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Abstract

First, this paper proves the existence of a minimizer for the Pekar functional
including a constant magnetic field and possibly some additional local fields that
are energy reducing. Second, the existence of the aforementioned minimizer is used
to establish the binding of polarons in the model of Pekar-Tomasevich including
external fields.

1 Introduction

The Pekar functional including external electric and magnetic potentials is given by

[ (1Dl + vie) as— [ EOHAOE 0

|z — y|

where Dy := —iV + A and ¢ € H}(R3). The letters V and A denote (real-valued)
scalar and vector potentials associated with the external electric and magnetic fields
—VV and curl A. Since ¢ denotes the wave function of a quantum particle (electron)
we impose the constraint that

[ 1oz =1. 2)

The functional arises e.g. in the study of the ground state energy of the polaron
[0, 11] and in the analysis of a self-gravitating quantum particle [14]. Depending on
the context, the Euler-Lagrange equation associated with , is called Choquard
equation or Schrodinger-Newton equation. The time-dependent version of the Euler-
Lagrange equation describes the dynamics of interacting many-boson systems in the
mean field limit [6]. We are interested in the question whether the functional
subject to has a minimizer, and we shall give a positive answer for a class of
potentials including all previously considered cases. Second, we shall use the existence
of a minimizer to prove binding of polarons in the model of Pekar and Tomasevich with
an external magnetic field.

In the case A =0 and V = 0 it is a well-known result, due to Lieb [10], that the
Pekar functional , possesses a unique, rotationally symmetric minimizer, which
moreover can be chosen pointwise positive. For the existence part a second proof has



been given by Lions as an application of his concentration compactness principle [12].
Lions also considered the case of non-vanishing V' < 0. In this paper we establish
existence of a minimizer for constant magnetic fields and vanishing V', as well as for
certain local perturbations of this field configuration. For example, if curl A is constant,
V(z) = —|z|~!, then () has a minimizer as well. More generally, the Pekar functional
has a minimizer for any local perturbation of the fields A(x) = (B Ax)/2, V = 0 that
leads to a reduction of the energy. We give examples of non-linear vector potentials for
which this trapping assumption is satisfied.

In the second part of the paper we address the question of binding of two polarons
subject to given electromagnetic fields A,V in the model of Pekar and Tomasevich.
For A =0,V = 0 this question has been studied by Miyao, Spohn and by Lewin and
answered in the affirmative for admissible values of the electron-electron repulsion close
to the critical one [I3, @]. In fact, Lewin proved the binding of any given number of
polarons by establishing a Van der Waals type interaction between two polaron clusters.
This method makes use of a spherical invariance which is broken by the presence of
a magnetic field. We here describe a much softer argument to explain the binding of
two polarons that works for any given A,V and requires nothing but the existence of
a minimizer for , . This argument is based on the observation that the product
1 ® ¢ of two copies of a minimizer ¥ of , does not solve the Euler-Lagrange
equation of the Pekar-Tomasevich functional and hence cannot be a minimizer of this
functional. This argument does not depend on the presence of external fields and
seems to be novel. It can be extended to multipolaron systems, and this will be done
in subsequent work.

In a companion paper we derive estimates on the ground state energy of the Frohlich
polaron subject to electromagnetic fields A,V in the limit of strong electron-phonon
coupling, & — oo. For fields A,V that are suitably rescaled with «, it turns out that
this ground state energy is correctly given by o? times the minimum of , up
to errors of smaller order. In view of the results of the present paper the binding of
Frohlich polarons subject to strong external fields and large a will follow. In the case
A =0,V =0 a similar result has previously been established by Miyao and Spohn on
the bases of [5, 11}, [10]. In the physical literature the existence of Frohlich bipolarons
in the presence of magnetic fields is studied e.g. in [2].

Solutions to the Choquard equation with magnetic field have very recently been
studied in [4,3]. In [3] infinitely many solutions are found whose symmetry corresponds
to the symmetry of A. Constant magnetic fields seem to be excluded, however. The
constrained minimization problem , with non-vanishing magnetic field does not
seem to have been studied yet. Nevertheless, as our methods are not new, we would
not be surprised if some of our results on the existence of a minimizer for , with
A # 0 could be inferred from existing results in the literature.

Section 2 is devoted to the problem of existence of minimizers for , ; in Sec-
tion 3 the binding of polarons is established. There is an appendix where technical
auxiliaries are collected.
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2 The Magnetic Pekar Functional

This section contains all our results on the existence of a minimizer for the Pekar
functional, as well as the main parts of the proofs. Some technical auxiliaries have
been deferred to the appendix.

The minimal assumptions that we shall make throughout the paper, are that A,V
are real-valued with A,V € L? (R3) and that V is infinitesimally small with respect
to —A, V <« —A. This means that for every ¢ > 0 there exists C. € R such that

Vell < el Al + Cellel

for all ¢ € C§°(R3). Here and henceforth | - || denotes an L?-norm. Every potential
V that admits a decomposition V = V; + Vo with V3 € L?(R3) and Vo € L®(R3) is
infinitesimally small w.r.t. —A.

