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EMBEDDED EIGENVALUES FOR THE ELASTIC STRIP WITH CRACKS

ANDRE HANEL, CHRISTIANE SCHULZ, AND JENS WIRTH

ABSTRACT. The elasticity operator with zero Poisson coefficient is considered in a strip or
a plate with an interior crack. It is shown that there exist embedded eigenvalues in the
continuous spectrum due to the presence of the crack and asymptotic bounds in terms of the
size of the crack are provided.

1. INTRODUCTION

In this paper we consider a two-dimensional strip R x (—7/2,7/2) or a three-dimensional
plate R? x (—7 /2, m/2) of a homogenous, linear elastic and isotropic material with zero Poisson
coefficient having a crack. In the two-dimensional case we consider cracks of the form I' :=
{0} x [=1,1] (first case, | < w/2) or I := [—1,1] x {0} (second case), whereas in the three-
dimensional case cracks of the form I' := U x {0} will be considered for an open subset U of
R2.

Mathematically, the problem is described by a self-adjoint operator Ar and its associated
quadratic form ap. It is known, that the absolute continuous spectrum of the operator Ag is
[0,00), if there is no crack in the material. Roitberg, Vassiliev and Weidl showed in [7] that
there is an embedded eigenvalue, if we consider the half-strip, which is the limit situation of
the first case with [ = 7/2. So it seems likely that there is also an eigenvalue for a smaller
crack. Indeed, in this work we will show that there exists such an eigenvalue for arbitrarily
small cracks.

1.1. The model. We will start by introducing the mathematical model. The elasticity op-
erator Ar will be defined in terms of its sesquilinear form.

The two-dimensional case: Let 2 := R x (—7/2,7/2) and let T" be the empty set or chosen as
above. We denote

ap[u, U] = / (261’&1(912}1 + 209u00909 + (81U2 + 62u1) ((912}2 + (921]1)) dz, (1.1)
Q
for u,v € d[ar] := H*(Q\I'; C?). Hence the quadratic forms for different " differ only in their
form domain. From the definition of ar it is obvious that
ar [u, v] < 2[|ul g [[o]l -
It is important to point out that a converse is also valid. The inequality
CHU’H%H(Q\F;C?) < ar[u,u] + HUH%Q(Q;{P) (1.2)

is known as Korn’s inequality, see, e.g., [0, Chapter 10] and [7]. It implies that the form
ar is closed on the domain d[ar] and as the form is lower semi-bounded there is a unique
self-adjoint operator Ar associated to it. On smooth functions the operator Ar acts as

Ar = —A — grad div (1.3)
1
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and is endowed with stress-free boundary conditions on 0Q2UT. If the strip has no crack, i.e.,
I' = @, the domain of the operator is

D(A@) = {u S HQ(Q; CQ) : 82U2‘x2:i% = 82u1 + 81u2‘x2:ig = 0} N (1.4)

with additional boundary conditions on I' in the general case. Our approach is based on
the symmetry of the domain Q \ I'. It allows to decompose the form domain and therefore
also the operator into symmetric pieces. We point out that the situation differs depending
on wether we consider horizontal or vertical cracks. Using the ideas from [4, [7] we denote
H := L*(Q; C?) and define H; to be the following subspaces

H; = {u € H :up(xy, x2) = (—1) Py (2, —29), k= 1,2}, ji=1,2,
Hs :={u € H : Ooui(z1,22) =0, u2(x1,22) = 0}.
The set Hg is a subspace of Hy. Let H4 be the orthogonal complement of Hsz in Hy, thus

Hy = {v € Hy: /2 v1(z1,z2) dee = 0 for a.e. 1 € ]R} ,

3
then we get the following decomposition

H=Hs¢ Hy& Hy

Denote PU) the orthognal projection on H j» 7 =1,2,3,4. For horizontal cracks the operator
Ar and the quadratic form ar decompose into orthogonal sums

AF = AF|D(AF)0H2 D AF|D(AF)HH3 ® AF|D(AF)QH4
ar = aF|d[aF]ﬂH2 ® aF’d[ar]ﬂHS D ar|d[aF]mH4

due to the fact, that the subspaces H3, H; and Hs form invariant subspaces for the operator

Ar respectively for the quadratic form [7]. We use the short notation Al(f ) for Arlpcar)ng;-

The absolute continuous spectrum of Ag is the set [0,00). Forster showed in [3] that there
is a constant A # 0, such that the essential spectrum of A(g) is [A,00) and that for some
perturbations of that operator eigenvalues below the threshold A can be found.

