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Abstract

A simple and explicit procedure for testing the conditional independence of two multi-dimensional
random variables given a third random vector is described. The associated Li-based test statis-
tic is defined when the empirical distribution of the variables is restricted to finite partitions.
Distribution-free strong consistency is proved.

Keywords: Conditional independence, nonparametric test, partition,
distribution-free strong consistency.

1 Introduction

Consider an R? x R? x R%"-valued random vector (X,Y, Z). We are interested in testing the null
hypothesis that X and Y are conditionally independent given Z:

Ho:P{X €AY ecB|Z}=P{X € A| ZYP{Y € B| Z} as.

for arbitrary Borel sets A, B.

There are many independence testing approaches in the statistics literature. Ford = d' =1, an
early nonparametric test for independence, due to Hoeffding (1948), Blum et al. (1961), De Wet
(1980), Cotterill and Csorgd (1985), is based on the notion of differences between the joint distri-
bution function and the product of the marginals. The associated independence test is consistent
under appropriate assumptions. Rosenblatt (1975) defined the statistic as the Lo distance between
the joint density estimate and the product of marginal density estimates. A second approach is
to base the test on characteristic functions. One characteristic function-based independence test
uses as its statistic the difference between the joint empirical characteristic function and the prod-
uct of the marginal empirical characteristic functions at a particular point, chosen according to a
variance maximization argument in Csorgé (1985). An alternative approach is to take a smoothed
difference between the joint characteristic function and the product of the marginals, as proposed
by Feuerverger (1993). Gretton and Gyorfi (2010) introduced nonparametric tests of independence
of random vectors and proved their strong consistencies. As further literature we mention Bakirov
et al. (2006), Beran et al. (2007), Dauxois and Nkiet (1998), Fukumizu et al. (2007), Gieser
and Randles (1997), Gretton et al. (2005), Kankainen (1995), Genest et al. (2007), Dette and
Neumeyer (2000) with references.

For nonparametric testing conditional independence, in the context of index functions Lin-
ton and Gozalo (1996) proposed and investigated tests of Kolmogorov-Smirnov and Cramér-von
Mises type with a generalization of empirical distribution functions using rectangles, while Song
(2009) used Rosenblatt transforms. Under density assumption Su and White (2008a, 2008b), used
Hellinger metric and characteristic functions, respectively, relaxing the independence assumption
on the sample. An information theory based test for conditional independence is due to Kullback
(1968) and was applied to learning Bayesian networks, e.g., by de Campos (2006).

In this note we extend the test of Gretton and Gyorfi (2010) with Li-based statistic to testing
conditional independence and show distribution-free strong consistency.

2 Main result

A sample of R? x R x RY”-valued independent and identically distributed (i.i.d.) random vectors
(X1,Y1,71),...,(Xn,Y,, Z,) is given such that the common distribution is the same as that of
(X,Y,Z)
Introduce the following empirical distributions:
#{Z : (XM}/Z)Zl) € Ax B x C,Z = 1,...,7’7,}

Vn(A7BaC): n )

i (X, Z; EAXC,?::L...,TL
ata ) - HliHaT €A 3




Uno(B,C) = #{i: Vi, Zi) € an C,i= 1,...,n}’

and 40 ZieCim1 )
1: 4, €0, =1,...,n
,un’g(C): )

n

for any Borel subsets A, B and C.
Given the finite partitions P, = {4An1,..., Anm, } of R? and Q,, = {Bn1,.--,Bnm } of R4
and Ry, = {Cpn,1,...,Cpomn} of RY”, we define the L; test statistic as

vn(A,B,C) v 1(A,C)vpa(B,C)

L, = — pn,3(C)
A€EP,,BEQ, ,CER, n.3(C) Hn3(C) - pin3(C) ‘ ’
1Z9 1(A, C)I/n Q(B7 C) ‘
= vn(A,B,C) — — . .
2 ( ) tin,3(C)

A€P,,B€Q,,CER,

For testing a simple hypothesis versus a composite alternative, Gyorfi and van der Meulen
(1990) introduced a related goodness of fit test statistic L,, defined as

Ln(ﬂn,la,ul) = Z ‘,U/n,l(A) - HI(A)|
AePy,

Beirlant et al. (2001), and Biau and Gyorfi (2005) proved that, for all 0 < ¢,
P{Ln(stn,1, 1) > €} < 2Mme /2, (1)
Theorem 1 Under Hy, for all0 < ey, 0 < eg and 0 < g3,

P{Ln >¢e1+€E9+€3 +€4}

< QML TNEL/2 | g =R /2 g g g nE 2 | g mned/2,
Proof. Introduce the notations
v(A,B,C)=P{X € A,Y € B,Z € C},
n(4,C)=P{X € A, Z e C},

va(B,C) =P{Y € B,Z € C}

and
ps(C) =P{Z € C}.

