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Abstract

We classify parallel submanifolds of the Grassmannian G (IR"*?) which parameterizes the oriented 2-planes of
the Euclidean space IR™™2. Our main result states that every complete parallel submanifold of GF (IR™*2), which
is not a curve, is contained in some totally geodesic submanifold as a symmetric submanifold. This result holds
also if the ambient space is the non-compact dual of GF (IR"*?).

1 Introduction

E| Let N be a Riemannian symmetric space. A submanifold of N is called parallel if the second fundamental form is
parallel. D. Ferus [6] has shown that every compact parallel submanifold of a Euclidean space is a special orbit of
some s-representation, called a symmetric R-space. In particular, such a submanifold is invariant under the reflections
in its affine normal spaces, i.e. it is (extrinsically) symmetric. More generally, every complete parallel submanifold of
a space form has this property (see [2], [7], 23] [24]). Note, this fact should be seen as an extrinsic analog of a well known
result from the classification of Riemannian manifolds: every complete and simply connected Riemannian manifold
with parallel curvature tensor is a symmetric space.

More generally, symmetric submanifolds of Riemannian symmetric spaces were studied and classified by H. Naitoh
and others, see [I, Ch. 9.3]. These submanifolds are parallel and intrinsically symmetric (in particular, the induced
Riemannian metric is complete), but not every complete parallel submanifold is extrinsically symmetric unless the
ambient space is a space form. Nevertheless, in the other simply connected rank-one spaces (i.e. the projective
spaces over the complex numbers or the quaternions, the Cayley plane, and their non-compact duals), there is still a
close correspondence between parallel and symmetric submanifolds. Namely, it turns out that every complete parallel
submanifold, which is not a curve, is contained in some totally geodesic submanifold as a symmetric submanifold
(see [, Ch. 9.4]). Further, recall that a submanifold is called full if it is not contained in any proper totally geodesic
submanifold. In particular, in a simply connected rank-one space, the previous result implies that every full complete
parallel submanifold, which is not a curve, is a symmetric submanifold.

However, in symmetric spaces of higher rank, parallel submanifolds are not well understood yet. Note, here the
situation becomes more involved, since already the classification of the totally geodesic submanifolds is a non-trivial
problem. Hence, it is an interesting fact that at least for the rank-two symmetric spaces the totally geodesic subman-
ifolds are well known due to B.-Y. Chen/T. Nagano [3] 4]E| and S. Klein [14] [T5] 16} 07, 18] using different methods.
Thus, it is natural to ask, more generally, for the classification of parallel submanifolds in these ambient spaces.

In this article, we consider parallel submanifolds of the Grassmannian G (IR"*?) — which parameterizes the ori-
ented 2-planes of the Euclidean space IR"™2 — and its non-compact dual, the symmetric space G;‘ (IR”+2)*, ie.
the Grassmannian of time-like 2-planes in the pseudo Euclidean space IR™? equipped with the indefinite metric
da? + -+ da? —da? | — dx? ,. Note, these are simply connected symmetric spaces of rank two if n > 2.

IMathematics Subject Classication (2010): 53C35, 53C40, 53C42
2However, the claimed classification of totally geodesic submanifolds of G (IR"+2) from [3] is incomplete.



Theorem 1 (Main Theorem). If M is a complete parallel submanifold of the Grassmannian G5 (R™?) with dim(M) >
2, then there exists a totally geodesic submanifold M C G;‘(IR"“) such that M is a symmetric submanifold of M. In
particular, every full complete parallel submanifold of G (]I{"+2), which is not a curve, is a symmetric submanifold.
The analogous result holds for ambient space G (IR"2)*.

We also obtain the classification of higher-dimensional parallel submanifolds in a product of two Euclidean spheres
or two real hyperbolic spaces (see Corollary [1] and Remark . Further, we conclude that every higher-dimensional
complete parallel submanifold of G5 (IR™"?) is extrinsically homogeneous (see Corollary .

Here, we focus our attention on the real Grassmannian G;(IR”H) and its non-compact dual. For this, we first develop
some general theory on the existence of parallel submanifolds in Riemannian symmetric spaces which is applicable,
in particular, to the other simply connected rank-two spaces (e.g. the Grassmannians of complex or quaternionic
2-planes). Hence, one may hope that it is also possible to classify the parallel submanifolds of these ambient spaces by
means of similar ideas. However, for the proof of Theorem [I| we use a “case by case” strategy and it is by no means
clear whether the analogue of Theorem [1| remains true then.

1.1 Overview

We give an overview on the results presented in this article, an outline of the proof of Theorem [I] included. For
a Riemannian symmetric space N and a Submanifolcﬂ M C N,les TM, LM, h : TM xTM — 1M and S :
TM x 1M — TM denote the tangent bundle, the normal bundle, the second fundamental form and the shape
operator of M , respectively. Let VM and V¥ denote the Levi Civita connection of M and N, respectively, and
V+ be the usual connection on LM (obtained by orthogonal projection of VV¢ along TM for every section ¢ of
LM). Let Sym?(TM, LM) denote the vector bundle whose sections are | M-valued symmetric bilinear maps on 7M.
Then there is a linear connection on Sym?(TM, LM) induced by VM and V= in a natural way, often called Van der
Waerden-Bortolotti connection.

Definition 1. A submanifold M C N is called parallel if h is a parallel section of Sym? (TM, LM).

Ezxample 1. A unit speed curve ¢ : J — N is parallel if and only if it satisfies the equation
vivie= k% (1)

for some constant x € IR. For k = 0 these curves are geodesics; otherwise, due to K. Nomizu and K. Yano [22], ¢ is
called an (extrinsic) circle.

Ezample 2. Let M be a totally geodesic submanifold of N (i.e. A = 0). A submanifold of M is parallel if and only
if it is parallel in N.

Definition 2. A submanifold M C N is called (extrinsically) symmetric if M is a symmetric space (whose geodesic
symmetries are denoted by 0‘1]7\4 , where p ranges over M) and for every point p € M there exists an involutive isometry
aj; of N such that

o 0, (M) = M;
° 0y |M =yt
e the differential 7, po'zf is the linear reflection in the normal space L M.

As mentioned already before, every symmetric submanifold is parallel. However, in the situation of Example 2l we do
not necessarily obtain a symmetric submanifold of N even if M is symmetric in M.

3The notion “submanifold” comprizes all connected but possibly only immersed (in particular, not necessarily regular) submanifolds
M C N, i.e. we are implicitly dealing with isometric immersions f : M — N defined from a connected Riemannian manifold.



Let M be a parallel submanifold of the symmetric space N and consider the linear space L) M := {h(z,y)|z,y € W}Rr
called the first normal space at p.

Question. Given a pair of linear spaces (W, U) both contained in T, N and such that W_LU, does there exist some
parallel submanifold M through p with W = T,M and U = J_Il,M ? In particular, are there natural obstructions
against the existence of such a submanifold?

Let RN denote the curvature tensor of N and recall that a linear subspace V C T,N is called curvature invariant
if RN(V xV x V) C V holds. It is well known that T,M is a curvature invariant subspace of T,N for every
parallel submanifold M. In Section we will show that also J_Zl)M is curvature invariant. Moreover, the curvature
endomorphisms of T, N generated by 1), M leave J_;})M invariant and vice versa. This means that (T, M, J_}DM ) is an
orthogonal curvature invariant pair, see Definition[dand Proposition[I} As a first illustration of this concept, we classify
the orthogonal curvature invariant pairs (W, U) of the complex projective space CP", see Example [3] We observe that
here the linear space W @ U is complex or totally real (in particular, curvature invariant) unless dim(W) = 1. Hence,
following the proof of Theorem |1| given below, we obtain the well known result that the analogue of Theorem |[1|is true
for ambient space CP™.

In Section we will determine the orthogonal curvature invariant pairs of N = G (IR"*2). Our result is summarized
in Table Note, even if we assume additionally that dim(W) > 2, there do exist certain orthogonal curvature invariant
pairs (W, U) for which the linear space W @U is not curvature invariant (in contrast to the situation where the ambient
space is CP", see above). Hence, at least at the level of curvature invariant pairs, we can not yet give the proof of
Theorem [Il

Therefore, it still remains to decide whether there actually exists some parallel submanifold M c G§ (IR™*?) such
that (W,U) = (T, M, L) M) in which case the orthogonal curvature invariant pair (W, U) will be called integrable. In
Section by means of a case by case analysis, we will show that if (W,U) is integrable and dim(W) > 2, then
the linear space W @ U is curvature invariant. For this, we will need some more intrinsic properties of the second
fundamental form of a parallel submanifold of a symmetric space which are derived in Section Further, one can
casily show that all arguments remain valid for ambient space Gy (IR")*.

Proof of Theorem [l We can assume that n > 2. Fix some p € M. Using the results from Section [3.2] mentioned before,
we conclude that the second osculating space OpM = T,M ® J_},M is a curvature invariant subspace of T, N. Let
exp” : TN — N denote the exponential spray. It follows from a result of P. Dombrowski [5] that M := exp™ (O, M) is a
totally geodesic submanifold of N such that M C M (“reduction of the codimension”). By construction, J_éM =1,M
for all ¢ € M where the normal spaces are taken in TM, i.e. M is a 1-full complete parallel submanifold of M. Thus
we conclude from Corollary [3| (see below) that M is even a symmetric submanifold of M. The same arguments apply
to ambient space N*. O

Consider the Riemannian product S¥ x S' of two Euclidean unit-spheres with k +1 = n and k < [. The map
Sk x St — GF(R™2), (,q) — {(®,0141), (0Or11,¢)}m (With 0; := (0,---,0) € IR!) defines a 2-fold isometric covering
onto a totally geodesic submanifold of G (IR™*?), see [14],[I7]. Hence every parallel submanifold of S¥ x S! is also
parallel in G (IR"*?). Further, consider the totally geodesic embedding ¢5; : S¥ — S* x S, p +— (p,p) which is a
homothety onto its image by a factor v/2.

Corollary 1 (Parallel submanifolds of S¥ x S'). Every complete parallel submanifold M C S* x St with dim(M) > 2
is a product, M = M; x M,, of two symmetric submanifolds M, C S* and My C S, or is conjugate to a symmetric
submanifold of v, 1(S¥) via some isometry of S¥ x S'. In the first case, M is a symmetric submanifold of Sk x St. In
the second case, M is not symmetric in S¥ x St unless k =1 and M = 1, ;(S¥). The analogous result holds for ambient
space H* x H', the Riemannian product of two real hyperbolic spaces of sectional curvature —1.

Proof. Let M be a parallel submanifold of N := S¥ x S!. Then M is also parallel in N := GF (IR”“). Hence, according
to Theorem |1| and its proof, the second osculating space V :=T,M @ J.;M is a curvature invariant subspace of both

Tp,N and T, pN . Using the classification of curvature invariant subspaces of T, N (see Theorem , we obtain that there
are only two possibilities: we have V = W7 & W5 where W7 and W5 are subspaces of the first and second factor of N,



respectively (Type (tr;;)), or V = { (v, gv) |v € W{} for some W}, C Tpiy,(S¥) and where g is a linear isometry of W}
(Type (tr})). Further, then M is contained in the totally geodesic submanifold exp? (V) as a symmetric submanifold.

In the first case, M is contained in the totally geodesic submanifold M := exp®™ (W;) x exp™ (W3) where, of course,
each factor exp® (W;) is a Euclidean unit-sphere, too. If M is the product of two great circles in S¥ and S', respectively,
then dim(M) = 2 and M = M. Otherwise, at least one of the factors of M is a higher-dimensonal Euclidean sphere.
It follows from a result of Naitoh (see Theorem [4) that M = M’ x M" where M’ C exp™ (W;) and M" C exp™ (W>)
are symmetric submanifolds. Anyway, we obtain that M = M’ x M" where M’ C S*¥ and M” C S' are symmetric
submanifolds. Therefore, the product M’ x M” is symmetric in N.