The decomposition does no longer hold true for vertical cracks as H'(Q\I';C?) is not
invariant with respect to the projection P®). In order to show the existence of embedded
eigenvalues we introduce the subspace

Hy = {u € Hy: uk(xl,xg) = (—l)k_luk(—xl,xg), k= 1,2}
)

which reduces the form ar and and hence the associated operator Ar. Let A}fll = Ar|par)nH, -
If there is no crack in the material then the operator A(g) is the restriction of the operator

Agl) to D(Ag) N Hy and its essential spectrum is also [A, 00).

The three-dimensional case: Let  := R? x (—7/2,7/2) and I := U x {0} for U C R?, open.
We denote

aplu,v] := /Q Z (Oyuj + 0ju;)(Ov; + 0jv;) | dx (1.5)

1<i<;j<3
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for u,v € dfar] := HY(Q\I';C3). Korn’s equality (1.2) applies analogously for the three-
dimensional case and the operator can be decomposed similarly, denoting:

Hj:={ue H :uy(z,22,23) = (=1)Lug(z1, 22, —23), k=1,2 and

us(z1, 22, 23) = (—1)ug(z1, 22, —23)}, j=1,2,

Hjz :={u € H : O3u1(x1,x2,x3) = O3uz(x1,x2,23) = 0, uz(x,x2,23) =0} .

Let Hy := H; © Hs, thus

™

H4:{UEH1:/2

us
2

vi (1, 22, x3) dzg = 0 for a.e. (z1,22) € R?, k=1, 2}

and let PU) be the orthogonal projection on H 5y j = 1,2,3,4. Similarly the absolute contin-

uous spectrum of Ag is the set [0,00) and the essential spectrum of A(g) is [A, 00) with the
same constant A as in the two-dimensional case (cf. [3]).

1.2. Results. In the two-dimensional case we get the following results:

Result (Theorem [3.5). The two-dimensional elasticity operator Ar has an embedded eigen-
value in the interval [0, A) for every crack I' of the form {0} x [—1,1] or [—I,1] x {0}.

To obtain this result we will construct a test function u € Hys Ndlar] resp. u € Hy Nd[ar]
and show that the variational coefficient of this test function u will be below the threshold
A. In addition we will show that the distance between the value of the variational coeflicient
and A for certain test functions and small size I of the crack is about [* for horizontal cracks
and [® for vertical ones. This gives a lower bound for the distance of the eigenvalue to the
threshold.

Result (Theorem . For 1> 0 let T® denote the crack of size | and let k = 4 for
horizontal cracks and k := 8 for vertical cracks. Then there exists a constant C > 0 and an
eigenvalue (1) € op(Apw) with

A1) — A| > CI*. (1.6)
In the three-dimensional case we obtain:

Result (Theorem . The three-dimensional elasticity operator Ar has an embedded
eigenvalue in the interval [0, A) for every crack T' of the form U x {0} with U open subset of
R2.

If U denotes the unit disc we can take advantage of further spacial symmetries to decompose

the operator Al(fl). Due to this decomposition we obtain:

Result (Corollary. The elasticity operator Agfl) has infinitely many eigenvalues (counted
by multiplicity) in the interval [0, A).

In the last section we will also obtain a lower bound for the distance of the eigenvalue to
the threshold which depends on the considered subspace.
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2. CRACKS AND ESSENTIAL SPECTRA

Lemma 2.1. The essential spectra of Ar and Alg), j =2,3,4 (horizontal cracks) resp. Ag/)

(vertical cracks) in the two-dimensional and in the three-dimensial case, are independent of
the crack I'.

Proof. We will sketch the proof for the two-dimensional case with horizontal cracks, the other
cases are proven analogously. It is sufficent to show that (Ar —\)™' —(Ag—\)~! is a compact
operator for some A < 0 since we have

(A =07 = (4F =7 =((Ar =N = (A =N PO

for j = 2,3,4. Following Birman [2] we choose a smooth closed line I'y in £ around the
crack and we introduce two operators Bg resp. Br representing the elasticity operator on
Q resp. Q\I' with additional Dirichlet conditions at I'y. Let A < 0. As in [2] the operators
(Ar —A\)"'—(Br—X)"tand (Ag— )"t — (Bg — \)~! are compact. Due to the compactness
of the embedding of H(21) and H*(;\I') in Ly(£), where €21 denotes the interior domain
with respect to I'g, the operator (Br — A\)~! — (Bg — A\)~! is compact and the statement
follows. 0

We point out that this lemma is essential for what follows. Our aim is now to construct a
test function, contained in d[ar] N Hy or d[ar] N Hy, respectively, whose variational coefficient
is below the threshold of the essential spectrum, which equals A in all considered cases. This
gives rise to an eigenvalue below this threshold. Thus we can focus on the parameter A and the
corresponding generalised eigenfunction ¢ of the operator without crack. This function will
be modified such that the modified function v will be in H'(; C?) or H'(Q; C?), respectively.
In a final step we will add a further perturbation «f, which is allowed to jump at the crack.
The function v + «f will in a natural way be our test function.