We define Dy := —iV + A and

H)(R®) = {¢ € L*(R%) | Dap € L*(R* C?)}.

Equipped with the norm |¢[|4 := [[Dagl||? + ||¢||? this space is complete and C§°(R?)
is dense. This means that the quadratic form (Dap, Dayp) is closed on H}(R3) and
that Cgo(Rg) is a core. The unique self-adjoint operator associated with this form is
denoted D?.

We define the Pekar functional £4V () by the expression . For the domain of
this functional we take {¢ € H}(R?)| [ |¢|?dz = 1} unless explicitly stated otherwise.

EAV we mean a vector ¢ from this domain. It is not

EA’V

In particular, by a minimizer of
hard to see, using the Hardy and the diamagnetic inequalities, that is bounded
below and that every minimizing sequence is bounded in H(R?), see Lemma We
set

CAV () = inf {E4Y ()] € HARP), o] = A} (3)

where A > 0. As a preparation for the proofs of the theorems of this section we first
establish a few general properties of the Pekar functional and its lower bounds .
To this end, and for use throughout the paper, we introduce the following notation:

2 X
o) = [0 4, o [ o),

where usually p = p, := ||
Lemma 2.1. Under the above minimal assumptions on V, A, the following is true:

(i) If E4V () — CAV(1) and ¢, — @ as n — oo, then E4V () = CAV (1) and
on — ¢ in Hy(R3).



(i) If EAV(p) = CAV (1), then ¢ is an eigenvector of D +V — 2V, associated with
the lowest eigenvalue of this operator, which is C4V (1) — D(py).

(iii) The map X — CHV(N) is continuous.

(i) If liminf, o D(py,,) > 0 for every (normalized) minimizing sequence of E4V,
then for all X\ € (0,1),

CAV (1) < CMV(N) + 0NV (1 - N).

Proof. (i) Since () is bounded in HY(R3) and ¢, — ¢ we see that ¢, — ¢ in
HY(R3), and hence that £V (p) < liminf,—e £ (), by Lemma (ii). It
follows that £4V () = CAV(1) = limy, 0o E4Y (,) and, using Lemma again,
that [|[Dawn||> — ||Dagl|?. This proves (i).

(ii) We claim that

EVV () < (0, (DA +V = 2V,)9) + D(p,,) (4)

for any given ¢ € H4(R3). This follows from 0 < D(p, — py) = D(py) + D(py) —
2(1, Vo). If ¢ is a minimizer of £ AV then it follows from (d]) that for every normalized
Y € Hy(R?),

CAV(1) < (v, (D3 +V = 2Vp)¥)) + D(py)

with equality if ¢» = . This proves part (ii).
(iii) Clearly for all A > 0,

CAY(N) = A-inf {| Dagl® + (v, Vo) = AD(py)| o]l = 1} (5)

We see that g(A) = C4Y(\)/) is the infimum of linear functions of A. It follows that
g is concave and hence continuous.
(iv) It suffices to show that

CAV(A) > CV (1) forall Xe (0,1). (6)

Then CAV (1 — A) > (1 — \)CAY(1) and the asserted inequality follows. Since, by
®). CAV(N) > ACAY (1), it remains to exclude equality. Again by ([5)., the equality
CAV(N) = A4V (1) would imply the existence of a normalized sequence (,) with
IDagn|? + (pn, Von) — AD(py,,) — CAYV(1). A fortiori, this sequence would be mini-
mizing for £4 and D(p,,) — 0, in contradiction with the assumption. O

Lemma 2.2. If A is linear with B = curl A, then
(i) C%0(1) < CA9(1) < C%°(1) + |B|, and C%9(1) < 0.

(i) If (¢n) is @ minimizing sequence for EA0 then liminf, oo D(py,) > 0.



Proof. The inequality C%°(1) < C49(1) follows from the diamagnetic inequality, and
C%9(1) < 0 follows from a simple variational argument. By combining with the
enhanced binding inequality of Lieb [1], we conclude that, for ¢ € H(R?) with ||| = 1,

cA0(1) < info(D% —2V,) + D(p,)

< info(—A —2V,) + D(p,) + | B|
(o, (A =2V )p) + D(p,) + | B

E"(p) +|BI.

IN

To prove (ii), suppose that D(p,, ) — 0 as n — oo for some minimizing sequence (yy,)
of £40. Then
CA0(1) = lim £4%(p,) = lim | Danl® > |B], (7)
n—oo

n—oo

which is in contradiction with the fact that C4°(1) < C%°(1) + |B| < |BJ, by (i). O

Theorem 2.3. Suppose that A is linear. Then there exists a ¢ € HY(R?) with
[ l¢l? dz =1 such that
EM0(p) = CHO(1),

and every minimizing sequence for E40 has a subsequence that converges to a minimizer
after suitable translations and phase shifts.