In the second case, there exists some isometry § on N such that §(M) C t4,(S*). Then §(M) is a complete parallel
submanifold of ¢ ;(S*), i.e. a symmetric submanifold since ¢ ;(S*) is a space form. It follows from Theorem that M
is not symmetric in N unless M is totally geodesic. Moreover, a totally geodesic submanifold of ¢5;(S*) is symmetric

in N if and only if the normal spaces of 1 ;(S¥) are curvature invariant (cf. [T, Ch. 9.3]) which is given only for
M = 1;4(S*) and k = [. The result follows. O

Remark 1. The analogue of Corollary is true also for ambient space S¥ x S\, the product of two Euclidean spheres of
arbitrary radii  and s, respectively, and H* x H., the product of two Hyperbolic spaces of sectional curvature —1/r2
and —1/s2, respectivelyﬂ

A proof of this remark requires similar arguments as presented in this paper and is omitted.

Recall that a submanifold M C N is called extrinsically homogeneous if a suitable subgroup of the isometry group
I(N) acts transitively on M. In [11l [12], we dealed with the question whether a complete parallel submanifold of
a symmetric space of compact or non-compact type is automatically extrinsically homogeneous. It follows a priori
from [I2, Corollary 1.4] that every complete parallel submanifold M of a simply connected compact or non-compact
rank-two symmetric space N without Euclidean factor (e.g. N = G3 (R"*?) or N = GJ (IR"*?)*) is extrinsically
homogeneous provided that the Riemannian space M does not split of (not even locally) a factor of dimension one or
two (e.g. M is locally irreducible and dim(M) > 3). Moreover, then M has even extrinsically homogeneous holonomy
bundle. The latter means the following: there exists a subgroup G C I(N) such that g(M) = M for every g € G and
G| is the group which is generated by the transvections of M. Using Theorem |1} we can now prove a stronger result
for N = GF (IR""2).

Corollary 2 (Homogeneity of parallel submanifolds). Every complete parallel submanifold of G (IR™2), which is
not a curve, has extrinsically homogeneous holonomy bundle. In particular, every such submanifold is extrinsically
homogeneous in G (R"2). This result holds also for ambient space G (IR"2)*.

Proof. Let M be a complete parallel submanifold of N := G§ (IR"*?) with dim(M) > 2. Then there exists a totally
geodesic submanifold M C N such that M is a symmetric submanifold of M. In particular, M is intrinsically a
symmetric space. Furthermore, since the rank of N is two, the rank of M is less than or equal to two. It follows
immediately that there are no more than the following possibilities: M is the two-dimensional flat torus, locally a
product IR x M where M is a higher dimensional locally irreducible symmetric space, a higher dimensional locally
irreducible symmetric space, or locally a product of two higher dimensional locally irreducible symmetric spaces (of
course, this can also be explicitely seen from the classification of the totally geodesic submanifolds of N given in [14]).

In the first case, we automatically have M = M (since dim(M) > 2). Hence, we have to show that the totally geodesic
flat M has extrinsically homogeneous holonomy bundle: let i = ¢ @ p and i = £ ® p denote the Cartan decompositions
of the Lie algebras of I(M) and I(N), respectively. Then [p,p] = {0}, since M is flat. Let G C I(M) denote the
connected subgroup whose Lie algebra is p. Then G is the transvection group of M. Moreover, p C p, because M is
totally geodesic. Hence, we may take G as the connected subgroup of I(N) whose Lie algebra is p.

4Note, totally geodesic submanifolds of S¥ x SL and S’f X Sl1 are the same, but it is not a priory clear that both spaces admit the same
higher dimensional parallel submanifolds.



The remaining cases are handled as follows: since M C M is symmetric, there exists a distinguished reflection cr;- of
M whose restriction to M is the geodesic reflection in p for every p € M, see Definition [2l Therefore, these reflections
generate a subgroup of I(M) whose connected component acts transitively on M and gives the full transvection group
of M. Thus, it suffices to show that there exists a suitable subgroup of I(N) whose restriction to M is the connected
component of I(M):

In the second case, let i = £ p, i = E@j and i = £ @ p denote the Cartan decompositions of the Lie algebras of 1(M),
I(M) and I(N), respectively. Then € = & = [p, p] = [p, p], where the first and the last equality are related to the special
product structure of M and the second one uses the fact that the Killing form of iis non-degenerate. It follows that
i=[p,p] ®p. Moreover, p C p, see above. Hence, every Killing vector field of M is the restriction of some Killing
vector field of N. This proves the second case. In the last two cases, a similar conclusion as in the second one can be
made. The proof works also for the non-compact dual N*. The result follows. O

Note, in the previous theorems, the condition dim(M) > 2 can not be ignored: consider the ambient space G (IR*)
which is isometric to Si vz % Si VT Here, a “generic” circle is full but not extrinsically homogeneous (in particular,

not a symmetric submanifold), see [11], Example 1.9.

2 Parallel submanifolds of symmetric spaces

We solve the existence problem for parallel submanifolds of symmetric spaces by means of giving necessary and
sufficient tensorial “integrability conditions” on the 2—jetE| From this, we derive the fact (already mentioned before)
that (T, M, L;M ) is a curvature invariant pair for every parallel submanifold M. Then we establish a more intrinsic
necessary integrability condition on the 2-jet which involves also the linearized isotropy representation of the ambient
space, see Theorem 3] From this, we easily derive Corollary [4] which, under some additional assumption on the image
of the linearized isotropy representation, gives another obstruction against the existence of a parallel submanifold with
prescribed tangent and first normal space through p. Some of the results mentioned so far were already obtained
in [10, 1], however, for readers convenience, here we will derive them directly from the integrability conditions
mentioned before.

Further, we deal with parallel submanifolds with one-dimensional first normal spaces (see Proposition [2)) and parallel
“curved flats” of rank-two spaces (see Proposition. Finally, we recall a result of H. Naitoh on symmetric submanifolds
of product spaces (see Theorem [4]), which was mentioned already before.

2.1 Existence of parallel submanifolds in symmetric spaces

It was first shown by W. Striibing [23] that a parallel submanifold M of an arbitrary Riemannian manifold is uniquely
determined by its 2-jet (T, M, h,) at some point p € M. Conversely, let a prescribed 2-jet (W, h) at p be given (i.e.
W C T,N is a subspace and h : W x W — W+ is a symmetric bilinear map). If there exists a parallel submanifold
M C N through p such that (W, h) is the 2-jet of M, then (W, h) will be called integrable. Note, according to [I3]
Theorem 7], for every integrable 2-jet, the corresponding parallel submanifold can be assumed to be complete.

Let U be the subspace of W+ which is spanned by the image of h and set V := W @ U, i.e. U and V play the roles of
the “first normal space” and the “second osculating space”, respectively. Then the orthogonal splitting V := W & U
turns so(V') into a naturally Zs-graded algebra so(V') = so(V) @s0(V)_ where A € so(V)4 or A € so(V)_ according
to whether A respects the splitting V. =W @& U or A(W) C U and A(U) C W. Further, consider the linear map
h: W — so(T,N) given by

Yo,y e W, € W i ho(y+&) = —Sex + h(x,y) (2)

(where S¢ denotes the shape operator associated with h for every £ € U in the usual way). Since S¢ = 0 holds for

5Note, such conditions were already claimed in [I3]. However, the tensorial conditions stated in [I3, Theorem 2] are quite redundant.



every £ € W+ which is orthogonal to U, we actually have

Ve eW : h, €so(V)_. (3)

Definition 3. Let a curvature like tensor R on T, N and an R-invariant subspace W of T,N (i.e. RW xW x W) C W)
be given. A symmetric bilinear map h: W x W — W+ will be called R-semiparallel if

thc,yZ_[hwvhy] z U= [Rr,y — [ha, hy]a h:]v (4)

holds for all z,y,z € W and v € T,N. Here R, , : T,N — T,N denotes the curvature endomorphism R(u,v,-) for
all u,v € T,N. If W is a curvature invariant subspace of 7, N and holds for R = Rév , then h is simply called
semiparallel.

In the situation of Definition (3| is easy to see that h is R-semiparallel if and only if holds for all x,y,z € W and
veV.

Clearly, each linear map A on V induces an endomorphism A- on A2V by means of the usual rule of derivation,
ie. A-uAv = AuAv+uA Av. Let (A-)F denotes the k-th power of A- on A2V. Similarly, [4,] defines an

endomorphism on so(V) whose k-th power will be denoted by [A,-]¥. Furthermore, every curvature like tensor

R :T,N x T,N x T,N — T,N can be seen as a linear map R : A>T, N — so(V) characterized by R(u Av) = Ry ,.
The following theorem states the necessary and sufficient “integrability conditions” ﬁ

Theorem 2. Let N be a symmetric space. The 2-jet (W, h) is integrable if and only if

o W is a curvature invariant subspace of T,N ;
e h is semiparallel;

e we have

e, "Ry 0 = RN (R )y A 2)v (5)
forallx,y,ze W, k=1,2,3,4 and each v € V.

Proof. In order to apply the main result of [13], consider the space € of all curvature like tensors on 7, N and the affine
subspace € C € which consists, by definition, of all curvature like tensors R on 7T, N such that W is R-invariant and h
is R-semiparallel. Then we define the one-parameter subgroup R, (t) of curvature like tensor on T, N characterized by

exp(thy) Ry (t)(u, v, w) = RN (exp(thy)u, exp(th,)v, exp(th, )w) (6)

for all w,v,w € T,N and @ € W. According to [I3, Theorem 1 and Remark 2|, (W, h) is integrable if and only if
R,(t) € € for all z € W and t € R (since RY is a parallel tensor). Moreover, if (W, h) is integrable, then one can
show that the function ¢ — R, (t)(y,z,v) is constant for all z,y,z € W and v € V (see [10, Example 3.7 (a) and

Lemma 3.8]). Conversely, if Rév € € and R, (¢t)(y, z,v) is constant in ¢ for all x,y,z € W and v € V, then R,(t) in ¢
for all ¢ by straightforward arguments.

Let us assume that (W, h) is integrable. Then the previous implies that

exp(thm)RiJvz EXp(—thx)’U = Ré\)/vcp(thm)y,cxp(thm)zv (7)
Taking the derivatives of (7)) with respect to t, we now see that (5]) holds for all & > 1.

Conversely, suppose that RIJ,V € € holds. It suffices to show that implies that the function ¢t — R, (t)(y, z,v) is
constant for all z,y,z € W and v € V:

6This result was also obtained in an unpublished paper by E. Heintze.



Put A := h,, set 2 := 37 (A-)(A2W) and note that

A-yNz=AyAz+yA Az, (8)
(AVyAz= A%y N2+ 24y N Az +y A A%z, 9)
(Aynz= A3 Nz +3A% N Az +3Ay N A%z +y A A3z, (10)
(AV'ynz= A"y Az +4A% N Az + 6A%Yy N A%z +4Ay N APz +y A Atz (11)

for all y, 2 € W. Since A2W C U, we hence see that (A-)*(A2W) C A2W + (A-)2(A2W). Therefore, A-% C ¥ and,
furthermore, since holds for k = 1,2, 3,4, the natural map A2TpN — s50(T,N),u Av— Rﬁv induces a linear map
¥ — s50(V),w +— RN (w)|y which is equivariant with respect to the linear actions of the one-dimensional Lie algebra IR
induced by A- and [A4,] on 3 and so(V), respectively. Switching to the level of one-parameter subgroups, we obtain

that R, (t)(w)v is constant in ¢ for all w € ¥ and v € V, in particular R, (¢)(y, z,v) is constant in ¢ for all x,y,z € W,
veV. U

Remark 2. In the situation of Theorem [2| suppose that (W, h) is integrable. Then we have
[hiclv ce [hwk’jo;\{z] N ]|V = R}]XTI' ~hmk-y/\z|V (12)

for all z1,...,z5,y,2 € W with k =1,2,.... Note, here x; # x; is possible.

Proof. For Equation with k = 1,2 see [10, Lemma 3.9]. The proof for k > 3 is done in a similar fashion. O

2.2 Curvature invariant pairs

Suppose that (W, h) is an integrable 2-jet at p, set U := {h(z,y)|z,y € W}k and V := W@ U. Then W is a curvature
invariant subspace of T, N and h: W x W — W+ is a semiparallel symmetric bilinear map, hence

RN(W xW x W) CW and RN(W x W xU)CU . (13)
In other words, RY (V) C V and RY |v € so(V)y for all z,y € W.