3. THE TWO-DIMENSIONAL CASE

3.1. General setting. We obtain the parameter A and the generalised eigenfunctions by
applying a Fourier transform in xi-direction and solving the corresponding Sturm-Liouville
problem. The operator Ag is reduced by Fourier transform to an ordinary differential operator
Ag(€) parametrised by the frequency £ € R. It is given by

Ag(§) = <2§:E382 52__152662> (3.1)
where
D(Ap(€)) = {u € H*(~m/2,m/2);C%) - i€us + D], sx = Owsl,yz =0} (32)
The symmetries extend to the operator Ag(€) via
hy = {u € D(As(©) : wilws) = (1) u(-22) ), 1=1,2

The subspace hg consists of all functions, linearly dependent of the function (1,0), and the
subspace hy is given by hy := h; © hs. Forster showed in [3] that the smallest eigenvalue
of this family of Sturm-Liouville-problems in hy is A with A = 1.887837 & 106 achieved for
% = £0.632138 & 1075, Searching for functions v+ € hy fulfilling the eigenvalue equation
Ag(tx)py = A1 together with the boundary conditions yields generalised eigenfunctions
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b+ (21, 9) = Vs (29)eT 1% of Ag. In particular, they satisfy the boundary conditions from
(1.4). They can be combined to the real-valued function

b, 39) = <¢1 (22) COS(%fﬂl)) 7 (3.3)

o (x9) sin(sexq)

where
s23cos (ZX) cos (vt) + 28 cos (25) cos (Bt)
(1) = (% ) . ) (3.4)
—37 cos ( ) sin (yt) + v%s¢ cos () sin (Bt)
and the parameters are to be chosen as
A
A—32 = 5 2. (3.5)

The function ¢ fulfils f_gz ¢1(z1,22) deg = 0 for all z; € R and satisfies the boundary
2

conditions.

Now we will focus on the elasticity operator for the strip with a crack I', where I' :=
{0} x[=1,{] or T := [—1,1] x{0}. In the latter case we assume [ < 1. This introduces additional
boundary conditions at the crack for the elasticity operator as well as more freedom for the
choice of test functions. First we will multiply the gerenalised eigenfunction with a decaying
function pgs(x1), so we get the approximate eigenfunction

vs(z1,72) 1= ps(x1)P(w1, 72)
The sequence of functions ps, § < 1, will be chosen in C3(R) as

ps(x1) == p(dx1)
for an even function p € C3(R) being constant p(z1) = 1 for |z1| < 1. We define our test
function as perturbation of vg
Ua5(21,T2) = v5(x1,22) + af(z1, 22) (3.6)

with f supported near the crack I'. We assume o € R and f real-valued to simplify the
calculations. The functions ¢, ps and therefore the function vs are also real.

We assume that the function f is supported inside (—1,1) x (—7/2,7/2), i.e., in particular
ps = 1 on the support of f. In addition the function f has to be an element of Hy or Hy,
resp., such that uss € dlar]| N Hy or uys € dlar] N Hy, resp. Further conditions on f will
arise during the calculations.

The value of the quadratic form ar acting on the test function u, s is given by

ar[Ua,s, Ua,s] = arfvs + af,vs + af]
= ar(vs, vs) + 2a Rear|[f, vs] + o’ar[f, f].
In order to show existence of eigenvalues we consider the variational coefficient

ar [ua,éa ua,6] —A (ua,éu ua,6)
(ua,57 Ua,6>

ar[vs, vs] + 2aar[f, vs] + oar[f, f] — A |[vs||” + 2a (£, vs) + ® ||f||2]
[vs||® + 2 (f, v5) + a2 || f)? .

E(w,0) ==
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If it takes negative values, the spectrum of Al(fl) or of A(F4/), resp., has to include points below A
which have to be eigenvalues of the operator by Lemma [2.1] . For this we have to understand
the influence of the choice of f on the bilinear expressions ar|[f,vs] and ar[f, f] and the
appearing inner products.

For the denominator we obtain the following

Lemma 3.1. Let uy 5 be defined by (3.6) and denote

™

2 2
(Ij Z:/ |dj(l‘2)| d:l?z.