Remark. The Pekar functional £40 with a linear vector potential A is invariant under
magnetic translations 1 +— 1), v € R?, where

Yo(z) = e X@y(z —v),  x(z):=AW) -z, veR>. (8)

This means that minimizing sequences will in general not be relatively compact. By
the concentration compactness principle every minimizing sequence has a subsequence
that becomes relatively compact upon suitable translations of the type .

Proof. Let (¢,) be a minimizing sequence for £40 and let (¢p, ) be the subsequence
given by Lemma We shall exclude vanishing and dichotomy in order to conclude
compactness of the sequence of suitably shifted functions. In the following we use p,
as a short hand for p,,,.

Vanishing does not occur. We show that vanishing implies D(py, ) — 0 as k — oo,
which contradicts Lemma (ii). To this end we use that D(p,) = [ Viop, dz < ||Vi oo
where ¢ € L?(R3) is normalized. For every R > 0, by the Holder and the magnetic
Hardy inequalities,

lon, (1) 2 1
Vo, (@ g/ PTGy 4 =
Ven, (@) Br(z) 1T —Yl R

1/2
1
< 2|Dagu | ( / rwnk<y>|2dy) L
Br(z)

Since supy, | Dagn, || < 0o, vanishing implies ||V, [[cc — 0 and D(pn,) — 0 as k — oo.



Dichotomy does not occur. Suppose dichotomy holds, that is, there exists some
A € (0,1), such that for every e > 0 there exists kg € N and bounded sequences ((p,(cl)),
(gp,(f)) in H}(R3) having the properties (a)—(d) from Lemma Then, from (a), (c)

and the continuity of ¢ — D(p,), Lemma[A.2] we see that for k > ko

|D(pny) = D(py) — D(p)]
< |D(pny) = D + 022 + D" + 0P 12) — Do) — ()|
= §(e)+0(1), (k- o0),

where 0(g) = o(1) as € — 0. It follows that, using Lemma [2.1] (iii) and Lemma (d),

cMo(1)
- khm €A70((Pnk)
> liminf [5A70(¢nk) — gA0(py - 5A70(¢§f>)] + O + 01— \) + (1)
> liminf/ 1D an, > — [Dagll? — [DapP P da + CHO(N) + C0(1 = A) + o(1)
RS

k—o0

> CMON) +0A%1 - N +0(1), (e —0).

This proves that C40(1) > CA0(\)4+C49(1 - \) for some A € (0, 1), which contradicts
Lemma (iv).

Compactness. Since vanishing and dichotomy have been excluded, the subsequence
(¢n, ) must have the compactness property of Lemma Let xx(z) := A(yg) - « with
yr € R? given by this lemma, and let uy,, (z) = eX*@)p, (x + y). Then, for every
€ > 0 there exists R > 0 such that

/ U, |*dz > 1 — ¢ for all k. 9)
Br(0)

The phase xj has been chosen in such a way that A(z) + Vygi(x) = A(x + yx), which
implies that |Dau, || = [[Dapn,||. It follows that E40(u,,) = €4%(p,,) and that
(y, ) is bounded in HY(R3). Hence there exists a u € H(R?) and a subsequence of
(un,,), denoted by (uy, ) as well, such that

Up, —u, in Hj(R?), (10)

and therefore u,, — u in L?(R3). We claim that ||u|| = 1 and hence that u,, — u
in L?(R?). Indeed, since A is locally bounded, implies that w,, — wu locally in
L*(R?), and by (9) we conclude that

1> [uf? > / (2 dz = lim fup, [2d > 1 — &
Br(0) k=00 JBR(0)
for every € > 0. The theorem now follows from Lemma (1). O

We say A is asymptotically linear if there exists a linear vector potential A, such
that
|A(x) — Ao ()] — 0, as |z| — oo.



In addition we shall assume that A € L} (R3) whenever A is asymptotically linear.
This technical assumption ensures, e. g. that H}(R*) = H} (R?) and that the norms
of these spaces are equivalent (see Lemma .

To ensure relative compactness of minimizing sequences we shall impose one of the

following trapping assumptions:
(T1) V(—=A+1)~!is compact and
CcAV (1) < cA0(1).

(T2) V(—A+1)7!is compact, A is asymptotically linear and
AV (1) < ¢A=0(1).

Further below we shall give examples of potentials that satisfy either (T1) or (T2).

Theorem 2.4. Suppose that one of the trapping assumptions (T1) or (T2) is satisfied.
Then every minimizing sequence of E4Y has a convergent subsequence, the limit being

a minimizer.

Remark. If V(—A41)"! is compact and A is asymptotically linear, then the inequality
CAV(1) < C4=0(1) is not only sufficient, but also necessary for the conclusion of
Theorem [2.4] to hold.