Moreover, using with k£ = 2, we obtain that
Rl]'y(at,m),h(y,y) |V = [hx’ [hyv Ri\{y]] |V + Rgh(zyy)r,yh/ + Ri\fsh(y,y)dv (14)

for all z,y € W. Since r.h.s. of leaves V' invariant, the same is true for Lh.s. of . Furthermore, using that
RY lv € s0(V) 4, Eq. and the rules for Zs-graded Lie algebras, we see that r.h.s. of defines an element of so(V) ..
Hence the same is true for Lh.s of , too. Finally, because h is symmetric, A%(U) = {h(z,z) A h(y, y)‘x, y € Wlir
holds. We conclude that holds also with the roles of W and U interchanged, i.e. we have

RNUXxUxU)cUand RN(UxUxW)cC W . (15)

Definition 4. Let subspaces W, U of T,,N be given. We will call (W, U) a curvature invariant pair if both and
hold. In particular, then W and U both are curvature invariant subspaces of T, N. If additionally W_LU, then (W, U)
is called an orthogonal curvature invariant pair.

We obtain the first criterion matching on the question posed in Section (cf. [I0, Corollary 13]):

Proposition 1. Let (W,h) be an integrable 2-jet. Set U := {h(z,y)|x,y € W }r. Then (W,U) is an orthogonal
curvature invariant pair.



An (orthogonal) curvature invariant pair (W, U) which is induced by an integrable 2-jet as in Proposition 1| will be
called integrable.

Furthermore, it is known that every complete parallel submanifold of a simply connected symmetric space whose
normal spaces are curvature invariant is even a symmetric submanifold (cf. [I, Proposition 9.3]). Hence we obtain a
result, which was already proved in [10]:

Corollary 3. Every 1-full complete parallel submanifold of a simply connected symmetric space is a symmetric sub-
manifold.

If W is a curvature invariant subspace of T, N, then

bw = {Rivy

x,y € W}Hg. (16)

is a Lie subalgebra of so(T,N). Further, there exist natural representations of hy on both W and wt (obtained
by restriction, respectively). We are interested in the hyy-invariant subspaces of U. For this, we recall the following
result, which is a simple consequence of Schur’s Lemma.

Let W+ =U; @ --- @ Uy be a decomposition into hyy-irreducible subspaces. After a permutation of the indices, there
exists some r > 1 and a sequence 1 = k; < kg < --- < kyy1 = k+ 1 such that Uy, = Ug,41 = -+ = Uy, for
i =1,...,7 but Uy, is not isomorphic to Uy, for i # j. Hence, there is also the decomposition Wt = or_, U, with
U; := Uk, + Ug;41- - + Uk, —1. Then every irreducible hy-invariant subspace U of W+ is contained in some Uj.
Furthermore, the irreducible by -invariant subspaces of U; are parameterized by the real projective space IRP*i+1—ki—1

(if Uy, is irreducible even over C) or the complex projective space CP*i+1=Fi—1 (otherwise) for i = 1,...,r. More
precisely, let \; : Uy, = Ug,4+; be an hw-isomorphism (j = 1,...,kip1 — k; — 1). Further, set Ay := IdUk,i and
Ae 1= E?;*Ol_ki_l cjA; for every ¢ = (co, ..., Cryyy—ky—1) € R¥+17ki Then U := A(Uk,) is an irreducible hy-invariant

subspace of U,. This gives the claimed parameterization in case Uy, is irreducible even over C. The other case is
handled similarly.

Ezample 3 (Curvature invariant pairs of CP™). Consider the complex projective space N := CP". Its curvature tensor
is given by fov =—uAv—JuAJv—2w(u,v)J for all u,v € T,CP" (where J denotes the complex structure of T, N
and w(u,v) := (Ju,v) is the Kéhler form). The curvature invariant subspaces of T, N are known to be precisely the
totally real and the complex subspaces. Let us determine the orthogonal curvature invariant pairs (W, U):

If W is totally real, then ng =—xAy—JxAJyfor all z,y € W. Hence the Lie algebra by, (see (L6])) is given by the
linear space {zx Ay + Jx A Jy‘x, y € W}r. In the following, we assume that dim(7W') > 2. Consider the decomposition
WL = JW @ (CW)* (here (CW)+ means the orthogonal complement of CW in T, N). Then by acts irreducibly on
J(W) and trivially on (CW)+. Further, Eq. 13| shows that U is by -invariant. It follows that either J(W) C U or
U C (CW)* (cf. [19, Proposition 2.3]). In the first case, we claim that actually U = J(W) (and hence V := W @ U is
a complex subspace of T, N, cf. [I9, Lemma 4.1]):

Let U C (CW)t be chosen such that U = JW @ U. Clearly, U is not complex, thus U is necessarily totally real,
because U is curvature invariant. Moreover, we have dim(U) > 2, thus by (defined as above) acts irreducibly on

JU)=W @ J(U). Since W is hy-invariant (see (15])), we see that this is not possible unless J(U) = {0}. The claim
follows.

In the second case, we claim that U is totally real (and thus V is totally real, too, cf. [I9, Lemma 3.2])):

In fact, otherwise U would be a complex subspace of (CW)*. Then the Lie algebra by is given by RJ @ {x Ay +
Jx A Jy|:c, y € Wr. Thus by acts on U+t via IRJ. Further, W is invariant under the action of by according to
implying that W is complex, a contradiction. The claim follows.

Anyway, the linear space V is curvature invariant unless dim(W) = 1. Therefore, by means of arguments given in the
proof of Theorem [I| we see that every higher dimensional totally real parallel submanifold of CP" is a Lagrangian
symmetric submanifold of some totally geodesically embedded CP* or a symmetric submanifold of some totally
geodesically embedded IRP.



If W is a complex subspace of T,CP", then hyw |yr = IRJ|yo. Hence, if (W,U) is an orthogonal curvature invariant
pair, then both U and V := W & U are complex subspaces, too. This shows that every complex parallel submanifold
of CP™ is a complex symmetric submanifold of some totally geodesically embedded CP¥.

2.3 Further necessary integrability conditions

Let N be a symmetric space, K C I(IV) denote the isotropy subgroup at p, £ denote its Lie algebra and p : ¢ — so(T,N)
be the linearized isotropy representation. Recall that

RY, € p(t) (17)
for all u,v € T,N (since N is a symmetric space).
Given a 2-jet (W, h) at p, we set U := {h(x,y)|:c,y EWlr, V:=WaU and
by ={X et|p(X)(V)CV} (18)
Then there is an induced representation of £, on V. Further, consider the endomorphisms of 7,V given by
[hwl,...[hxk,RJy\fz]...} (19)
with 21,...,2%,y,2 € W and k > 0. Furthermore, recall that the centralizer of a subalgebra g C so(V) is given by

Z(g):={Acso(V)|VBeg:[A B =0} (20)

Using Theorem [2] we will now derive the following necessary integrability condition which also involves the linearized
isotropy representation of the ambient space:

Theorem 3. Let an integrable 2-jet (W, h) be given and set U := {h(x,y)|x,y € Wlr. The endomorphisms
leave V. := W @ U invariant and hence generate a subalgebra g C so(V') (by restriction to V). Further, for every
x € W there exist Ay € p(ty)|v Nso(V)_, By € Z(g) Nso(V)_ such that hy, = Ay + Bs.

z,y
leaves V invariant also for k > 0, see (2). Further, note that applying [h,, -] to leaves the form of (19)) invariant

with the natural number k increased by one for every x € W. Hence [h,, g] C g. Furthermore, the restriction of
to V belongs to so(V) or so(V)_ according to whether k is even or odd, see and . Therefore, g is a graded
Lie subalgebra of so(V), i.e. g =g4 ®g_ with g4y :=gnNso(V)y and g_ :=gnso(V)_.

Proof. Since (W,U) is a curvature invariant pair, we have RY (V) C V for all z,y € W according to (13). Thus

Let A, denote the orthogonal projection of h, onto g with respect to the positive definite symmetric bilinear form on
50(V) which is given by —trace(A o B) for all A, B € so(V). Since there is the orthogonal splitting g = g+ ® g— and
h; € so(V)_ holds, we immediately see that A, € so(V)_ (cf. [IT, Lemma 4.19]). Furthermore, using the invariance
property of the trace form (i.e. trace([4, B]oC) = trace(Ao[B,(C])), we conclude from [h,,g] C g that B, := h, — A,
centralizes g. Further, we have B, € so(V)_. It remains to show that g C p(ty)|v:

For this, it suffices to show that the restriction to V' of belongs to p(ty )|y for every k: because of , r.hs.
of belongs to p(ty )|y and so does L.h.s. This proves the theorem. O

Given an orthogonal curvature invariant pair (W, U), we set V := W @ U. Then

b :=bwlv +bulv (21)

is a Lie subalgebra of s0(V);. Therefore, restricting the elements of h to W or U defines representations of h on W
and U, respectively. Hence, we introduce the linear spaces of homomorphisms

Hom(W,U) := {£: W — U | { is linear }; (22)
Homy(W,U) :={¢ € Hom(W,U)|VAe€h: Lo Al =Aol}. (23)



Note that the natural map
s50(V)_ — Hom(W,U), A — Alw (24)

is actually a linear isomorphism inducing an equivalence
Z(h) n 50(V)— = Homh (Wa U)a (25)

where Z(h) denotes the centralizer of § in so(V). As a corollary of Theorem [3} we derive the following obstruction
against the integrability of curvature invariant pairs:

Corollary 4. Let an integrable curvature invariant pair (W,U) be given. Set V := W @ U and suppose additionally
that p(&v)|yNso(V)_ = {0}. Leth be the Lie algebra (21)). Then there exists a symmetric bilinear map h : WxW — U
with

Vo € W: h(z,-) € Homy(W,U). (27)

Proof. Let M be a parallel submanifold through p such that W = T,M and U = L;,M . Let h be the second
fundamental form at p which defines the subalgebra g C so(V) described in Theorem [3| First, we claim that b is a
subalgebra of g (this is actually true for every integrable 2-jet):

Since with & = 0 leaves V invariant and its restriction to V belongs to g, we have A(V) C V and A|ly € g
for all A € by . Further, we have seen in the proof of Theorem [3| that g is normalized by h, for every z € W.
Furthermore, because h is a symmetric bilinear map whose image spans U, the linear space A2U is spanned by the
2-wedges h(z,z) A h(y,y) with x,y € W. Thus implies that also A(V) C V and Aly € g for all A € hy holds.
The claim follows.

Consider the decomposition h, = A, + B, given by Theorem [3] Then A, vanishes, by the strength our assumption,
and hence h, = B, € Z(g). Since h C g, we obtain, in particular, that h, € Z(h) Nso(V)_ for all z € W, ie.
h(z,-) € Homg (W, U) according to . This finishes our proof. O

For a higher-dimensional eztrinsic sphere, it is known that the second osculating spaces are curvature invariant, cf. [T}
Theorem 9.2.2]. More generally, we have:

Proposition 2. Let N be a symmetric space, (W,h) be an integrable 2-jet and U := {h(x,y)|z,y € W}r. Assume

that dim(U) = 1 and dim(W) > 2. Choose a unit vector n € U and suppose also that h(z,y) := (h(z,y),n) defines a
non-degenerate bilinear form on W. Then V :=W @ U is a curvature invariant subspace of T,N.

Proof. In view of Proposition |1} it remains to show that Ri\f »(V) C V holds. For this, we may proceed as in the proof
of [1I Theorem 9.2.2]:

We can assume that = # 0 in which case there exist y,z € W with h(z,z) = n and h(y,z) = 0 (since h is non-
degenerate and dim(W) > 2). Hence, using with k = 1, we see that RY, = [h., RY,] holds on V. The result
follows immediately. O

Given a 2-jet (W, h), we set Kern(h) := {z € W |h(z,y) =0 for all y € W }. Thus Kern(h) = {z € W |h(z) =0},
see . Further, let by be the Lie algebra defined by .

Proposition 3. Let an integrable 2-jet (W, h) be given. Then Kern(h) is invariant under the action of by on W.

Proof. The last assertion follows from the curvature invariance of W, the symmetry of h and (cf. |20, Proof of
Lemma 5.1]). O

Therefore, in the situation of Proposition [2| the symmetric bilinear form h will be non-degenerate provided that W is
an irreducible by -module and h # 0.