2
Then for all ag > 0
ai +as

275HPH2 +0(1) (3.7)

[0 5[|* ~
as 6 — 0 uniform in o] < «p.
Proof. The definition of u, s leads to
(e g a8) = [[vs]]* + 200 (£, 05) + o® | £II*. (3.8)

For the first term ||vs]| we obtain

Josl = [ [Idsa2) 2 cos*Gean) + dataz) sin )| o) do

a1 + as ap — ag
= sl + / cos(25ex1)p3 (1) day,
2 2 R
a + as 9
~ O(1
S5 lol? + (1)

based on the differentiability assumption p € C}(R) to treat the second integral.
The second and third term in (3.8)) are independent of § due to the support assumption on
f and are therefore also O(1) uniform in |o| < ayp. O

Next, we will consider the numerator of the variational coefficient, i.e.,

ar [ta,s, Uas) — A (Uas, Uas) = P(vs) + 2aQ(vs, f) + o> R(f) (3.9)

where we use the notation

P(vs) = arlvs, vs] — A[|vs|”, (3.10)
Q(vs, f) == ar[vs, f] — A (vs, f), (3.11)
R(f) = ar[f, /1= A|f] (3.12)

All these terms are independent of . The first term P(vg) is treated using the following
lemma.

Lemma 3.2. Let P(vs) be given by (3.10), then

Plos) = /Q (Orps)? (263 + 63) du.

In consequence,
a
P(uvg) ~ (al n 52) S|ap|? +0©?),  §—o0. (3.13)
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Proof. As the function ¢ is formally an eigenfunction of Ag, we have
Agy = =207 61 — D31 — 010269,
Agy = —0105¢1 — Oy — 20369
Therefore, we obtain A ||vs||> = Z1 + Z» with

Zy 1=/A¢1,05
:/ [( (O11)? +(82¢1)2+81¢282¢1> p§+4¢1p581¢181p5] da
2 —/A¢205
_ /Q [(2261010 + (0162)° +2(8262)%) 43 + 2 (Bo51 + D12) dapsdnps| da.

Here we used integration by parts and in particular that the functions ¢; satisfy the boundary
conditions from (1.4]). On the other hand, we obtain for the quadratic form

arlvs,vs) = /Q (2 (810571)2 + 2 (821)572)2 + (81115,2 + 821)5’1)2> dx
= /Q [(2(0161) +2(0262) + (0162 + 26n)?) 93| o

+ /Q [(4 (0161) b1 + 2014202 + 2¢252¢1>P581:06 + (267 + ¢2)2 (31P5)2} dz.

Combining both, we arrive at the first statement of Lemma

arfos, vs] — A ]2 = /Q (Orps)? (262 + 63) da

This can be treated as the first term in the proof of Lemma except for an additional
factor of 6 and that we need to control a second derivative for p. This proves the lemma. [J

Next, we will focus the second term Q(vs, f). The choice of f has to be made in such a
way that uq s € dlar] N Hy respectively that dlar] N Hy. If the crack is I' = {0} x [=1,] we
choose the function f continuously differentiable in zo-direction and fs is allowed to jump at
the crack in zp-direction. If T' = [—[,[] x {0} the function f is assumed to be continuously
differentiable in x1-direction and fs is allowed to jump in xo-direction along I'. The symmetry
requirements in both cases imply that f is continuous.

Then the term Q(vs, f) can be calculated using integration by parts. For such functions f
we use the notation

[filay=o (22) = Jimg fi@1,z2) — 3}3% fi@1,22)
to denote their jumps in x;-direction; similarly for jumps in xo-direction.

Lemma 3.3. Let Q(vs, f) defined by (3.11)), then we obtain

I
Q(vs, ) = — /1(31@(071’2) + 0201(0, 22)) [f2l,, o (22) da2, (3.14)
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in the case I' = {0} x [—I,1] and

!
Q(vs, ) = —2 /—z Da2(21,0) [, o (z1) dan, (3.15)

for T'=[=1,1] x {0}. Both are independent of §.

Proof. We consider the crack I' = {0} x [—[,] first. Due to the support assumption made for
f we immediately get

Q(vs, ) = ar(vs, f] — A(vs, f) = ar[f, ¢] = A(f. 9),

such that integration by parts and the properties of the function f (being continuously dif-
ferentiable in xy-direction and having a jump at the crack in z;-direction) imply

l
Qus, ) = — / 20101(0.22) [l (@) dr

!
+/ (0192(0, 72) + 9201(0, x2)) [f2] ., —g (72) dw2.

—1
Since 01¢1(0,x2) = 0 we obtain

l
Q(vs, f) = — /l (O192(0, 22) + 0201(0, 22)) [f2],, —o (z2) da2,

which is independent of f; and §. The second case I' = [—[,1] x {0} is treated analogously,
except that there are only boundary terms arising from fs. O

The proof of our first main result is reduced to making an appropriate choice for the
auxiliary function f.

Lemma 3.4. There exist functions ps and f, such that for uq s given by (3.6|) the variational
coefficient
ar {ua,év ua,é] - A(uoa,(% uoc,5)

(uaﬁa uoc,é)

(o, 0) =

is megative for some choice of a and §.
This lemma leads immediately to

Theorem 3.5. The two-dimensional elasticity operator Ar has an embedded eigenvalue in

the interval [0, A) for every crack T' of the form {0} x [—1,1] or [—I,1] x {0}.