Proof. Let (p,) be a minimizing sequence for £4V. After passing to a subsequence we

may assume that ¢, — 1 in H}l(R?’). We claim that ¢ = 0 is in contradiction with

(T1) and (T2). Indeed, if ¢,, — 0 then (¢n, Vip,) — 0, by Lemma [A.4] which implies

that C4V (1) > C40(1) in contradiction with (T1). If A is asymptotically linear, then

Dapn = Da pn+(A— Asxo)pn where (A— As)pn — 0 by Lemma It follows that
CAV(1) = lim €4 (pp) = lim £4%0(p,) > CA=0(1).

n—oo

This is in contradiction with (T2).
Using that the weak limit of a minimizing sequence cannot vanish, we conclude,
from Lemma (iii), that
lim inf D(p,,) > 0

n—oo
for every minimizing sequence (@, ). It follows that A — C4V()) is subadditive in the
sense of Lemma We now use this to show that a weakly convergent minimizing
sequence () is in fact strongly convergent. To this end suppose that ¢, — 1) where
A = [|%|> € (0,1) and consider the decomposition ¢, = ¥ + (¢n — %) =: V¥ + By.
Clearly, 8, — 0 in H4(R?) and [|8,]> — 1 — X\. We claim that

ENY (pn) = EMV (W) + EMV (B) +0(1), (- o0). (11)

The kinetic and potential energy || Dawy||? + (¢n, V¢n) decompose as desired, which is
a direct consequence of the weak convergence 3, — 0 in H}‘(R?’) and the compactness
of V(—=A +1)~L. It is not hard to see, using 3, — 0 locally in L?*(R3), that

D(py+p,) = D(py) + D(pg,) + o(1), (n — 00).



From we see that

EMV (o) = OV () +CMY(IIBal®) + (1)

= CAY N+ (1 =N +o(1)

for n — oo, by the continuity of C4" (Lemma (iii)). Thus CAYV (1) > CAV(N) +
CAV (1 — \) which contradicts the subadditivity of C4"| i.e. Lemma (iv).

Since we have shown that ||¢|| < 1 is impossible, we conclude that ||¢| = 1 and
©n — 1 in L?(R3). The theorem now follows from Lemma (i). O
Examples:

1) Suppose A is any C'-vector potential for which EA0 has a minimizer ¢, see
Theorems and Then the Euler-Lagrange equation satisfied by ¢ is a
Schrodinger equation and hence ¢ cannot vanish a.e. on a non-trivial open set,
see [8]. It follows that [ V|¢|? dz < 0 for every potential V' < 0 with the property
that V' < 0 on some non-empty open set. If, moreover, V(—A +1)~1 is compact,
then (T1) is satisfied.

2) We choose V = 0 and we define the vector potential A by A = Ar where

Ap(z) 0, |z| < R
xr) =
f Aso(z), |2 >R

and Ay (z) = (—Bz2,0,0). We claim that C40(1) < C4=0(1) for B > 4 and
R sufficiently large. Indeed, by Lemma EA%0(p) = ||Dapll? — D(py) >
B —2||¢|l®||Da | > 0, while CA79(1) — C%0(1) < 0 as R — oo.

The following corollary summarizes the conclusions of Example 1) above and The-

orem [2.41

Corollary 2.5. Suppose that V(—A + 1)~ is compact, V < 0, and V < 0 on some
non-empty open set. Then 4V has a minimizer, provided £4° has a minimizer and
A belongs to C*. In particular E4Y has a minimizer for every linear vector potential

A.

3 Binding of Polarons

Let V and A satisfy the minimal assumption introduced in the previous section. The
magnetic Pekar-Tomasevich functional 5; V. H (1 A,A) (R%) — R is defined by

2
V(W) =Y / (IDaw (@1, 22) + V(@) (a1, 22)) derdas
k=1

2
+U Mdmdm_/wdmdm,
|21 — a2 |x1 — xa|



where

ple) = / ((@,9) + [y, 2)|2)dy

denotes the density. The minimal energy of ES’V is defined by
AV . AV _
i =it { 0 ()| € Hly (R, 0]l =1}

Theorem 3.1. Suppose that E4V possesses a minimizer @g; see Theorem Theo-
rem and Corollary [2.5, Then there exists Uy > 2 such that for 2 < U < Uy we

have

ey <2047 ().