10



2.4 Two-dimensional parallel “curved flats”

Let N be a symmetric space, I(N) denote the isometry group, i be its Lie algebra and i = € & p be the Cartan
decomposition. Recall that a Cartan algebra is a maximal Abelian subalgebra of p whose elements are semisimple
(cf. [8, Remark 1]) and that any two Cartan algebras are conjugate in p via some isometry from the connected
component of I(N). The rank of N is, by definition, the dimension of a Cartan subalgebra of p. If NV is of compact or
non-compact type, then every maximal Abelian subalgebra of p is already a Cartan subalgebra. The following is well
known:

Lemma 1. Suppose that N is of compact or non-compact type. Let a linear subspace W C T,N be given. The
following is equivalent:

(a) W is a curvature isotropic subspace of TyN .

(b) The totally geodesic submanifold exp™ (W) is a flat of N .

(c) W is contained in a Cartan subalgebra of p.

(d) The sectional curvature of N vanishes on every 2-plane of W, i.e. (RN (u,v,v),u) =0 for all u,v € W .

Proposition 4. Suppose that N is a rank-two symmetric space of compact or non-compact type. Let a parallel
submanifold M C N be given. If dim(M) = 2 and the sectional curvature of N vanishes on T,M for some p € M,
then there exists an orthonormal basis {e1,ea} of T, M such that h(ey,e2) = 0. Moreover, we have L;,M ={m,mr
with n; <= h(e;, e;) and

(m,m2) =0, (28)
N N N N
R617772 = R"71762 = R61752 = Rmﬂh =0. (29)

In particular, both T,M and L},M are curvature isotropic.

Proof. By means of Lemma |1} we have dim(M) = 2 and Ri\f y = 0 for all z,y € T, M. Furthermore, it is known
that in this situation the sectional curvature of N vanishes identically along the parallel submanifold M (see [10]
Proposition 3.14]). It follows that Ri\fy =0 for all x,y € T,M and all p € M, i.e. M is a “curved flat” in the sense
of Ferus/Petit. Therefore, since dim(M) = rank(N) = 2, the Riemannian space M is intrinsically flat according to a
result of [§]. Furthermore, Equation shows that Riyf =0forall £ € L;}M . Using the Equations of Gauf}, Codazzi
and Ricci for a parallel submanifold, i.e.

Vo,y € T,M : RY, = RY & R:, + [hy, by, (30)

we obtain that [hy, h,] = 0 for all x,y € W. Therefore, as an immediate consequence of Theorem |2, we see that
there exists an intrinsically flat parallel submanifold M of the Euclidean space V := O,M with 0 € M, ToM = T,M
and hg = hy. Tt is known that such M is an (extrinsic) product of either two plane circles (in case dim L M = 2)

or a plane circle and a straight line (in case dim LM = 1). Let M, x My be the induced product structure of M.

N —

Choose orthonormal vectors e; of TyM; for i = 1,2 and put 7, := h(e;,e;). Then h(e1,es) = 0, hence Relm\v =

Rg,h(eg,62)|v = —RhN(ez’el)’er = 0 where the second equality uses with & = 1). Applying Lemma |1| again, we
obtain that the curvature endomorphism RY ,  vanishes. Similarly, we can show that R[ , = 0. Furthermore,
implies that also fo ., vanishes on V. Using Lemma (1| once more, the result now follows. O

2.5 Symmetric submanifolds of product spaces

We recall the following special case of [21, Theorem 2.2]:
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Theorem 4 (H. Naitoh). Suppose that N is a simply connected symmetric space and that the de Rham decomposition
of N has precisely two factors, N = Ny x No. If M C N is a symmetric submanifold, then either Ny = Ny and
M ={(p,g(p))|p € N1} where g is an isometry of N1 (in particular, then M is totally geodesic) or M is a product
My x My of symmetric submanifolds M; C N; fori=1,2.

Proof. In fact, in case both factors of N are of compact type, we can immediately apply [21, Theorem 2.2]. In case
both factors of N are of non-compact type, we use the duality between compact and non-compact spaces to pass to
the previous case (note that the results of [2I] are mainly based on [2I, Lemma 3.1] which is preserved under duality).
In the general case, we decompose N 2 N, x N,. x N, into its compact, non-compact and Euclidean factor (where
one or more factors may be trivial) and show as in [2I], p.562/563] that M splits as a product M = M, x M. x M,
of symmetric submanifolds M, C N, M, C Ny, and M, C N,, which finally establishes Theorem [4 O

3 Parallel submanifolds of G (IR""?)

Let n > 2 and consider the simply connected compact Hermitian symmetric space N := Gz+ (IR"+2) of rank two
which is given by the oriented 2-planes of IR"*2. In standard notation, we have N 22 SO(n + 2)/SO(2) x SO(n). Let
{e1,...,ensa} be the standard orthonormal basis of IR" ™ and set p := {€,41,€ns2}. Then p is an oriented 2-plane in
IR""? and T, N = Hom(IR*, IR") (here and in the following we identify IR* = {e, 1, en 42} and R™ 2 {ey, ..., e, }R)-

The Hermitian structure on 7,V is given by
JN@) :=Lloepi1 Aento (31)

for all £ € Hom(IR?,IR"™) (here we use the natural isomorphism A%(IR?) 2 s0(2) such that e, 1 A e,y is the rotation
in the positive sense by an angle of 90 degree in IR?). Thus 7, »IV is also an n-dimensional complex vector space where
multiplication with the imaginary unit i is given by J~. Further, for every ¢ € IR set

R(p) = { £ € Hom(IR%, R") | cos(p)t(ens+1) = — sin(p)(ens) . (32)

Then U = {R(p)|¢ € R} is a family of real forms of T,N (i.e. maximal totally real subspaces of T,N) and
U={eR|pc IR} for every R € U. Following the notation from [14], we thus see that U is a “circle” of real forms.

Let so(n+2) = ¢®p be the Cartan decomposition of so(n+2), i.e. € = s0(2)@®so0(n) and p is the orthogonal complement
of ¢ with respect to the positive definite invariant form defined by —trace(4 o B) for all A, B € so(n + 2). Then
p={Acso(n+2)| A(R*) C R", A(R") C R*} and ¢ = [p,p]. Using the natural isomorphism p — T, N, A > ARz,
the linearized isotropy representation p : € — so(T,N) is given by p(A)B = [A, B] for all A € £ and B € p. Further,

then we have RV (A, B,C) = —[[A, B],C] for all A,B,C € p (since N is a symmetric space). Thus, we obtain that
p(€) = RJY @ so(R) and
Yu,v € T,N : RTJXU = ((R(v), S(u)) — R(w), S(0)JN = R(u) A R(v) — I(u) A S(v) (33)

for every R € U if the scalar product (A, B) is chosen as —1/2trace(A o B) for all A, B € p. Here v = R(v) + iS(v)
denotes the splitting with respect to the decomposition T,N = R & it and the Lie algebra so(®) acts on T,N via
Av = AR(v) + 1AS(v) for all A € so(R) and v € T,N. For an equivalent description of R, see [14, p.84, Eq. (16)]
(note that there our metric gets scaled by a factor 1/ 2)[]

Recall that a subspace W C T,,N is called curvature invariant if RV (z,y,2) € W for all z,y,z € W. This property is
equivalent to W being a Lie triple system in p, i.e. [[W, W], W] C W. For the following result see [I4, Theorem 4.1]:

Theorem 5 (S. Klein). For N := G} (IR™"2), there are precisely the following curvature invariant subspaces of T,N:

o Type (cx): Let R € U and a k-dimensional subspace Wy C R be given. Then W := CWy is curvature invariant.
Here we assume that k > 1.

"Clearly, the curvature tensor itself does not change if one scales the metric by a constant factor, but r.h.s. of (33) depends on the
chosen scaling.
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o Type (try;): Let R € U and a pair of orthogonal subspaces W1, Wo of R be given. Then W := W1 & iWs is
curvature invariant. Here the dimensions k and l of W1 and W, respectively, are supposed to satisfy 0 < k <1
and k+1> 2.

o Type (c}): Let R € U and a subspace W' C R which is equipped with a Hermitian structure I' be given. Then
W ={v—il'v)|v € W'} is curvature invariant. Here k > 1 denotes the complex dimension of W'.

o Type (try,): Let R € U, a subspace W' C R which is equipped with a Hermitian structure I' and a real form W
of the complex vector space (W', I') be given. Then W = {v—il'v)|v € W[} is curvature invariant. Here k > 2
denotes the dimension of WJ.

o Type (exs): Let R € U and an orthonormal system {e1,ea} C R be given. The three-dimensional space W :=
{e1 —ieq, eq +ieq, €1 + iea}r is curvature invariant.

o Type (exq): Suppose that n > 3. Let ® € U and an orthonormal system {e1,eq,es} C R be given. The
two-dimensional space W := {2e1 + ieg, ea +i(e1 + v3es)}w is curvature invariant.

o Type (tr1): Let u be a unit vector of T,N. The one-dimensional space Ru is curvature invariant.

Our notation emphasizes that spaces of Type (ci) and (c¢},) both are complex of dimension k£ over C and those of
Type (tri,) and (tr},) are totally real of dimension k + [ and k, respectively. The spaces of Type (exs) and (exs) are
“exceptional” (in the sense that they do not occur in a series).

As was mentioned already at the beginning of this paper, the totally geodesic submanifolds of N were also classified
in [3]. However, there the totally geodesic submanifolds which are associated with curvature invariant subspaces of
Types (exs) and (ex3) do not occur. For an explicit description of these submanifolds, see [17].

3.1 Curvature invariant pairs of G (IR""?)

In this section, we determine the orthogonal curvature invariant pairs of T, N. Note that (W, U) is a curvature invariant
pair if and only if (U, W) has this property. Since Theorem [5| provides seven types of curvature invariant subspaces of
T, N, there are, roughly said, 7 - 8/2 = 28 possibilities to consider.

Our approach is roughly explained as follows: given a curvature invariant subspace W, we will first determine the Lie
algebra by (see ([16)) and the hyy-invariant subspaces of W+. Second, we will also determine those skew-symmetric
endomorphisms which belong to p(t) and leave W invariant, see . Once this information is available for curvature
invariant subspaces of Type x and y, it will enable us to determine all curvature invariant pairs of Type (x,y).

Lemma 2. Let W be of Type (cx) defined by the data (R, Wp).

(a) We have by = RJN @ {uAv|u,v € Wy }R.
(b) A subspace of W+ is by -invariant if and only if it is a complex subspace.