We bound L,, according to

L, < > lvn(A, B,C) — v(A, B,0)|
A€P,,B€EQ,,CER,

B P
A€P, ,BEQ,,CER, p3(C)

D S X< PP C Y pe

A€P,,BEQ,,CER, p3(C) ps(C)
Vl(A,C) 125 1(A7C) ‘
+ — 2y, 2(B,C) - ="y, »(B,0)|.
2 w0y 2B = ey B O)

AePy,,BEQ,,CERY



Under the null hypothesis Hg, the second term of the right hand side is 0, while the third term is
equal to

Vl(Avc) v v
2 (Z i >| 2(B,C) ~ vas(B, C)|

Be€Q,,CERy \AEP,
= > [1(B,C) = vaa(B,C).
Be€Q,,,CeER,

Concerning the fourth term, we have that

> (Z un,2(B,C)>

ps(C) Nn,S(C)

l/l(A,C) Vn)l(A,C> ‘

A€P,,CER, \BEQ,
(A, C vn1(A,C
= Z Mn,S(C) 1( (C)) - 1( (C) )’
A€P, .CER,, 3 Fin,3
< > n(A,0) = v (4,0)
AeP,,CER,
Hn S(C)
+ ) (Z ul(A,C)>‘ : 1'
CER, \AcP, #3(C)
= > (A, C) = vea(A O
AeP,,CER,
+ D [pns(C) — ps(C)].
CeERn

Under the null hypothesis Hg, these inequalities yield the bound

L, < > lvn(A, B,C) — v(A, B,O)|
A€Py,BEQ,,CER,

+ Y [e(B,C) = vna(B,O)

Be€Q,,CERy

+ ) (A C) = v (A0)
AeP,,CeER,

+ Z b 3(C) — p3(C)] .-
CeER,

Thus, (1)) implies that
]P’{Ln >¢e1+éE2+ €3 +€4}

< P > vn(A, B,C) = v(A,B,C)| > &1
AeP,,BeQ,,CeR,

+P Z |I/2(B,O)—I/n72(B,O)| > &9
Be€Q,,CERy

+P Z |I/1 (A, C) - Vn,l(Aa O)| > &3
AeP,,CeER,

+]P’{ Y 1t 3(C) = (O] >63}

CeRR

< Qm,,,-m’n;mi{e—nsf/Q + 2"7':1'”‘/7;6_”55/2 + 2mn-m,£l/e—ns§/2 + 2m;{e—nsi/2.



]

The technique of Theorem [l yields a distribution-free strong consistent test of homogeneity,
which rejects the null hypothesis if L, becomes large. The concept of strong consistent test is
quite unusual: it means that both on Hg and on its complement the test makes a.s. no error after
a random sample size. In other words, denoting by Pg (resp. P1) the probability under the null
hypothesis (resp. under the alternative), we have

Po{rejecting Hg for only finitely many n} =1

and
P, {accepting H, for only finitely many n} = 1.

In a real life problem, for example, where we get the data sequentially, we only receive the data
once, and should make the best possible inference from these data. Strong consistency means
that the single sequence of inferences we make from the data received is a.s. perfect if the sample
size is large enough. This concept is close to the definition of discernability introduced by Dembo
and Peres (1994). Devroye and Lugosi (2002), Biau and Gyorfi (2005), and Gretton and Gyorfi
(2010) provide further discussion and references. We emphasize the fact that the test presented
in Corollary [I] is entirely distribution-free, i.e., the probability distributions v, v; and vy are
completely arbitrary.

Corollary 1 Consider the test which rejects Ho when

/ " / " 1 " / "

mym;,m mj,m. My,m;, mj mym;,m)

Ly, > c \/ + + i\ — | Ra\| —,
n n n n n

c1>Vv2In2~1.177.

where

Assume that the conditions

!/ 1
lim 2™ _ o (2)
n—o00 n
and
m//
lim — = oo. (3)

n—oo Inn

are satisfied. Then, under Ho, after a random sample size the test makes a.s. no error. Under
the alternative hypothesis, assume that the sequences of partitions P, and Q, are nested, and that
for any sphere S centered at the origin

lim max  diam(A4) =0, (4)
n—oo A€P,,, ANS#0
and
lim max  diam(B) =0, (5)
n—oo BEQ,,, BNS#0
and

lim ma diam(C) = 0. (6)
n—oo0 CeER,, CﬂS;ﬁ

Then after a random sample size the test makes a.s. no error.

Proof.