Proof. The function u, s, given by (3.6]) is an element of Hy or Hy/, resp. Then the statement

of Lemma together with Lemma, [2.1|in the form A = inf aess(Agl)) = inf O'eSS(Agll)) yields
the desired statement. ]

It remains to prove Lemma [3.4]

Proof of Lemma|3.4. The variational coefficient is given by

P(v5) 4+ 2aQ(vs, f) + *R(f)
(ua,& ua,é) '

E(a,0) =
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The term P(vs) is positive and R(f) will be also positive in general. Therefore we have to
ensure that Q(vs, f) does not vanish. It holds for I' = {0} x [, ]

l
Qus, f) = — /_ T(@2) el o (a2) das (3.16)

and the first factor of the integrand is given by
T(x2) := O162(0, 2) + 0201(0, 22) = stha(x2) + ¥ (22)

= —2:%yf3 cos <ﬂ;> sin (ya2) + 72 (32 — 32) cos (7%) sin (Bz2) ,

satisfies T'(z2) # 0 for x2 # 0 small. So we can choose the jump [f2];,—0 in such a way that
Q(vs, f) < 0. In the second case I' = [—1,{] x {0}

!
Qs f) = — / (1) [l (1) dy (3.17)

and the first factor
O

S(x1) i= 2092 (21, 0) = 2925 <Cos (%) — cos <2>> sin(sex1)

which is not identically vanishing for our choice of 5 and v due to (3.5). Again we can choose
the jump in such a way that Q(vs, f) < 0. We fix one such choice for f for now.

The Lemmas [3.1] and [3.2] give the behaviour of the remaining terms as § — 0 and therefore
lead to
_ d182||91p|]* + 205Q(vs, f) + a*SR(f) + O(6%)

cillpll* + O(9)

with di = (a;+az/2) and ¢; = (a;+az)/2. Choosing a such that 2aQ(vs, f)+a?R(f) < 0 and
then 0 small enough, we see that Z(a, d) becomes negative for some choice of parameters. O

=(a, 8) (3.18)

Remark 1. The choice of ¢ was not unique, there is also the following choice

~ [ —1(z2) sin(sexq)
¢(.’131,(I,'2) = ( 1/)2(332) COS(%.Il) > (319)
or any linear combination of them. Note that the corresponding function vs is still an element
of dlar] N Hy but no longer of dlap] N Hy . We will comment, which changes have to be made
for this choice in the case of a horizontal crack.
In Lemma the leading coefficient changes to (a1/2+ az). In the proof of Lemma we
have to change the formula for S. For the above choice it is given as

S(z1) = 205¢2(21,0) = 204(0) cos(sx1 ).

3.2. Asymptotic bounds. Embedded eigenvalues exist only if [ > 0, in the following we
ask at what rate such eigenvalues are separated from the threshold A. The following gives an
asymptotic lower bound for the distance of the eigenvalue to the threshold A. The minimum
of Z(a, d) corresponds to an eigenvalue, thus any estimate, how small Z(«, §) can get, gives
such a bound.

We construct a test function based on f), which scales like

FO(a1,20) =1 f (% %) L i<, (3.20)
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for a given fixed function f. The scaling is chosen such that || f()|| = ||f||. Based on the test
function u, 5; defined in analogy to we consider the variational coefficient =(a, 0,1). It
remains to make optimal choices of parameters.

Now we have to distinguish between the different orientations of the crack.

Horizontal crack: I' = [, 1] x {0}.

We choose gg as in and fo jumps in zo = 0 along z1 € [—[,l]. The optimal choice of
the parameters depends on the asymptotic properties of R(f") and Q (5, fV)) as I — 0. As
consequence of the definition of f(), we obtain

R(fY) =1"ar(f. £ - 1] (3.21)
and (again independent of 0)

Q(us, fV) = — /11 S(lz1)[foles=o(w1) dzy ~ —po + O(1?)
based on Taylor expansion of S and with
p0:=50) [ ileaco(ar) o
The choice of f is made such that pg > 0. Therefore, the choice of « in the proof of Lemma [3.4]
is made to minimise —2au + o1 2ar[f, f] — a2HfH2 Thus

Ho 2 4
a= ~ *+0(
Fralr. =T~ aelrogl O
In particular, we see that 2aQ(7s, fV) + a?R(fW) is of the size I2. It remains to choose 4.
The optimal choice of § makes d;62(|01 p||> 4 §(2aQ (s, fV) + a?R(fV)) minimal, see (3.18),
and therefore

~2aQ(0s, fY) + R(fY) 13

6 = ~
2d1[|01p||? (a1 + 2a2)||01p|ar[f, f]

P+oi).
This yields
Z(a, 8,1) ~ vi* + O(1%)

for a certain constant v. Hence, we obtain the following statement on the location of the
eigenvalue. In view of [§] this seems to be optimal.