(c) Let A € s0(R) and ¢ € R. The endomorphism of T,N which is given by cJN + A leaves W invariant if and only
if A= Zie] u; A\ v; + U; A 0; with u;,v; € Wy and t;,0; € T/VOl (where WOJ- denotes the orthogonal complement

of Wy in R).
Proof. By means of , the curvature endomorphism R{Xw is given by JV for every unit vector v € Wy. Further,
RY, =Rl ,, =vAuforall u,v € Wy and R}, = 0 if u,v € Wy with (u,v) = 0. Part (a) follows. For (b), note that
b |we = RJN|y 1. Part (c) is obvious. O

Corollary 5. Suppose that W and U are curvature invariant subspaces of Type (cx) and (¢;) with k,1 > 1 defined by
the data (R, Wy) and (R*,Uy), respectively. If & = R* and Wy LUy, then (W,U) is an orthogonal curvature invariant
pair. Moreover, every orthogonal curvature invariant pair of Type (ck,c;) is obtained in this way.
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Table 1: Orthogonal curvature invariant pairs of Gy (IR"2)

Type Data Conditions Remarks
(ck,cl) (?R Wo,%* U()) = %*, W()J_UO —
(t’l”zj,t’l"kl) (§R Wl,WQ,% Ul,Ug) %:eup%*’ W1 @WQJ_GW(Ul@UQ) 30750 mod 7T/2
(tT‘Z’J,t’I’kl) (?R,Wl,Wg,% ,Uq, 2) R=R* Wy dWo1lU; $Us (Z,l),(j,k) #* (1,1)
(t’m],t’l"kl) (%,Wl,WQ;%*7U1, 2) §R:§R*, W1 :UQ, WQJ_Ul iZQ, (j,k')%(l,l)
(trhwtrﬂ) (%7W1,W2;§R*,U1, 2) §R:§R*,W1:U2,W2:U1 i,jZ?
(tTl ],t’l’k 1) (%,Wl,WQ;?R*7U1, 2) §R:§R*, WlJ_Ul, WQJ_Ul, WQJ_UQ (], k) 7é (1,1),
(trlj,trj7 ) (?R W],WQ,?R* Ul, 2) %:%*,WQZU]_ ]22
(t?“l 1,t7”1 1) (§R Wl,WQ, §R UQ, UQ) §R = §R*, WlJ_Ul, WQJ_UQ —
(t?‘zj7t7’1) (?R,Wl,WQ, ) uEC(W1€9W2)J‘ Z,j;’él
(trij,try) (R, W1, Was u) R(u) € W1 ,u € CWs j>2
(t’l“l 17t’l"1 (§R7 Wl,Wg;u) éR( ) W s ( )E VVQL —
(ciy¢)) (R, Wo; R, U, I") R =R*, Wo LU’ —
() RW, T %, U, ) R, WU —
. ) W, T3, 07, ) R=0, W =0, =7 —
(irf brig) | (R W T W R Uy, Us) R=%, W L0, & Us —
(trl,try) R, W', I', W u) ue CWt —
(W i) | R W, T, W R, U7, 7, U4) | =0, WL —
i) (W, T, Wi, O, 7, U8) | R=%, W =1,
Ul =T'(WY), J' = I' i>3
o) W I, W%, U, T, 05 [ R=%, W =1,
Uy = exp(I"Y(W)), J = =TI’ i>3
i) | RWL T, Wk, U, 7,00 | R=%, W =17,
Uy=Jwy), J =TI J e SUW',T)Nso(W)

(exs3,tr1)

(R, {e1, ea};u)

u==41/v2(eg —iey)

(t’l"l, tT’l)

(u;v)

ulv

Here we use the notation from Theorem [5, Note, if W is of Type tr5 defined by (R, W', I',W(), a second Hermitian

structure on W’ is given by I :=e; A eg + I'e; A I'es for some orthonormal basis {e1, e} of WJ.

Proof. Using Lemma [2] the first part of the corollary is obvious. For the last assertion, since the linear space W is
determined also by the tuple (e'*R,e!?Wy) for all ¢ € IR, we can assume that R = R*.

implies that Wy LUg.

Corollary 6. There are no orthogonal curvature invariant pairs (W, U) of Type (cg,tri ;) or (ck,tri).

Proof. If W is of Type (c,), then any hyy-invariant subspace of W+ is complex, according to Lemma [2 (b). On the

other hand, if U is of Type (tr; ;) or (tr1), then U is totally real. This gives the claim.

Lemma 3. Suppose that W is of Type (try,;) defined by the data (R, W1, Wa).

(a) We have

(b) Ifk,1 > 2, then a subspace of W+ is by -invariant if and only if it is equal to iWy, Wy, a subspace of C(W;®Wo)t
denotes the orthogonal complement of W1 ®Ws inR). If k=1 and
is by -invariant if and only if it is equal to Wy, a subspace of iWy @ C(Wy @ W)+

or a sum of such spaces (where (W1 @ W)+
1> 2, then a subspace of W+

bw = {’U,l A v+ ug /\U2|U1,’U1 e Wy, ug, vy € WQ}IR

or a sum of such spaces. If k =1 =1, then any subspace of W= is by -invariant.

(c) Let A € so(R) and ¢ € R. The endomorphism cJ_N + A leaves W invariant if and only if ¢ = 0 and A =
D oier Wy AV ub Avh 4 dy AUy with up, vy € W, uy, vy € Wo and 1,9 €
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Proof. For Part (a), see the proof of Lemma For (b), consider the decomposition W+ = iW; @ Wy @ C(W; @ W)t
into hyy-invariant subspaces. Then by acts trivially on (W @Ws)+ and irreducible on both iW; and Wo. In particular,
iWy or Ws is a trivial hy-module only if K =1 or [ = 1, respectively. Moreover, ilW; and Ws are non-isomorphic by
modules unless k£ = = 1. The result follows. Part (c) is straightforward. O

Corollary 7. Let W and U be curvature invariant subspaces of Type (tr; ;) and (try;) defined by the data (R, W1, Wa)
and (R*, Uy, Us), respectively. If one of the following conditions holds, then (W,U) is an orthogonal curvature invariant
pair:

e The real number ¢ is chosen such that R = e¥R* and €'?(U; @ Us) belongs to the orthogonal complement of
Wy @ Way;

e R=R* Wy =U; and Wy = Us;

e R=R* Wr lU; and Wi = Us;

e i=[=1 R=R" W1 LUy, WolU; and W LUs;

e we havei=1=1, R =R* and Wy = Uy;

we have (i,7) = (k,1) = (1,1), R=R*, W1 LU; and Wy LUs.
Moreover, every orthogonal curvature invariant pair of Type (tr; ;,tri;) can be obtained in this way.

Proof. Obviously, the pairs (W, U) mentioned above satisfy W _LU. Further, the fact that these are curvature invariant
pairs is verified by means of Lemma [3] Conversely, let us see that these conditions are also necessary:

We have
ur = e ey = cos()euy — isin()eu,
fuy = €€ ¥iuy = sin(p)ePup + icos(p)ePus.
Further, €'?u; € R and ie'?uy € iR for all (u1,us) € Uy @ Us. Thus, the condition U LW implies that

= (v, u1) = cos(p) (v, €¥us),

)
g, u1) = —sin(go)(vg,ewm),

= (ivg, iug) = cos(y) (v, €Puy)

0=(
0 = (v1,iug) = sin(p)(v1, P us),
0=
0=

for all (vi,ve) € Wy @ Wa and (uy,us) € €(Uy @ Us). Hence, in case ¢ ¢ 7/27Z, we necessarily have % (U; @
UQ)J_Wl @ Ws.

Suppose that ¢ € 7/27Z. Interchanging, if necessary, U; and U, we can even assume that ¢ = 0, i.e. 8 = R*. From
W LU it follows that Wy LU; and W>LUs,. By means of (13)),(34)), then U, is an hyy-invariant subspace of ® which is
contained in Ws-. Suppose first that i > 2. Then W is a non-trivial irreducible hy-module. Using Lemma |3 (b), we
have Uy C (W1 @ Wo)t or Uy = Wy @ U for some U C (W1 @ Wa)L. We claim that the latter is not possible unless
U ={0}:

Since (W,U) is a curvature invariant pair, we know from , that W is an hy-invariant subspace of Ui-.
Moreover, the condition Uy = W1 @ U implies that [ > i > 2. Therefore, by means of Lemma [3) (b), we have W1 1Us
or Wi = Us @ W for some W C (Uy @ Uz)*. We immediately see that this is not possible unless U = {0}.

Thus, we have Uy L W7 or Us = Wj. Clearly, this conclusion is true also for ¢ = 0.
Similarly, in case j # 1, we can show that U; L W5 or U; = Wy (by means of passing from ® to ift). In case [ # 1 or
k # 1, we obtain the same conclusions, respectively (by interchanging W and U). This finishes the proof. O

15



Corollary 8. Let W and U be curvature invariant subspaces of Type (tr; ;) and (tr1) defined by the data (R, W1, Wa)
and a unit-vector u € T, N, respectively. If one of the following conditions holds, then (W, U) is an orthogonal curvature
mvariant pair:

e i,j>2anduc C(W, & Wa)t;
ei=1,;j>2 Ru) LW, and u € CW3;
o i=j=1, R(u)LW;i and S(u) LWs.

Moreover, every orthogonal curvature invariant pair of Type (tr; j,tr1) can be obtained in this way.

Proof. Note, the pair (W,U) is an orthogonal curvature invariant pair if and only if v € W+ and by annihilates the
vector u. If 4,§ > 2, this is equivalent to u € C(W; @ Ws)! according to Lemma [3[ (b). If i = 1 and j > 2, we use
the same argument as before; however, now it is allowed that (u) has a component in Wi. The case i > 2, j =1
also follows (by passing from R to iR). In case ¢ = j = 1, the Lie algebra by is trivial and the only condition is
ue W, O

Lemma 4. Suppose that W is of Type (c},) determined by the data (R, W', I').

(a) We have by = {=2(I"u,v)JN —uAv—T'uAI'v|u,v € W}g.

(b) A subspace of VI{J- is hw -invariant if and only if it is equal to W, a complex subspace of (CW')L or a sum of such
spaces (where W denotes the complex conjugate of W in T,N and (CW')* denotes the orthogonal complement
of CW’ in T,N ). In particular, any such space is complez, too.

(c) Let c € R and A € so(R). The endomorphism cJ + A leaves W invariant if and only if A =3, ;u; Av; +
I'u; A T'v; + 0 A 0; with Ui, Vi € W' and Ui, V; € w'L,

Proof. Part (a) is straightforward using (33). For (b), note that W is a complex subspace of T,N, i.e. J¥N(W)C W.
Further, we have A(W) C W for all A € so(W’), hence RY, (W) C W for all u,v € W. Thus W is a h-submodule
of T, N. Furthermore, note that complex conjugation defines an isomorphism W — W of hy-modules and that the
action of hy on W is irreducible (since it is the linearized isotropy representation of the complex projective space
CP*). Therefore, also W is an irreducible hy-module. Moreover, CW’' = W @ W and by acts on (CW’)* via
multiples of JV. Now (b) follows. Part (c) is straightforward. O

Corollary 9. Suppose that W is of Type (cx) determined by the data (%, Wy) and that U is of Type (c}) determined by
(R, U, I'). If R =R* and Wy LU’, then (W,U) is an orthogonal curvature invariant pair. Moreover, every orthogonal
curvature invariant pair of Type (ck,c;) can be obtained in this way.

Proof. Obviously, the pairs (W, U) mentioned above satisfy W _LU. Further, the fact that these are curvature invariant
pairs is verified by means of Lemmas [2| and |4} Parts (a) and (c). Conversely, let us see that these conditions are also
necessary:

Here we can assume that ® = R* (cf. the proof of Corollary[]). Further, since by (U) C U, it follows from Lemma 2] (b)
that U € CWj-. Then
0= (u—il'u,v) = (u,v) (35)

for all u e U, v € Wy, i.e. Wy LU'. O
Corollary 10. Suppose that W and U are of Type (c}) and (c}) determined by the data (R, W', I') and (R*,U’,J’),

respectively. If one of the following conditions holds, then (W,U) is an orthogonal curvature invariant pair:
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e R=R* U =W andI' =-J;
e R=NR* and U' LW".

Moreover, every orthogonal curvature invariant pair of Type (¢}, ¢]) can be obtained in this way.

Proof. Tt is straightforward that the pairs (W, U) mentioned above satisfy W_LU. Further, the fact that these are
curvature invariant pairs is verified by means of Lemma [d] Parts (a) and (c).

Conversely, the Hermitian structure I’ extends to W/ @iW’ (via complexification) and the linear space W is determined
also by the data (el¥R, YW’ I'| sy ). Hence, we can assume that ® = R*. Further, by means of Lemma |4} either
UcCCW'™ or U=W @U for some subspace U C CW'+. In the first case, the condition U_LW implies that W’ LU’
(see (35). In the second case, we claim that U= {0}:

Otherwise, [ is strictly greater than k. Hence, because hy leaves W invariant, Lemma (b) shows that W c CU'*.
As above, this implies that W/ LU’. Hence U = W, i.e. W/ = U’ and I’ = —J’, which finishes the proof. O

On the analogy of Corollary [6} we have
Corollary 11. There are no orthogonal curvature invariant pairs of Type (¢}, tri ;) or (cj,tr1). O

Lemma 5. Suppose that W is of Type (tr},) determined by the data (R, W', I', W{).

(a) The curvature endomorphism RY .., is given by —u Av — I'u A I'v for all u,v € W). Hence hyy =

{unv+T'uAT'v|u,v € Wi}lg.

u,v—il’v

(b) An by -invariant subspace of W+ is contained in the orthogonal complement of the complex linear space CW’,
belongs to a distinguished family F of k-dimensional totally real subspaces of CW' N WL which can be param-
eterized by the real projective space RP? (for k > 3) or the complex projective space CP? (for k = 2), or is a
direct sum of such spaces.