Proof. Since C’é"v is continuous with respect to U it suffices to prove that Cé’v <
204V (1) for U = 2. By a straightforward computation

£ (00 ® o) = 264 (o) = 204V (1),

and it remains to prove that ¢o ® g is not a minimizer of E&":VQ. To this end, suppose
Yo ® o were a minimizer of 53’:‘/2. Then it would have to solve the Euler equation of

the functional, which implies that
<77 ®@n )Zzzl(D?ﬁl,mk + V(ak) — 4V () + 201 — w271 — E‘ 0o ® <P0> =0 (12)

for some E and all n € H)(R3). We claim that cannot be true for all . Since
o minimizes £V, we know from Lemma (i), that (D% +V — 2V, )0 = Ay for
some A € R. Hence equation reduces to

(n@n|2h— B =252 Viy(on) + 2l — 2l | o @ 0) = 0 (13)
for all n € H}(R?). Since V,,, is bounded while |z; — 22|~} is positive and unbounded,
we can choose 7 > 0 so that for all z € R? and all x1, 22 € B,(2),

2
g1, m9) =20 — E =2 Vi (ap) + 2wy — 2| ' > 1. (14)

k=1

Let x(rz) € C(‘)’O(Rg; [0,1]) with X(m)(m) =1forz € BT/Q(z) and X(m)(:v) = 0 for
x & By(z). In view of the choice n = x(, .0 in leads to

2
0 = (X(r2)P0 ® X(r,2)%0 19| 0 ® @0) > / lpo(x)[*dx |
BT/Q(Z)
for all z € R3. Tt follows that o = 0 in contradiction with |@g| = 1. O



A Appendix

The following is a variant of the Lions’ concentration compactness principle, Lemma
II1.1, in [I2], the only difference being that D = —iV is replaced by D4 in our version.
This does not affect the proof.

Lemma A.1 (Concentration Compactness Lemma). Suppose that A : R3 — R3 is real-
valued and in L} (R3). Let (¢n)nen be a bounded sequence in HY(R3), let p, = |pn|?
and suppose

/pn(:c)da: =1 for all n € N.
Then there exists a subsequence (vp, ) which has one of the following three properties:

1. Compactness: There exists a sequence (yi)r>0 C R3 such that for all € > 0 there
is R > 0 with

pn,(x)dx >1—¢  forall k > 0.
Br(yk)

2. Vanishing: For all R > 0:

lim sup/ pn,,(x)dz | = 0.
k=00 \ yers J Br(y)

3. Dichotomy: There exists A € (0,1) such that for every e > 0 there exists kg € N
and bounded sequences ((,0,9)), (‘Pl(f)) in HY(R3) satisfying,

(@) lon, — (27 + o) = 6(e), k> ko,

1 2
0) e I2 =M <e 22— (1 -N|<e k> ko,

(c) dist(supp(\”), supp(¢\?)) — 00 (k — o),

(@) timint [ (IDagu, @ ~ [Dael? @) = |Dag? (@) )dz = 0,
where 0(g) — 0 as € — 0 in property (a).
Lemma A.2. Under our minimal assumptions on A,V the following is true:
(i) D(py) < 2|l0lIP[Dal for all o € H}(R?).

(i) On bounded subsets of HY(R3) the maps ¢ — (p,Vp) and ¢ — D(p,) are
continuous w.r.t. the norm of L*(R3).

(iii) In HY(R3) the map ¢ — D(py,) is weakly lower semi-continuous.

(iv) For every e € (0,1) there exists C. such that for all ¢ € H4(R?)

1
[Dagll* < 7=V () + Ce(llell® + lle°)-

10



Proof. (i) We have D(p,) = [ po(x)V(x)dz < ||pyll1]|Vis|loo, where

v < el N
Vel < el { [ 172y du) < 20elVIell,

by the Holder and the Hardy inequalities. (i) now follows from the diamagnetic in-
equality |Vl]g|| < [Dagp|.
(ii) The continuity of ¢ — D(p,) follows from

D(py) — Dipy)] = ] [ (0ol) = pule) (Vo) 4 Vi) d
< e — 2ol (1Villoo + 1Visllo)

where [[pp—py 1 < [lo=9l|(lell+[|9]]) and [[Vollo < 2[[Dagl[[#ll, by (1). We now turn
to the map ¢ — (p, V). The assumption V < —A is equivalent to |V| < —A which
implies that |V| < e(—A) 4 C; for all € > 0. From here the continuity of ¢ — (p, V)
is easily established.

(iil) Let x € C§°(R3;[0,1]) with x(z) = 1 for |z| < 1 and let xg(x) := x(x/R).
The weak convergence ¢, — ¢ in H}X(R?’) implies the norm convergence X rpn — XRY
in L?(R3). This can be seen from Lemma with the choice V' = x%. Since the
sequence (Xpgen) is bounded in H(R?), it follows from (i) that liminf, oo D(py, ) >
liminf, 0o D(X%Pp,) = D(x%p,) for all R > 0 and the desired inequality is obtained
using monotone convergence.

(iv) The assumption V < —A and the diamagnetic inequality imply that EDZ +V
is bounded below for every € > 0. With the help of (i) the inequality in (iv) now easily
follows. O

Lemma A.3. (i) If A1, Ay belong to L} (R3;R3) and Ay — As is uniformly bounded
in the complement of some compact set, then H}h (R3) = H}b (R?) and the cor-
responding norms || - ||a, and || - || 4, are equivalent.