Theorem 3.6. Assume the crack is of the form I') [ [,1] x {0}. Then there exists a
constant C' independent of | and an eigenvalue \(1) € Up(A 2 ) such that

A1) — A| > CI*, (3.22)

Vertical crack: I' = {0} x [, 1].
We choose ¢ as in (3.3) and fo jumps in x; = 0 along 25 € [—[,1]. Main difference to the
previous case is that now

1
Q(uvs, V) = —/ T(lz2)[foloy=0(x2) daa ~ —pl + O(1P),

-1

1
:T@/xW%MMﬁM%

-1
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Applying the same reasoning as above, this gives o of the size I*> and 2aQ(vs, fD)+a2R(f®)
is of the size [4. This yields § of the size [* and finally that Z(c, §,1) is of size 5.

Theorem 3.7. Assume the crack is of the form T'O = {0} x [~1,1]. Then there exists a
constant C' independent of | and an eigenvalue \(1) € ap(Agl(z)) such that

A1) — A| > CI8. (3.23)

4. THE THREE-DIMENSIONAL CASE

4.1. The generel setting. The approach is the similar to the two-dimensional setting. Ap-
plying the Fourier transform with respect to the first two variables we obtain a decomposition
of the operator Ag into a family of operators (A(€))¢epz acting on L? ((—m/2,7/2); C*). The
same holds true for the operators Ag,)

operator A(g) we obtain the same constant A as in two-dimensional case. In contrast to the

above considered setting we obtain a family of eigenfunctions (¢(¢,-))ecs, of the operator
AW (&) satisfying AW ()(€,-) = AY(E,-). Here and in the sequel S,, denotes the circle of
radius k centred at the origin, where s > 0 is the same constant as in the two-dimensional
case. An appropriate choice for the functions (¢, -) is for example

, 7 =2,3,4. Searching for the spectral minimum of the

i€y 3203 cos %r cos (7t) + i§17275 cos (LF) cos (Bt)
P(&,t) := | a3 cos %r cos (yt) + i{g’ﬂ% cos (4F) cos (Bt) | , (4.1)
—~ (3 cos (%r) sin (yt) + v%sc cos (%) sin (5t)
chosen similar to (3.4)), see [3] or [5] for further details. This introduces more freedom for the
choice of the generalised eigenfunction ¢. Let k € L%(S,,), k # 0. We define:
oaa)i= [ WEMO doe),  (haz) € (4.2
Let furthermore p € C§°(R?) be a real-valued, radial function with p = 1 on B;(0). For
0 € (0,1) we define in analogy to the previous section
ps(&) = p(0%), & €R?
v5(i’x3) = gf)(i,:tg)p(g(i?), (ia x3) €.

Note that vs is not supposed to be real in this consideration. Taking real parts will (with minor
modifications) allow to move to real functions again. Then vs € C*°(Q) and vs € d[ar| N Hy.
The next statement is the three-dimensional equivalent to Lemma [3.1]

Lemma 4.1. There exists ¢ > 0 such that
lim ¢ 2= 4.3
51 0 H’U(S” c ( )

Proof. The proof consists of applying two results of Agmon and Hérmander [I]. By Theorem
3.1. in [I] we get for ¢ € {1,2,3} and z3 € (—7/2,7/2):

tims [l an)a(@)? di = [ @ a) [ 3@ dolo) do(e) >0,

Sie ¢

=;,5(23)
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where N¢ is the normal hyperplane at § € S,.. Furthermore by Theorem 2.1. in [I] it holds
that

is(w3) < IIPH§<>5/B o) |6i(, 23)|* dit < 2Cllplio/ |k(€)i(€, 23)[* do(€),

3

The assertion follows now by applying the Lebesgue theorem. (Il

Let now U be an open subset of R? and let f € C*°(Q\I') N Hy have continuous limits on
I'. For @« > 0 and § € (0,1) we define as before

Ua,s 1= Vs +af (4.4)
and consider the variational coefficient
ar[Ua,s; ta,s] = Mluas|? = P(vs) +2aQ(vs, f) + o*R(f), (4.5)
where
P(vs) := ar[vs, vs] — ||vs|?, (4.6)
Qvs. f) = Re(arvs, f] = Alvs, f)) (4.7)
R(f) := arf. f] = AllfI. (4.8)

The remainder term R(f) will in general be non-negative. If not, the desired statement is
already proven and we can disregard this case. A direct calculation gives

Pus) = [ 20120100 + 200 0a0s)? + |65l (0103)? + (229)?) + 01ps0 + Dopsn
and
Q(vs, ) = —Re/[]233¢3(@70)[f3]x30(33) dz, (4.9)

where [f3]z,—0 denotes in analogy to the previous section the jump of f3 in z3 direction. We
obtain the following theorem.

