − thj−1)

(

k(t, t)f(t) +

∫ t

0

∂1k(t, τ)f(τ) dτ

)

dt + h

∫ th
j

0

k(t, τ)f(τ) dτ

∫ th
j+1

th
j

∫ t

0

k(t, τ)f(τ) dτ dt

= −
∫ th

j+1

th
j

(t − thj+1)

(

k(t, t)f(t) +

∫ t

0

∂1k(t, τ)f(τ) dτ

)

dt + h

∫ th
j

0

k(t, τ)f(τ) dτ ,

so

lh∑

j=1

(E{ξj})2 =
2

3

lh∑

j=1

〈φn
j ,k(·, ·)f +

∫ ·

0

∂1k(·, τ)f(τ) dτ〉2 ,

where 〈·, ·〉 denotes the L2 inner product and φn
j , j ∈ {1, . . . , lh} are the L2 normalized hat

functions on (0, T ):

φn
j (t) =

√

3

2h3







t − thj−1 t ∈ [thj−1, t
h
j ]

thj+1 − t t ∈ [thj , thj+1]
0 else.

Since the union of the spaces Hh := span(φn
j : j ∈ {1, . . . , lh}) is dense in L2(0, T ), we get

lim
h→0

n→∞

lh∑

j=1

(E{ξj})2 =
2

3

∥
∥
∥
∥
k(·, ·)f +

∫ ·

0

∂1k(·, τ)f(τ) dτ

∥
∥
∥
∥

2

L2(0,T )

≥ 2

3C2
‖f‖2

L2(0,T )

18



for some constant C > 0 depending only on T , γ and ‖∂1k‖L2((0,T )2), by bounded invertibility of

the second kind Volterra integral operator L2(0, T ) → L2(0, T ), f 7→ k(·, ·)f +
∫ ·

0
∂1k(·, τ)f(τ) dτ ,

see, e.g., [1], [3].
The conclusion of (7) from (39) can be done by the following argument: Assume that for some

family (fh
n )n∈IN,h>0 of elements of (Qh

nK)†Ỹ h
n ⊆ L2(0, T ) there exists an ε > 0 and a subsequence

(hk, nk)k∈IN with hk → 0, nk → ∞ as k → ∞, such that for fk := fhk
nk

, H̃k,1 = H̃hk

nk,1

(a) lim
k→∞

E{‖fk‖2
H̃k,1

} k→∞−→ 0 but (b) ∀k ∈ IN : E{‖fk‖2
H1

} ≥ ε .

Then due to (a), for k ≥ k0 with k0 sufficiently large we have

E{‖fk‖2
H̃k,1

} < c
ε

2
.

On the other hand, due to (b) we can divide by E{‖fk‖2
H1

} and consider the normalized sequence
‖fk‖

2
H1

E{‖fk‖
2
H1

}
whose expectation is constant 1 and which is therewith convergent to 1 in expectation.

Hence there exists an almost surely convergent subsequence, i.e., km such that
‖fkm‖2

H1

E{‖fkm‖2
H1

}

l→∞−→ 1

almost surely, so there exists an m0 such that for all m ≥ m0 there holds
‖fkm‖2

H1

E{‖fkm‖2
H1

}
≥ 1

2 almost

surely and therewith by (b)

‖fkm
‖2

H1
≥ ε

2
almost surely

which implies

E{‖fkm
‖2

H̃k,1
} ≥ cE{‖fkm

‖2
H1

} ≥ c
ε

2
.

This gives a contradiction.
Summarizing, we get the following convergence result:

Corollary 1. Let K in (1) be defined by (29) with (30), (31), (38). Moreover, let µ = 1
T λ

(λ Lebesgue-Borel measure on [0, T ]), with (Ph)h>0 a family of equidistant partitions of [0, T ].

Define f̂h
n = (Qh

nK)†ŷh
n with ŷh

n = yn according to (2) and Qh
n according to (4) with (16). and let

h = h(n) = T
ln

be chosen such that

(

ln → ∞ and
ln

n
→ 0 and

(ln)2C̃h(n)

n
→ 0

)

as n → ∞ (42)

with C̃h according to (36).
Then

E{
∥
∥
∥f̂h(n)

n − f†
∥
∥
∥

2

L2(0,T )
} → 0 as n → ∞ .

Proof. The result is a consequence of Theorem 1 together with inequality (18), Lemmas 2, 3, 6,
8, and the fact that B = C(0, T ) is contained in H2 ∩ H3 according to (13) and dense in H2.

Remark 3. An example for a choice of ln such that (42) is satisfied is

ln = [(log n)1−δ] for some δ ∈ (0, 1) ,

(with the notation [α] for the largest integer ≤ α ∈ IR)

l2nC̃h

n
≤ l2n

n

√
√
√
√
√

ln∑

j=1





ln∏

k=j+1

(
√

e
√

k)





2
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=
l2n
n

√
√
√
√

ln∑

j=1

eln−j
ln!

j!

≤ l2n
n

√

lneln ln!

≤ const.
l
11/4
n

n
lln/2
n

= const. exp(− log n + 1
2 ln log(ln) + 11

4 log(ln))

≤ const. exp(− log n + 1
2 (log n)1−δ(1 − δ) log log n + 11

4 (1 − δ) log log n)

→ 0 as n → ∞ ,

where we have used Stirling’s formula in the form l! ≤ const.
√

l( l
e )l. On the other hand, note that

ln = [log n] would not be a feasible choice since

[log n]2C̃h

n
≥ 1

n

√
√
√
√
√

[log n]
∑

j=1





[log n]
∏

k=j+1

(
√

k − 1)





2

=
1

n

√
√
√
√

[log n]
∑

j=1

([log n] − 1)!

(j − 1)!

≥ 1

n

√

[log n]! → ∞ as n → ∞

3 Conclusions and Remarks

Investigating the question of how regression function estimation can be used as regularization
methods for linear ill-posed problems with additional measurement errors, we have shown conver-
gence mainly for the partitioning estimators and to some extent also for kernel estimator.

Future research will be devoted to a posteriori regularization parameter choice (e.g. by cross-
validation or splitting the sample) and to a generalization to nonlinear problems. Also use of least
squares methods for nonparametric regression estimation instead of local averaging methods is of
interest, further establishing almost sure convergence under sharpened integrability assumptions
instead of convergence in squared mean, and rate of convergence under smoothness assumptions
(on f† in (1)).
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