(c) Let A € s0(R) and ¢ € R be given. Then cJV + A leaves the subspace W invariant if and only if A =
—cl’ + 3, crui Ay + T'ug AN + 1 A0 with wy,v; € Wy and @, 05 € W' (were W'+ denotes the orthogonal
complement of W' in R).

Proof. Part (a) is straightforward. For (b), note that CW’ N W= =iW @ W @iW is a decomposition into irreducible,
pairwise equivalent hy-modules. Moreover, if k£ > 3, then W is an irreducible hy-module even over C whereas W is
reducible over C for k = 2. Part (b) follows

For (c): We have i(v —il'v) = I'v +iv = I'v —il'(I'v) for all v € W’ and hence JV |y, = I’. In particular, JV |y — I’
leaves W invariant. This reduces the question to the case ¢ = 0 in which case we have to determine those A which
leave the linear space W{ invariant and AI'v = I’ Av holds for all v € W, i.e. A= A1® Ay ®Awith A = A, € so(WY)
and A € so(W'F). This proves the result. O

Using Lemma [5| we have (cf. the proof of Corollary :

Corollary 12. Let W and U be of Type (tr},) and (tr1) defined by the data (R, W', I',W() and a unit vector u of
T,N, respectively. The pair (W,U) is an orthogonal curvature invariant pair if and only if u belongs to CW'+. O

Clearly, subspaces of Type (tr},) are totally real. Hence Lemma [2] (b) combined with Lemma [4] (b) implies:

Corollary 13. There are no orthogonal curvature invariant pairs (W,U) of Type (tr, c;) or (tr;, c}). O
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Corollary 14. Let W and U be of Type (t}) and (tey;) defined by the data (R, W', I',W{) and (R*,Uy,Us), respec-
tively. If ® = R* and the linear space Uy @ Uy belongs to the orthogonal complement of W' in R, then (W,U) is an
orthogonal curvature invariant pair. Every orthogonal curvature invariant pair of Type (tt},tvg;) can be obtained in
this way.

Proof. Obviously, the pairs (W, U) mentioned above satisfy W _LU. Further, the fact that these are curvature invariant
pairs is verified by means of Lemmas [3| and 5| Parts (a) and (c). Conversely, let us see that the conditions are also
necessary:

For the first assertion, note that W is defined also by the data (el?R, W', I’ e W (—¢p)) with W{(—¢) := { cos(p)v—
sin(p)l'v|v € W} for every ¢ € IR. Hence we can assume that 8 = £*. Now suppose that (W, U) is an orthogonal
curvature invariant pair. Since U is hyy-invariant, there exists a decomposition U = U# & U into hyy-invariant
subspaces U# € CW' and U ¢ CW'-. We claim that the only possibilities are U# = {0}, U# = iW}, U# = I'(W})
or U# = I'(W}) @ iW}:

First, the condition (u,v) =0 for all w € U and v € V implies that
0 = (u,v —il'v) = (u,v)

for all w € Uy and v € W{. Hence U; C W(t, thus Uy N W' C I'(W}). Similarly, we can prove that Us N W' C WJ,.
Further, we have
U =UNCW' =U NnW' @i(UynW').

Thus, the hy-invariance of Uy implies that both summands are invariant under the hy, action (note, by C so(R),
see Lemma [5| (a)). Since this action is irreducible on both W{ and I'(W{), it follows from Schur’s Lemma that
UnW'e {{0}, I'(W))} and Uy n W’ € {{0}, W{}. Our claim follows.

Next, we claim that U# = {0}. Assume, by contradiction, that I’(W}) C U. Since dim(W}) > 2, there exists a pair of
orthonormal vectors u, v € W{. Then {I'u,I'v} C UNR = Uy, hence R}, 1., = —I'u A I'v leaves W invariant since
(W,U) is a curvature invariant pair. Applying Lemma [5| (¢) (with ¢ = 0), we see that this is not possible. By means
of a similar argument, we conclude that iWW{ is not contained in U. It follows that U# = {0}, i.e. U C CW'+. Clearly,
this shows that U; & Us LW’. This finishes our proof. O

Corollary 15. Let W and U be of Type (tv}) and (tv}) defined by the data (R, W' I',Wg) and (R*,U’, J',Up),
respectively. Further, in case k = 2, let {e1,e2} be an orthonormal basis of W/ and let I be the Hermitian structure of
W' defined by ex Neg + I'ey AN 1I'es.

If R = R* and one of the following conditions holds, then (W,U) is an orthogonal curvature invariant pair:

e R=R* and U' LW';

k>3, R=R U =W, I'=J" and U, = I'(W});
e k>3, U =W',I'=-J and Uj = exp(pI") (W) for some ¢ € R;
e k=2, U =W’ and there exists some J € SUW’,T) Nsu(W') such that U = J(W).

Moreover, every orthogonal curvature invariant pair of Type (tv,,tv]) can be obtained in this way.

Proof. In the one direction, we first verify that the given pairs (W,U) satisfy U LW. This is straightforward in the
first case. In the second and the third case, we have U = ilW and U = YW, respectively, and the result follows. In
the last case, note that f := ey and fy := I’e; define a Hermitian basis of (W', I). Consider the complex matrix (g;;)
defined by

gij = (fi, Jf3) + (T fi, T £5) (36)
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for i,j = 1,2. Then (g;;) belongs to SU(2) N su(2), hence there exist ¢t € IR and w € C with * + |w|* = 1 such that

g g1z \ _ (it —w (37)
go1 922 wo —it

Using the skew-symmetry of J and , we calculate

(e —il'e;, J(e; —il'e;)) = (es, Jes) + (I'ey, JI'e;) = 0 for i = 1,2, (38)
(eg —il'ey, J(ey —il'er)) = (If1, Jf1) + (I fa, J f2) = S(g11 + g22) = 0, (39)
ey —il'ey, J(eg —il'ey)) = —(eq — il'eq, J(e1 —il'e;)) = 0. (40)

This shows that W_LJ(WW).

Further, in order to see that the given pairs (W, U) are actually curvature invariant pairs, we proceed as follows: the
first case is handled by means of Lemma |4} (a) and (c). In the next two cases, it easy to see that hy = by holds.
The latter condition is actually true also in the last case, which is due to the fact that here hy, = IRI holds and

by ={JoAoJ '|Achy} (since J € SUW’,I)). Clearly, this implies that (W,U) is a curvature invariant pair.

In the other direction, let (W,U) be an orthogonal curvature invariant pair of Type (tv},tr]) defined by the data
(R, W', I", W R, U, J', Uj). We will show that it can be obtained in one of the four ways described before:

Here we can assume that % = R* (cf. the proof of Corollary . Since U is by -invariant, we have U = U? @ U with
U ¢ CW' and U C CW'+, according to Lemma [5| (b). Moreover, the linear space U# is the direct sum of (at most
three) linear spaces which belong to a distinguished family F of k-dimensional subspaces of CW’. First, we claim that
U# ={0} or k =1:

Suppose that U# # {0}. In particular, then { > k. Therefore, since W is an hy-invariant subspace of U+ with
dim(W) = k < [, it follows from Lemma 5| (b) that W C CU’* or k = I. If we assume, by contradiction, that
W C CU'*, then

0= (v—il'v,u) = (v,u), (41)
0= (v—il'v,iu) = —(I"v,u) (42)

for all w € U’ and v € W}, i.e. we obtain that W’ LU’. Hence CW’ LCU’ and, in particular, U# = U NCW’ = {0}, a
contradiction. We conclude that k = [.

We thus see that either U € F or U C CW’+. In the latter case, we even have U' LW’ (see Egs. (#1),(42)). In the
first case, we have, in particular, U C W’ and I'(U}) C W', hence U’ = W’ (since k = 1).

Furthermore, we claim that by = hy:

For this, it suffices (by means of a symmetry argument) to show that hy C hy. Let A € hy be given. We can
assume, by means of Lemma [5| (a), that A = wuy A ug + I'uy A I'uy with uy,us € Uj. Further, A(W) C W by
definition of a curvature invariant pair. Since W’ = U’ we obtain from Lemma [5| (¢), applied to W with ¢ = 0, that
A=3"cruwi Avg + T'ug A T'v; with ug,v; € Wy, ie. A € by, This proves our claim.

For k > 3, set £o(v) := I'v + iv, £1(v) := v+ il'v and ¢3(v) := I'v —iv for all v € W{. Then ¢; is an isomorphism
onto iW, W and iW, respectively. It follows from Schur’s Lemma that there exists (co : ¢; : c2) € IRP? such that
U = A(W{) with A := coAo + c1A1 + caAa. Note A(v) = c1v+ (¢ + c2)I'v + (¢p — c2)iv + ¢1iI'v, hence it can not happen
that a := ¢; and b := ¢g + ¢o both vanish (since otherwise U C iR, which is not possible). Thus, we can assume that
a® +b? = 1, i.e. there exists some ¢ € [0, [ such that

Ul = { cos(p)v + sin(p)'v|v e W] }. (43)

Further, recall that U’ = W’ and that this space is equipped with the two complex structures I’, J’ such that U] is a
real form with respect to J'. Furthermore, it follows from that U] is a real form with respect to I’, too. Since
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moreover k > 3, an application of Schur’s Lemma shows that therefore I” = £J’ holds. We obtain that (W,U) is a
curvature invariant pair if and only if U = e?W or U = e¢W for some ¢ € IR. It remains to determine under which
conditions the linear spaces W = {v —il'v|v € W]} and U = "W or U = e'¥W are orthogonal to each other:

Set W/ () := { cos(p)v+sin(p)il'v|v € W{ } and note that e¥W = {v—il'v|v € W}(p) } and YW = {v+il'v|v €
W ()} . We obtain that

(v —il'v, cos(¢)u + sin(@) 'u F iI' (cos(¢)u + sin(p) ['u))
= (v, cos(p)u + sin(p)I'u) + (I'v, I'(cos(p)u + sin(p)I'u))
= cos(p) (v, u) + cos()(I'v, I'u) = cos(¢)(v,u) £ cos(p){v,u)

for all u,v € W{, i.e. U = €W is orthogonal to W only if ¢ = 7/2 mod Z7/2 and U = e¥W is always orthogonal
to W. This proves the corollary for k& > 3.

For k = 2, we observe that I equips W’ with another Hermitian structure such that [I, I] = 0. Further, W} and I'(W})
both become complex subspaces of (W', I ). We recall that any two Hermitian structures of a Euclidean vector space
are conjugate by some orthogonal transformation and any two real forms of a unitary vector space are conjugated
by some unitary transformation, hence there exists some g € SO(W’) such that Jo I’ o g~ = J’ and g(W}) = U},
Clearly, then hy = {go Aog ~11 A € b }. Thus, the condition hy = by derived above shows that g normalizes by .
Since furthermore by = IR, it follows that g commutes or anti-commutes with I. This shows (W,U) is a curvature

invariant pair if and only if there exists some g € U(W’,I) such that either U = g(W) or U = g(W). However, the
second case can be omitted since the linear map gy defined by 90|W’ = I|W/ and gol ¢ wy) = —I|1/(W) belongs to

uw’, ~) and maps W to W. Moreover, since W is invariant under I, we can even assume that g belongs to the special

unitary group SU(W', I).

It follows that U = g(W) for some g € SU(W”, I). Tt remains to show that g € su(W’). Let (g;;) be the matrix defined
by (36). Since (gi;) € SU(2), there exist z,w € C with [2[? + |w|> = 1 such that holds. Using (39), we conclude
from W_Lg(W) that R(z) = 0, hence (g;;) € su(2), i.e. J:=g e SUW’,I)Nsu(W’). This finishes the proof. O

Lemma 6. Suppose there exists some &t € U and an orthonormal basis {e1,...,e,} of R such that W is spanned by
wy i= e1 — i€y, Wy := eo +ie; and w3 := ey + ies.
(a) by is the one-dimensional Lie algebra which is generated by JN + e; A es.

(b) A subspace of W+ is by -invariant if and only if it is the one-dimensional space IR(ez —ie1), a complex subspace
of C{e1, e}t or a sum of such spaces..