(i) If A is asymptotically linear, then the linear map HY(R3) — L*(R3;C?), ¢
(A — Ay)yp is compact.

Remark. Further embedding results similar to Lemma can be found in [7].

Proof. (i) Suppose that |A; — As| < C in the complement of the compact set K C R3.
Then, for all ¢ € C5°(R?), [[Da,pl < [[Da, ¢l + [[(A1 — A2)e] and

I(A1 = A)el? < /K Ay — Aof?loPde + C¥lo)?

2/3
( / Al—AQPd:c) lll2 + €2l

IN

Since ||¢||¢ < const|| D4, ¢| by the Sobolev and the diamagnetic inequalities, it follows
that || Da,p|| < const[j¢]|a, for all ¢ € C§°(R?). This extends to all ¢ € H) (R?) and
then proves the lemma since the roles of Ay and Ay are interchangeable.

11



(ii) The boundedness of the map has been established in the proof of (i). To
prove the compactness, let (¢,,) be a bounded sequence in H(R3). After passing to a
subsequence we may assume that ¢, — ¢ in HA(R?’). By the Sobolev inequality, the
sequence (¢, —¢|?) is bounded in L3(R3), which is a reflexive Banach space. Hence we
may assume that |¢, — |2 — 9 in L3(R?) by passing to a subsequence once more. We
claim that ¢ = 0. Indeed, from ¢, — ¢ in H}(R3) it follows that [ x|¢, —¢|*dz — 0
for x € C§°(R?), as explained in the proof of Lemma (iii). On the other hand,
[ Xlpn — ¢?dz — [ xibdx because C3°(R?) C L3/?(R3), which is the dual of L3(R?).
Thus [y dz = 0 for all x € C§°(R?), which implies ¢ = 0. Hence |¢, — ¢|> = 0
in L3(R3) and it is easy to see that (4 — Ax) (¢, — @) — 0 in L?(R3; C3) using that
|A — As| < € on the complement of some ball Br and that yp,|4 — Ax|? belongs to
L3/2(R3), the dual of L3(R3). O

Lemma A.4. In addition to the minimal assumptions on A,V , suppose that V(—A +
1)~! is compact. Then the map ¢ — (@, V) is weakly continuous in H(R?).

Proof. The compactness of V(—A +1)~! implies that V(D% +1)~! is compact [1]. By
interpolation it follows that (D% +1)%/2V (D% +1)~1/2 is compact, which implies that
v — (@, Vi) is weakly continuous. O

References

[1] J. Avron, I. Herbst, and B. Simon. Schrédinger operators with magnetic fields. I.
General interactions. Duke Math. J., 45(4):847-883, 1978.

[2] F. Brosens and J. T. Devreese. Stability of bipolarons in the presence of a magnetic
field. Phys. Rev. B, 54:9792-9808, Oct 1996.

[3] Silvia Cingolani, Ménica Clapp, and Simone Secchi. Multiple solutions to a mag-
netic non-linear choquard equation. ZAMP, 2011. to appear.

[4] Silvia Cingolani, Simone Secchi, and Marco Squassina. Semi-classical limit for
Schrédinger equations with magnetic field and Hartree-type nonlinearities. Proc.
Roy. Soc. Edinburgh Sect. A, 140(5):973-1009, 2010.

[5] M. D. Donsker and S. R. S. Varadhan. Asymptotics for the polaron. Comm. Pure
Appl. Math., 36(4):505-528, 1983.

[6] Laszlé Erdés and Horng-Tzer Yau. Derivation of the nonlinear Schrédinger equa-
tion from a many body Coulomb system. Adv. Theor. Math. Phys., 5(6):1169-1205,
2001.

[7] Maria J. Esteban and Pierre-Louis Lions. Stationary solutions of nonlinear
Schrédinger equations with an external magnetic field. In Partial differential equa-
tions and the calculus of variations, Vol. I, volume 1 of Progr. Nonlinear Differ-
ential Equations Appl., pages 401-449. Birkhauser Boston, Boston, MA, 1989.

12



8]

[10]

[11]

Hubert Kalf. Une remarque au sujet de prolongement unique des solutions de
I’équation de Schrodinger. C. R. Acad. Sci. Paris Sér. I Math., 295(10):579-581,
1982.

Mathieu Lewin. Geometric methods for nonlinear many-body quantum systems.
J. Funct. Anal., 260(12):3535-3595, 2011.

Elliott H. Lieb. Existence and uniqueness of the minimizing solution of Choquard’s
nonlinear equation. Studies in Appl. Math., 57(2):93-105, 1976/77.

Elliott H. Lieb and Lawrence E. Thomas. Exact ground state energy of the strong-
coupling polaron. Comm. Math. Phys., 183(3):511-519, 1997.