Theorem 4.2. The three-dimensional elasticity operator Ar has an embedded eigenvalue in
the interval [0, A).

Proof. By Lemma and a small adaptation of its proof to estimate P(vg), there exist
constants c1,co > 0 and &g € (0, 1) such that for all @ < 1 und ¢ € (0, )

c
> 2

P(vs) < 10, |l ta,s]l > 5

holds. Thus for & < 1 and § € (0,d9) we have
arfita 5,100, — Mol _ 162 +206Q(vs. f) + a26R(f)

Hua,5||2 C2

and

20565(2,0) = / Dyl (£, 0)K (€)™ do(€)

dB(0,k)

= 20723 (cos (58) —cos (34)) [ K0 @00
=:T(&)
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If k(&) =1 (£ € S.) then
— 92 T3) - T
T(0) = 2ky°p (cos (25) cos( 'y)) /S% k(&) do(&) #0

2
which ensures the existence of embedded eigenvalues as in the two-dimensional case, by choos-
ing an appropriate function f such that Q(vs, f) < 0. 0

In addition we get the following asymptotic bound, which can be proven as in the previous
section.
Theorem 4.3. Let U C R? open. Forl > 0 we definie TV := IU x {0}. Then there exists a

constant C' independent of | and an eigenvalue \(1) € O'p(Agtz)) such that

A1) — A| > CI°, (4.10)

4.2. Reduction by rotational symmetry. By appropriate choice of the function k we can
show the existence of embedded eigenvalues in smaller invariant subspaces. For this we will
make use of the invariance of the elastic operator and of the underlying geometry with respect
to rotations. We suppose that the crack is of the form B;(0) x {0}, for [ > 0. For ¢ € (0, 2m)
let M, denote the planar rotation matrix to the rotation angle ¢ and let R4 := (0,00). Using

L*(R.,rdr; C?) ::{u : Ry — €3 measurable : / lu(r))?r dr < oo} (4.11)
0
we define for m € Z the spaces

Y ::{u c L*(R%C?) : Jve LA(Ry,rdr; C3) :

Uy . vy (r)
ug | (rcosp,rsing) =¥ ? \wa(r) for a.e. 7 and go} (4.12)
us U3(T)

As Yy, is isometrically isomorphic to L?(R,rdr; C3), it is a closed subspace of L?(R?; C3).
The orthogonal projection @), onto Y,, is denoted by

(Qmu)1 . _ ime e i uy(r cosp, rsin )
((Qmu)z (rcosp,rsing) =e Mw% ; e M_y (1 cos b, sin 1) dy
= Um ()
1 . 21 .
(Qmu)s(rcos p,rsing) = 27Te”"“"/ e M3 (r cos 1, rsin ). di
0

A short calculation shows that Y, reduces the Fourier transform, i.e., Q),, and the Fourier
transform commute. As the spaces L*(Q) and L? ((—w/2,7/2); L*(R?)) can be canonically
identified we define

Xm ::{u € L*(Q; ) for a.e. x3 € (—7/2,7/2) we have: u(x3) € Ym}. (4.13)
We will list some properties of the spaces X,, which are not difficult to prove.

Lemma 4.4. Let m,m € Z, m # m.
(1) @iz Xy = L*(Q; C%).
(2) The projection Py, on Xy, is denoted by (Ppu)(23) = Qm(u(z3)).
(3) P, commutes with the projections PY) on the spaces Hj, j=1,2,3,4.
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u € ; then also PpLu € ; and the series ) . iU converges in

(4) If H(Q;C3) then also P, HY(Q;C3) and th > ez Pi q
H(Q;03) to u.

(5) The trace operators v+ : H*(Q;C3) — L*(R% C3) on the boundaries R? x {+m/2}

satisfy v+ (Pmu) = Qm ('Y:I:U)'
(6) If ue X, and v € Xy, then arfu,v] = 0.
(7) If ue X, thenuwe X_,,.

Remark 2. The fourth assertion follows from the fact that H'(R2?;C?) is invariant under
Qm. Let the Fourier transform with respect to the first two variables be denoted by ®. As
X reduces the operator ® we can easily prove the the sizth assertion by expressing ar|u,v)
i terms of ®u and dv.