(c) Let A € s0(R) and c € R be given. Then cJN + A leaves the subspace W invariant if and only if there exist real

numbers ¢;j such that A = c(ex Ne2) + 3 5<;j<n Cij€i N €j-

Proof. Part (a) follows from RY = —2(JN+ejAez) and RY, ,, = RN = 0. Clearly, Wt = R(ez—ie1)®{e1, €2}t

w1, Wa w1 ,Wws wo, W3
and by acts trivially on the first factor and by means of JV on the second factor. This proves (b). For (c), the fact
that JY + e; A ey leaves W is invariant reduces the problem to the case ¢ = 0. If A leaves W invariant, then
Aw; = Aey — iAes must be a linear combination of wo and ws, say Aw; = Aws + pws. It follows that

o= <>\’LU2 +,uw3,61> = <AU)1,61> = <A€1 — iA€2,61> = <A61,€1> = 0,

hence Ae; = Aey and Aey = —Xey. Thus Awz = Aej +ides = Meg —ie;) € WE N W = {0}. It follows that A = 0.
This implies that Ae; = Aey =0, i.e. A € so({es,...,e,}r). This proves our claim. O

We immediately see:

Corollary 16. Let W and U be of Type (ex3) and (tr1) defined by the data (R, {e1,e2}) and a unit vector u of T,N,
respectively. Then (W,U) is an orthogonal curvature invariant pair if and only if u = £1/v/2 (eq — iey). O
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Corollary 17. There do not exist any orthogonal curvature invariant pairs of Type (exs,cy), (exs,c},), (exs,try),
(exs,tr; ;) or (exs,exs).

Proof. Suppose that W is of Type (exs) defined by the data (R, {e1,e2}). If U is of Type (cx) or (¢,) (k> 1) and W
is a subspace of UL such that by (W) C W, then W is necessarily a complex subspace of 7, »IN (cf. Lemmas [2 and .
However, Type (exs) is not complex according to Lemma 6] (c). This shows that (W, U) is not an orthogonal curvature
invariant pair.

Further, if U is of Type (tr},) (k > 2) or (tr; ;) (i +j > 2), then U does neither contain a complex subspace of T, N
nor U is one-dimensional. The result follows from Lemma @ (b).

Suppose that U is of Type (ex3), too, defined by (R*,{f1, f2}), and, by contradiction, that (W,U) is a curvature
invariant pair. Then U is defined also by (e*R*, { f1(), fa(®)}) with f1(p) := e'?(cos(¢) f1 + sin(p) f2) and fa(p) :=
e (—sin(y) f1 + cos(p) f2). Hence we can assume that & = R*.

By means of Lemma@ (b) and since dim(U) = 3, there exists the orthogonal decomposition U = IR(e3 —ie; ) @ U where
Uc C{e1, ez}t is complex 1-dimensional. Further, an orthogonal decomposition U = U# @ U of a 3-dimensional
subspace U C T, N into a real 1-dimensional space U # and a complex 1-dimensional space U is unique (if it exists).
Another such decomposition is given by U* := R(ifs + f1) and U := {fo +if1,ifo — fi}r. Thus, on the one hand, we
conclude that {f1, fo} C {e1,ea}t. On the other hand, ifs + fi = ey —iey, a contradiction. O

Consider Type (ex2):

Lemma 7. Let R € U and an orthonormal basis {e1,...,en} of R be given such that W is spanned by wy := 2e1 + ieg
and wy := ey +i(e; +v/3e3).

(a) The curvature endomorphism Rip:= RN s given by —JN —e; Aeyg —V3es A es.

w1, w2

(b) A subspace U of W is invariant under Ry 2 if and only if U is either the complex space C(—ey + /3 es +i2es),
belongs to a distinguished family of (real) 2-dimensional subspaces of the linear space

{2e5 +1i(—3e1 + 1/V3es),e1 4+ 5/V3es — 2iea}r @ {ea, ..., en}c, (44)
or is a sum of such spaces.

(c) Let A € s0(R) and c € R. Then cJV + A leaves the subspace W invariant if and only if there exist real numbers
cij such that A = c(e; ANea + V3es A es) + Z4§i<j§n cijei Nej.
Proof. Part (a) is straightforward. For (b), we first verify that the eigenvalues of A := R .
endomorphism of T, N) are given by {i, —i, —3i}. The complex eigenspace for the eigenvalue —3i is a subspace of W,
given by C(—e1 +V/3 e3 + i2e2). Furthermore, we have A2 = —Id on the (2n — 4)-dimensional subspace of T, N which
is given by , i.e. A defines a second complex structure on . This proves (b).

(seen as a complex-linear

For (c): Since W is curvature invariant, the endomorphism J Nt ei Aeg+v3es Aes leaves W invariant. This reduces
the problem to ¢ = 0. If A(W) C W, then Aw; = dwy and Awy = —dw; for some d € IR (since A is skew-symmetric
and the length of w; is given by v/5 which is also the length of ws). Considering the action of A on the real parts of

wy and ws, this implies that 24e; = deg, Aes = —2de;. Taking also the imaginary parts into account, we see that
Aey = d(e; + \/363), which gives a contradiction unless d = 0. Then Ae; = Aes = 0 and hence Awsy = iv/3 Aes must
be a multiple of w;, which is not possible unless also Aez =0, i.e. Alte, e es1 = 0. This implies the result. O

Corollary 18. Suppose that W is of Type (exs). Then there are no orthogonal curvature invariant pairs (W,U) at
all.
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Proof. Suppose that ® € U, {e1,e2,e3} is an orthogonal system of R and W is spanned by w; := 2e; + iey and
wo 1= ey +i(e1 + V3 e3). Suppose furthermore, by contradiction, that there exists some curvature invariant subspace
U of T,N such that (W, U) is an orthogonal curvature invariant pair.

If U is of Type (cx), (c}) or (ex3), then W is a 2-dimensional hy-invariant subspace of W+ but not a complex subspace
of T,N according to Lemma [6] (¢). However, this is not possible, because of Part (b) of Lemmas and [6]

Now suppose that U is of Type (tr; ;) determined by the data (R*,Ui,Us). Using Lemmas [3| (¢) and 7| (a), we see
that b (U) C U does not hold.

Similarly, the case that U is of Type (¢r1) can not occur.

Suppose that U is of Type (tr},) (k > 2) determined by (R*,U’,I’,Uj). Then we can assume that ® = R*. Using
Lemma (b), the fact that W is 2-dimensional linear subspace of T, N which is invariant under hy implies that either
W C CU'* or W is a two-dimensional by -invariant subspace of CU’.

In the first case, (R(w;), uw) = (S(w;),u) = 0 for allu € U’ and i = 1,2. With ¢ = 1, it follows that {e1,u) = (e2,u) =0,
then the previous with i = 2 implies that also (e3, u) = 0 for all u € U’. Thus Lemmal[7](a) and the fact that hy (U) C U
show that U is a complex subspace of T, N, a contradiction.

In the second case, we have dim(U) = dim(Uj) = 2 and both R(w;) and I(w;) belong to U’ for i = 1,2. Thus we
conclude that {e;, es,e3} C U’. Hence we can extend this orthogonal system to an orthonormal basis {e1,...e,} of R
such that e, € U’. Let {u1,uz} be an orthonormal basis of Uj. According to Lemma 5] the curvature endomorphism

wy—il'uy us—il'uy 15 given by A = —uy Auz — I'ug A I'ug. Hence, since (W,U) is a curvature invariant pair, we
obtain that A(W) C W. Using Lemma (7| (¢) (with ¢ = 0), this fact implies that there exist real numbers c¢;;
such that u; A ue + I'ug A 'uy = Z4<i<j<n cijei A ej. On the other hand, there exist real numbers d;; with

ur Aug +1'uy A ug = Zl<i<j<4 d;je; Nej. Since {e; Ae;}ic; is a linear independent subset of so(R), we obtain that
¢ij = di; =0, hence u3 Aug + I'ug A I'ug = 0 which is not possible.

Consider the case that U is of Type (ex2), too. Then there exists some R* € U and an orthonormal system { f1, fo, f3}
of R* such that U is spanned by u; := 2f1 +ifs and up := fo +i(f1 + /3 f3). Let ¢ be chosen such that el¥R* = R.

w1 us 18 given by —JN L Awith A= —fi A fy—
V3 fa A f3 € 50(R*) = s0(R). We decompose f; = f," @ fi* with respect to the splitting R’ = e"%{e;, ez, e3}r @
e %{eq,...,en}m. Since Ry o(W) C W, Lemma|7| (c) (with ¢ = —1) implies that

In accordance with Lemma the curvature endomorphism R o := RN

etNes+V3eaNes=f Afy +V3f] Afq.
Comparing the length of the tensors on the left and right hand side above, we see that
(LA = R =) =1,

i.e. €¥f; € {e1,e2,e3}r for i =1,2,3. Hence we can assume that n = 3. Since spaces of Type (exz) are not complex,
it follows from Lemmalﬂ (c) that U is spanned also by i := 2 + i(—3e; + 1/v/3e3) and o := e1 + 5/v/3 ez — 2iey.
A short calculation shows that RLQ = Rfl\'mb is given by 8/3 JN — 4(e1 Neg + V3es A e3). Thus we obtain that ]:21,2
does not leave W invariant. Hence (W, U) is not a curvature invariant pair. O

3.2 Integrability of the curvature invariant pairs of GJ (IR""?)

Let (W,U) be an orthogonal curvature invariant pair of GF (IR""?) and set V := W @ U. We will assume that
dim(W) > 2. It remains the question whether (W, U) is integrable. By means of a case by case analysis, we will show
that the answer is “no” unless V is curvature invariant.

Let £ denote the isotropy Lie algebra of N := G;r (]R"+2) and p : € — s0(T,N) be the linearized isotropy representation.
Recall that p(¢) = RJY @ s0(R). Further, by definition, the Lie algebra £ is the maximal subalgebra of € such that
p(ty)|y is a subalgebra of so(V), see (L8)). Recall also the definition of the Lie algebra h C so(V), see (21)).
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Type (ci,c;) Suppose that W and U are of Type (¢;) and (c¢;) defined by the data (R, Wy) and (R*, Uy), respectively,
with # = ®* and Wy LUy. Hence V is curvature invariant of Type (c;y;) defined by the data (R, Wy & Up).

Type (trjj,tri1) Let W and U be of Type (tr; ;) and (tri;) defined by the data (R, Wy, Ws) and (R*,Uy,Us),
respectively. Let ¢ be chosen such that # = e¥R*. Substituting, if necessary, iR* for #*, we can assume that
€ [—m/4,7/4].

e Casei=j=k=1=1: let vy, va, u; and us be unit vectors in Wy, W, Uy and Us, respectively. Here we have
(v1,v2) = (u1,u2) = (u1,v1) = (uz,v2) = 0. Further, suppose that (W,U) is integrable. Since W and U both
are two-dimensional curvature isotropic subspaces of 71}, /N, Proposition @ implies the existence of an orthonormal
basis {e1,e2} of W such that {n; := h(e;,e;)}i=12 is an orthogonal basis of U. Further, Ré\im =0= Ré\;m,

see . Thus, there exist real numbers g, r, s,t with ¢? + r2 # 0 and s% + t? # 0 such that e; = qu; + rivy and
Ne = su1 + tius. Hence,

R(e1) = qui, (45)
S(er) = rvg, (46)
R(n2) = scos(p)e'Puy + tsin(p)ePuy, (47)
I(12) = —ssin(p)e'Puy + t cos(p)ePus. (48)
Further, Eq. [33] shows that
(R(e1), S(n2)) = R(m2), S(er)), (49)
S(er) AS(m2) = —R(ex) AR(2), (50)
(R(e2), S(m)) = (R(m), S(e2)), (51)
S(e2) AS(m) = —R(ez) AR(m), (52)

where real and imaginary parts may be taken with respect to . We claim that the case ¢ # 0 can not occur:

Otherwise, we have ¢ # 0 mod 7/2, hence Corollarylﬂ shows that {v1,v2, e?uy, e¥us} is an orthonormal basis
of . Thus, {R(n2),S(n2)} C {ePus,e¥us}r according to ([@7), and neither §(n2) nor R(ny) vanishes
(since otherwise tsin(yp) = 0 = scos(p) or ssin(¢) = 0 = tcos(p), respectively, i.e. s =t = 0 anyway which is
not possible). Therefore, if, say, $(e1) does not vanish, then r.h.s. of is non-zero, i.e. {R(e1), R(n2)}m =
{S(e1), S(n2) }w is a two-dimensional space in contradiction to ([A5)-([48)).