P.-L. Lions. The concentration-compactness principle in the calculus of variations.
The locally compact case. I. Ann. Inst. H. Poincaré Anal. Non Linéaire, 1(2):109-
145, 1984.

Tadahiro Miyao and Herbert Spohn. The bipolaron in the strong coupling limit.
Ann. Henri Poincaré, 8(7):1333-1370, 2007.

Irene M. Moroz, Roger Penrose, and Paul Tod. Spherically-symmetric solutions of
the Schrodinger-Newton equations. Classical Quantum Gravity, 15(9):2733-2742,
1998. Topology of the Universe Conference (Cleveland, OH, 1997).

13



Marcel Griesemer

Pfaffenwaldring 57

70569 Stuttgart

Germany

E-Mail: Marcel.Griesemer@mathematik.uni-stuttgart.de

Fabian Hantsch

Pfaffenwaldring 57

70569 Stuttgart

Germany

E-Mail:| Fabian.HantschO@mathematik.uni-stuttgart.de

David Wellig

Pfaffenwaldring 57

70569 Stuttgart

Germany

E-Mail:| David.Wellig@mathematik.uni-stuttgart.de

14


mailto:Marcel.Griesemer@mathematik.uni-stuttgart.de
mailto:Fabian.Hantsch@mathematik.uni-stuttgart.de
mailto:David.Wellig@mathematik.uni-stuttgart.de




Erschienene Preprints ab Nummer 2007/001
Komplette Liste:  http://www.mathematik.uni-stuttgart.de/preprints

2011/027

2011/026

2011/025

2011/024

2011/023

2011/022

2011/021

2011/020

2011/019

2011/018

2011/017
2011/016
2011/015

2011/014

2011/013
2011/012

2011/011
2011/010

2011/009

2011/008
2011/007

2011/006

Griesemer, M.; Hantsch, F.; Wellig, D.:  On the Magnetic Pekar Functional and the
Existence of Bipolarons

Midieller, S.: Bootstrapping for Bandwidth Selection in Functional Data Regression

Felber, T.; Jones, D.; Kohler, M.; Walk, H.:  Weakly universally consistent static
forecasting of stationary and ergodic time series via local averaging and least
squares estimates

Jones, D.; Kohler, M.; Walk, H.:  Weakly universally consistent forecasting of
stationary and ergodic time series

Gyorfi, L.; Walk, H.:  Strongly consistent nonparametric tests of conditional inde-
pendence

Ferrario, PG.; Walk, H.:  Nonparametric partitioning estimation of residual and
local variance based on first and second nearest neighbors

Eberts, M.; Steinwart, I.:  Optimal regression rates for SVMs using Gaussian
kernels
Frank, R.L.; Geisinger, L.: Refined Semiclassical Asymptotics for Fractional Pow-

ers of the Laplace Operator

Frank, R.L.; Geisinger, L.: Two-term spectral asymptotics for the Dirichlet Lapla-
cian on a bounded domain

Hénel, A.; Schulz, C.; Wirth, J.: Embedded eigenvalues for the elastic strip with
cracks

Wirth, J.:  Thermo-elasticity for anisotropic media in higher dimensions
Héllig, K.; Hérner, J.:  Programming Multigrid Methods with B-Splines

Ferrario, P:  Nonparametric Local Averaging Estimation of the Local Variance
Function

Miiller, S.; Dippon, J.:  k-NN Kernel Estimate for Nonparametric Functional Re-
gression in Time Series Analysis

Knarr, N.; Stroppel, M.:  Unitals over composition algebras

Knarr, N.; Stroppel, M.:  Baer involutions and polarities in Moufang planes of
characteristic two

Knarr, N.; Stroppel, M.: Polarities and planar collineations of Moufang planes

Jentsch, T.; Moroianu, A.; Semmelmann, U.: Extrinsic hyperspheres in manifolds
with special holonomy

Wirth, J.: Asymptotic Behaviour of Solutions to Hyperbolic Partial Differential
Equations

Stroppel, M.:  Orthogonal polar spaces and unitals

Nagl, M.:  Charakterisierung der Symmetrischen Gruppen durch ihre komplexe
Gruppenalgebra

Solanes, G.; Teufel, E.:  Horo-tightness and total (absolute) curvatures in hyper-
bolic spaces



2011/005
2011/004

2011/003

2011/002
2011/001
2010/018
2010/017

2010/016
2010/015
2010/014
2010/013
2010/012
2010/011

2010/010

2010/009

2010/008
2010/007

2010/006

2010/005

2010/004
2010/003

2010/002

2010/001

2009/008
2009/007

2009/006

2009/005

Ginoux, N.; Semmelmann, U.: Imaginary Kéhlerian Killing spinors |

Scherer, C.W.; Kése, I.E.: Control Synthesis using Dynamic D-Scales: Part Il —
Gain-Scheduled Control