STeEP 1. Under H,, we obtain from Theorem [I] a non-asymptotic bound for the tail of the
distribution of L,,, namely

{L - (\/mnm m/ \/m m/ \/mnm” %)}
n

anm m ne clmnm mn/2 2mnm ne clm m! /2+2mnm e clmnm"/2+2m” —clm ' /2

67(01/271n2)mnmnmn +67(cl/271n2)mnmn +67(cl/27ln2)mnmn +€7(cl/271n2)

46—(0?/2—1n 2)m.! )

INIAIA



Therefore the condition implies

0 mym.m! m’ m! m,m!! m!’
Z]P; Ln > ¢ n'''n + n'''n + n + Mo < o0,
el n n n n

and the proof under the null hypothesis is completed by the Borel-Cantelli lemma.
STEP 2. For the result under the alternative hypothesis, we first apply the triangle inequality

L, — VA, B,C)_m(A,cwz(B,c)‘Wm
A€Pn,BEQ,,CER,, #3(C)
where
Vol < > vn(A, B,C) — v(4, B,C)|

A€Py,BEQ,,CER,
+ > (B,C) = va(B,0)

BeQ,,CeER,

+ Z |V1(A7C) - V7L,1(A7C)|
AeP,,CER,

+ ) ins(C) — us(C)].
CeR,

According to Step 1, we get that
(A, C)ve(B,C)
p3(C)
a.s., since implies V,, — 0 a.s. The conditional distribution of (X,Y") given Z is denoted by v,:
v,(A,B)=P{X €AY €eB|Z=z}

liminf L,, = lim inf
n—oo n—oo
A€P,,B€Q,,CER,

v(A,B,C) —

while p1,. and o . stand for the conditional distributions of X and Y given Z, respectively:
n(A)=P{XeA|Z==z}

and
v, (B)=P{Y € B|Z ==z}

Let L* be the expected total variation distance of v, and vy, X vy .:

L* = E{s%p lvz(F) — v,z x vo,z(F)|},

where the supremum is taken over all Borel subsets F' of R? x R, Exactly, under the alternative
hypothesis L* > 0 holds. By it suffices to prove that by conditions , and @,

A B
lim inf - (A, B,C) — m( ’C)Vé( ’C)‘ > 9L >0,
" e, BEQ,,CER,, p3(C)
and therefore
liminf L, > 2L* > 0 (7)
n— o0

a.s.
The sequences of partitions P,, and Q,, are nested, then for any n > m we have that

3 v(a,,0) - 14 0)1/02(3,0)‘
A€eP,,,BEQ,,CER, u3(C)
V1(A7C)V2(B,C)’
> v(A,B,C) — ,
- ( ) u3(C)

A€EP,,BEQm,CER,



therefore it suffices to show that

. .. Vl(Avc)VQ(Bvc) *
1511}151; hnrgloréf o v(A,B,C) — a0 >2L* > 0. (8)
Introduce the notation
Cn(Z) = ij if z € ij.
For each A € P,,,, B € Q,,, we get
_ 141 (A, C)VQ(B, C)
Cer., V(4. B,0) 13(C) ‘
B / Je o oA Blus(dw) — Jo, o) viw(Aps(dw) o, ) v2w(B)us(dw) (@2)
- 113(Cn(2) G2 m(Caz) |7
— [ A B) v (A (B) aldz) + W
where
fc (2) vw (A, B) s (dw)
W, < / PRGEAE) —v,(A, B)| ps(dz)
fcn(z) V1w (A)p3(dw)
A e R O
fcn(z) Va,w(B)ps(dw)
o IS

because of vy < 1, v, <1 for all w. The functions w — vy, (A, B), w — v1 ,(A), w — v 4,(B)
can be approximated in L (us3) by continuous functions with compact support (cf., e.g., Theorem
A.1 in Gyorfi et al. (2002)). This and condition @ imply W,, — 0. Because the partitions P,,
and Q,, are finite, we obtain

lim V(A B0y~ A 0)2(3’0)‘
" AeP, BEO CER, 13(C)
- ¥ / V2(A, B) — w1 2(A)vn..(B)| juald). (9)

A€Pm,BEQm

For any fixed z, from and we get that

lim Z |V, (A, B) — vy ,(A)ve ,(B)| = 2sup [V, (F) — 11, X 12 ,(F)|
A€P,,,BEQ, F

(cf. Barron et al. (1992)). Therefore Fatou lemma implies that

lim inf / > (A, B) =1 .(A)a:(B)] | pa(dz)

m
A€P,,,BEQ,

/ lim inf > v(A B) = v (A o (B)] pa(dz)

A€EPp,,BEQm

E{QSL;MVZ(F) —vi,z X V27Z(F)|}

= 2L*, (10)

Y



which, by (9) yields (8), and the proof is complete. 1
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