Let now U := By(1), I' := U x {0} and m € Z. The previous lemma ensures that the space
HY(Q\T; €3) is invariant under the projection P, as we know that

U‘R2><(—7r/2,0) € H* (RZ X (_7-(/27 0) ) Cg) )
ulR2(0,r/2) € H' (R? x (0,7/2);C?)

and that the traces of the two functions coincide on (R?\I') x {0}. Likewise, we obtain
for u € P, HY(Q\[;C3) und v € P HY(Q\I'; C?) that ar[u,v] = 0. This implies that the

operator Agfl) can be further decomposed by the spaces X,,. Let
K (K cOs @, K sin @) := el#™ (r,p) € Ry x (0,2m). (4.14)

The function ¢,, defined as in (4.2) with k is replaced by k,, is an element of X,, as can
be seen directly in connection with (4.1)). Furthermore we obtain for (r,) € R4 x (0,27),
T = (rcosg,rsiny):

T (Z) := 26723 (COS <gﬁ) — cos (g'y)) /S% k(f)ei& do (&)

2
= ™ 2Kk2423 (cos (gﬁ) — coS (gfy)) / elmlelrrcostd qg
0

=wm(r)

Note that vy, [jg,0) is sSmooth and that vy,[(,1) # 0. For the last statement we refer to the next
section, where the derivatives of v, at 0 are explicitly calculated. The perturbation f has to
be chosen in X, and its jump should be in the third component to minimise the variational

coefficient, i.e.,
[f3les=o(r cos g, rsing) = ¥Mw(r)  (r,p) € Ry x (0,27) (4.15)

for a certain w € Cp(RR4). This implies

1 2T
Qvs, f) = —Re(/0 T‘/O Ty (7 cos @, rsin @)[ f3]z5=0(7 cos p, rsin ) de dr)

= —or Re< /0 g U (r)@(r) dr).

This expression is clearly strictly negative for an appropriate choice of the jump w. Therefore,
in analogy to the proof in the previous section we immediately obtain the following theorem.
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(4)
r

Theorem 4.5. Letm € Z.. Then the elasticity operator Ay’ restricted to X, has an embedded

eigenvalue in the interval [0, A).

As this is true for all subspaces X,,, this implies

Corollary 4.6. (1) The elasticity operator Al(fl) has infinitely many eigenvalues (counted

by multiplicity) in the interval [0, A).
(2) For m € N there exists a real eigenfunction of the operator A§4) in Xy @ X_p, for

m > 0 the (real) eigenspace is at least two-dimensional.

Proof. As the considered sesquilinear form a(F4) is real, the operator A(F4) is also real, i.e.,

for u € D(Al(})) we have u € D(Agfl)) and A%‘l)u = A(F4)H. Let m € N and u € X,,, be an
eigenfunction of the operator for the eigenvalue A\. Then w is also an eigenfunction to the
same eigenvalue and therefore also v +u. Due to the structure of the spaces X, for m # 0,
both of these are linearly independent. O

4.3. Asymptotic bounds. Let T := By(l) x {0} and f € X,, N d[a(r4)]. We denote in
analogy to the two-dimensional case

FO(g) .= 173/2f (%) (z € Q). (4.16)
Hence we immediately get

R(fV) =1 2apo [f] - || £11?

and using the the above notation we obtain

Q(us, fU) = —2m173/? Re(/ol U ()0 (%) dr)
= —27l1/? Re(/ol 0 (1) w(r) dr)

m|

1 1
= —27Tl1/2<ZRe (lavg‘f)(O)/ o (r) dr) + Re/ TRy (f) w(r) dr),
a=0 0 0 l
based on a Taylor expansion of v,,. If |[m| > 1, then we obtain for 0 < a < |m|
27 )
0((0) = 2K21942 (cos (gﬁ) — Cos (g'y>) ia/o (cos B)%e™? 46
27
= 2k2423 (cos Eﬁ — cos 37 ia/ (cos )% cos(mb) db
(cos (5) —eos (7)),
1 P
o 2ta. 2 T\ ™ o | ogmm , ifi=|m|,
sl CACO R D) )

while m = 0 yields
7r T
v9(0) = 47Ky 0 (cos (§ﬂ> — CoS (E’y» .
Hence Q(vs, fV)) = —pol™+1/2 1 O(11™I+3/2) | where

1 —_—
1o := 27 Re <v,(,Lm|)(0)/ rw(r) d7’> .
0
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The choice of f and thus in particular w is made such that pg > 0. This implies Q(vs, f (l))
to be of order [IM+1/2 o ~ IMI+1/242 5  2mI+3 ynd finally implies an order of 14™I+6 for
the size of the variational coefficient. We conclude the following asymptotic bound.

Theorem 4.7. Let m € Z. There exists a constant Cy, independent of | and an eigenvalue
A(l,m) € ap(A%)]Xm) such that

IX(L,m) — A| > C,I4mIH6, (4.17)
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