Scherer, C.W.; Kbse, I.E.:  Control Synthesis using Dynamic D-Scales: Part | —
Robust Control

Alexandrov, B.; Semmelmann, U.: Deformations of nearly parallel G,-structures
Geisinger, L.; Weidl, T.: Sharp spectral estimates in domains of infinite volume
Kimmerle, W.; Konovalov, A.:  On integral-like units of modular group rings

Gauduchon, P; Moroianu, A.; Semmelmann, U.:  Almost complex structures on
quaternion-Kahler manifolds and inner symmetric spaces

Moroianu, A.; Semmelmann,U.: Clifford structures on Riemannian manifolds
Grafarend, E.W.; Kihnel, W.: A minimal atlas for the rotation group SO(3)
Weidl, T.: Semiclassical Spectral Bounds and Beyond

Stroppel, M.:  Early explicit examples of non-desarguesian plane geometries
Effenberger, F.: Stacked polytopes and tight triangulations of manifolds

Gyérfi, L.; Walk, H.:  Empirical portfolio selection strategies with proportional
transaction costs

Kohler, M.; Krzyzak, A.; Walk, H.:  Estimation of the essential supremum of a
regression function

Geisinger, L.; Laptev, A.; Weidl, T.: Geometrical Versions of improved Berezin-Li-
Yau Inequalities

Poppitz, S.; Stroppel, M.:  Polarities of Schellhammer Planes

Grundhéfer, T.; Krinn, B.; Stroppel, M.:  Non-existence of isomorphisms between
certain unitals

Hdéllig, K.; Hérner, J.; Hoffacker, A.: Finite Element Analysis with B-Splines:
Weighted and Isogeometric Methods

Kaltenbacher, B.; Walk, H.: On convergence of local averaging regression function
estimates for the regularization of inverse problems

Kiihnel, W.; Solanes, G.: Tight surfaces with boundary

Kohler, M; Walk, H.: On optimal exercising of American options in discrete time
for stationary and ergodic data

Gulde, M.; Stroppel, M.:  Stabilizers of Subspaces under Similitudes of the Klein
Quadric, and Automorphisms of Heisenberg Algebras

Leitner, F.:  Examples of almost Einstein structures on products and in cohomo-
geneity one

Griesemer, M.; Zenk, H.: On the atomic photoeffect in non-relativistic QED

Griesemer, M.; Moeller, J.S.: Bounds on the minimal energy of translation
invariant n-polaron systems

Demirel, S.; Harrell Il, E.M.:  On semiclassical and universal inequalities for eigen-
values of quantum graphs

Béchle, A, Kimmerle, W.: Torsion subgroups in integral group rings of finite groups



2009/004

2009/003
2009/002
2009/001
2008/006

2008/005

2008/004

2008/003
2008/002

2008/001

2007/006
2007/005

2007/004

2007/003
2007/002
2007/001

Geisinger, L.; Weidl, T.: Universal bounds for traces of the Dirichlet Laplace
operator

Walk, H.: Strong laws of large numbers and nonparametric estimation
Leitner, F.: The collapsing sphere product of Poincaré-Einstein spaces
Brehm, U.; Kiihnel, W.: Lattice triangulations of E and of the 3-torus

Kohler, M.; Krzyzak, A.; Walk, H.: Upper bounds for Bermudan options on Marko-
vian data using nonparametric regression and a reduced number of nested Monte
Carlo steps

Kaltenbacher, B.; Schépfer, F.; Schuster, T..  Iterative methods for nonlinear ill-
posed problems in Banach spaces: convergence and applications to parameter
identification problems

Leitner, F:  Conformally closed Poincaré-Einstein metrics with intersecting scale
singularities

Effenberger, F.; Kihnel, W.: Hamiltonian submanifolds of regular polytope

Hertweck, M.; Héfert, C.R.; Kimmerle, W.: Finite groups of units and their compo-
sition factors in the integral group rings of the groups PSL(2,q)

Kovarik, H.; Vugalter, S.; Weidl, T.:  Two dimensional Berezin-Li-Yau inequalities
with a correction term

Weidl, T.: Improved Berezin-Li-Yau inequalities with a remainder term

Frank, R.L.; Loss, M.; Weidl, T.: Polya’s conjecture in the presence of a constant
magnetic field

Ekholm, T.; Frank, R.L.; Kovarik, H.: Eigenvalue estimates for Schrodinger oper-
ators on metric trees

Lesky, PH.; Racke, R.: Elastic and electro-magnetic waves in infinite waveguides
Teufel, E.: Spherical transforms and Radon transforms in Moebius geometry

Meister, A.:  Deconvolution from Fourier-oscillating error densities under decay
and smoothness restrictions



	Introduction
	The Magnetic Pekar Functional
	Binding of Polarons
	Appendix