Hence, ¢ = 0. Let us assume that R(e;) = 0. Then e; = +ivy, e = +v; and r.h.s. of vanishes. It follows
that

0= (e1,m2) = (I(e1), S(n2))-

Since Lh.s. of vanishes, too, we thus we obtain that J(n) = 0, i.e. there exist A\, u # 0 with 7o = puy
and 71 = Aiug. Therefore, (vo,u1) = 0 = (v1,us) according to ,. Thus V' is curvature invariant of Type
(tra,2) defined by (R, {v1,u1}r, {ve, u2} ). Similarly, if S(e1) = 0, then V is curvature invariant of Type (t72,2),
too.

If neither R(e;) = 0 nor S(e1) = 0, and, say, R(n2) # 0, then there exist A, u # 0 with R(n2) = Au; and
R(e1) = pvy. Hencer.hus. of is given by Ay u1Avy which is non-zero by the condition (uy,v1) = 0. Using (50)),
we obtain that S(n2) # 0 and {vi,u1}m = {ve,u2}w, hence {vi,v2,us,u2}m = {v1,v2}m = {u1,u2}r. The
conditions (u1,v1) = (ug,v3) = 0 imply that us = +v; and w; = Fvy. In this case, V := W @ U is curvature
invariant of Type (c2) defined by (R, {v1,v2}m). The possibility $(n2) # 0 leads to the same conclusion. O

e Case R=R*j=k>2 Wy ="U;: then W1 1U; or W7 = Uy unless i = [ = 1. In case Wy = Uy, the linear space
V is curvature invariant of Type ¢y defined by (R, Uy & W7). Otherwise, we claim that p(ty)|y Nso(V)_ = {0}:
Let ¢ € R, B € s0(R), set A := ¢JV + B and suppose that A(V) C V and A|y € so(V)_ holds. Then
A(W) Cc U and A(U) C W. We aim to show that A = 0. Let v € W;. Thus Av € U. It follows that

civ € iUs. In the same way, ciu € iW; for all uw € U;. Hence ¢ = 0 or Wy = Uy which is different case. Hence
A(Uy) = B(U;) c WNR = Wy and A(W7) C U;. In other words, setting V; := W1 ®U;, we have Aly, € so(V7)_.
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For the same reason, with V2 := Wa @ Us, we have Aly, € so(V2)_. Since [24]is a linear isomorphism, for the
vanishing of A it suffices to show that Aly, =0 and A|y, = 0:

On the one hand, A(W3) = A(U;) C Wi. On the other hand, A(W5) C Us. Hence A(Ws) C Wi N Us. Further,
the linear space W1 NUy is trivial if W, LUs or if i =1 =1 and W; # Us. Therefore, Aly, = 0 unless Wy = Us.
Similar considerations show that also A|y, = 0 unless W; = U,. This establishes our claim.

Assume, by contradiction, that (W, U) is integrable but Wy # Us. Then p(ty )|y Nso(V)_ = {0} as was shown
above. Thus there exists a symmetric bilinear map h : W x W — U satisfying , according to Corollary
Note, the Lie algebra b is given by so(W;) @ so(Ws) @ so(Us) such that so(W;) @ s0(Us) acts as a direct
sum representation on Wi @ iUs whereas so(Ws) acts diagonally on iWs ® Uy (i.e. A(iv 4+ u) = iAv + Au for all
A € 50(Ws) and (v,u) € Wa x Uy). Schur’s Lemma implies that Homy, (W, U) C IRJ N |iyy, ® Hom (W7, 1Us) (where
the second summand is non-trivial only if 4 = [ = 1). In particular, there exists a linear function A : W — IR
such that h(x,iy) = A,y for all x € W and y € Ws. Further, we have h(x,y) € iU; for all x € W and y € W;.
Thus, we conclude by the symmetry of h that

h(iz,iy) = A\py = h(iy,iz) = Az

for all x,y € Wy. Since dim(Ws) = j > 2, we hence see that A\, = 0 for all € iWs, i.e. Aliw,xiw, = 0.
Furthermore, we conclude that

h(Wl X IWQ) = h(lWQ X Wl) c Ui NilUy = {0}

Therefore, h(W x W) = h(W; x W1) C iUs, a contradiction, since the image of h spans U and Uy # {0}.
The case i =1 > 2, Wy = U; also follows (by means of passing from R to iR). O

In the remaining cases, we have W; Lel¥Us or i = [ = 1 and, also W5 Lel¥U; or j = k = 1. Furthermore, at
least one of the indices {4, j, k, 1} is (strictly) greater than 1. In case ¢ = 0, W7 LU; and W5 LU;, we obtain
that V' is curvature invariant of Type tr; i j4+; defined by (R, W1 @ Uy, Wa @ Us). Otherwise, we claim that
p(tv)|v Nso(V)- = {0}:

Let ¢ € R, B € s0(R) be given such that A := ¢JV + B satisfies A(V) C V and Al|y € so(V)_. Thus A(W) C U
and A(U) C W, hence Wi Lel?Uy and Wy Le'?U;. Further, substituting, if necessary, iRt for R, we can assume
that i > 2. Let v € W7 be a unit vector. Then Av € U, i.e. Av = uq + iug for suitable u; € Uy and us € Us.
Since

e'? (Av) = €' (civ + Bv) = cicos(p)v — esin(@)v + cos(¢)Bu + isin(g) B,

we see that ' _
efu; = R(e'?(Av)) = —esin(p)v + cos(p) B
and _ 4
ePus = J(e'?(Av)) = ccos(p)v + sin(p)Bo.
The condition Wi Lel?U, implies that _
0 = (v, e¥ug) = ccos(yp),
thus ¢ = 0 since ¢ € [—7/4,7/4]. Therefore, A € so(R) anyway, in particular, Av € R for all v € W;.

Therefore, we have R(e'¥ Av) = cos(¢)Av = e¥uy and S(e'? Av) = sin(p) Av = e'¥uy. We conclude that
0 = (u1,ug) = (e'¥u, €¥us) = sin(p) cos(p)(Av, Av),

hence ¢ = 0 or Av = 0 for all v € Wj. In the same way, we can show that ¢ = 0 or Av = 0 for all v € W5. By
means of Eq. we conclude that Al = 0 unless ¢ = 0. Suppose now that ¢ = 0. Set Vi := W; ® U; and
Vo := Wa @ Us. Note that Aly, € so(V1)_ and Aly, € so(V2)_. Assume that, say, the condition Wi LU, fails.
Then we necessarily have ¢ = = 1 and W5 1U; holds. In particular, there exists v;1 € W; such that the linear
form (v, -) defines an isomorphism Us — IR. Then,

(Av,v1) = —(v, Avy) = 0.
for all v € W5. We conclude that Aly, = 0 and hence Ay, = 0 since is a linear isomorphism. For the same

reason, Aly, = 0 and hence Aly, = 0. We conclude that A|y = 0. This establishes our claim.
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Assume, by contradiction, that (W, U) is integrable but at least one of the conditions ¢ = 0, Wy LU or Wy LU,
fails. Then p(ty)|v Nso(V)_ = {0}. Thus, there exists a symmetric bilinear map h : W x W — U satisfy-
ing (26),(27). Note, the Lie algebra b from is given by so(W1) @ so(Ws) @ s0(Ur) @so(Us) acting as a direct
sum representation on Wy @ iW, @ Uy @ iUy (where one or more summands may be trivial).

First, assume that j > 2. Hence, by means of Schur’s Lemma, Homy(W,U) C Hom(W1,U). If i # 1, then we
even have Homy, (W, U) = {0}. Otherwise, if i = 1, we thus see that h(x,y) = h(y,x) = 0 for all z € iW, and
y € W,ie h(W x W) = h(W; x W7) which spans a one-dimensional space, a contradiction (since dim(U) > 2).
The case i > 2 is handled by the same arguments. Note, the case i = j = 1 can actually not occur (since then
k =1 =1 because of Proposition . O

Type (trij,trq) Suppose that W is defined by the data (®, W1, Ws) and U is one-dimensional spanned by a unit-
vector u.

e Casei = j = 1: Let e; and e be unit vectors of R which generate Wy and Wy, respectively. Then W = Re; +ilReq
is a curvature isotropic subspace of T, N. Suppose that (W, U) is integrable. According to Proposition [4] there
exists some unit vector v € W such that fo « = 0. Then W = {v,u}r is a curvature isotropic subspace of
T, N, too. It follows from Theorem [5| that there exists some R* € U and an orthonormal system {e/, e5} of R*
with W = {€},ie}}r. In particular, (R*(v),3*(v)) = 0, where ®* and S denote taking the real and imaginary
parts with respect to *. Further, let ¢ be chosen such that e!?R* = R. Then we have R(e'¥v) = e“R*(v) and
J(e'¥v) = e¥3*(v). Hence, on the one hand, (R(e!¥v), S(e'¥v)) = (R*(v), 3*(v)) = 0. On the other hand, since
v € W, we may write v = cos ¢e; + sin ¢pies. This gives

cos(ip) sin(p)(cos? ¢ — sin® ¢) = 0, (53)
ie. =0 mod w/4Z or p =0 mod 7/2Z.

In the first case, we can assume that ¢ = 7/4, i.e. v = 1/v/2(e; +ie). It remains to determine the possibilities
for u. First, we have u € W+, i.e.
(R(u), e1) = (S(u), e2) = 0. (54)

Hence, we may write R(u) = A\jea + u; and I(u) = Ageq + ug with uy,us € {e1,e2}+. Second, using , we
obtain from R), = 0 that

(R(v), S(u)) = (R(u), I(v)), (55)
R(v) AR(u) = S(v) A S(u) (56)
It follows that Ay = Ao and Aje; Aes +e1 Auy = —Ajea Aep —eg Aug, i.e. up = ug = 0. We obtain that

u = 1/v/2(ea + ie1). Therefore, the linear space W @ IRu is curvature invariant of Type (ex3), determined by
the data (R, {e1,ea}).

In the second case, we can assume that ¢ = 0, i.e. 8 = R*. Then {¢},e}} is a second orthonormal system of
R, and there exists a linear combination u = Aje} + Agieh with A7 + A2 = 1. If, say, Ay # 0, then the condition
0 = (u,iey) implies that (e}, es) = 0. Further, note that W N W = IRv. Therefore, there exist 1, i, p2, ity € R
such that v = piey + ipges = piel +iuhel. Hence S(v) = poes = phel, which together with (e}, e2) = 0 implies
that po = ph = 0, i.e. v = ey and e; = +ej. Thus the condition ulW shows that «w = +ief,. Therefore,
W & Ru is curvature invariant of Type (tr1 2), determined by (R, Re1, {e2, 5} R). O

e Casei =1, j > 2: here we have R(u) € Wit and u € CW3- (where W3- denotes the orthogonal complement of
Wy in R). Further, if S(u) =0, or if R(u) = 0 and uLiW;, then W @ U is curvature invariant of Type (trz ;) or
(tr1,j41) defined by the triple (R, W1 @ U, W3) or (R, Wi, Ws @ U), respectively. Otherwise, we claim that the
linear space p(ty )|y Nso(V)_ is trivial:

Let ¢ € R and B € s0(R) be given and suppose that A := ¢JV @ B satisfies A(V) C V and Aly € so(V)_.
Let us write u = uy + iug with uy,us € R. Further, let an orthogonal pair of unit-vector v{, v € W5 be given
(such a pair exists since j > 2). Then there exist A; € IR such that Aiv] = —cv) +1Bv{ = \ju. Comparing the
real parts of the last equation, we obtain that —cv) = Auy for i = 1,2, i.e. ¢ =0 (since v} ~ v} is not given).
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Suppose, by contradiction, that B|w, # 0. Let vy be a unit vector of Wj. Then Bv; = Au for some A # 0 and
hence us = 0, which is a case not in consideration. Hence we can assume that B|y, = 0. Suppose now, by
contradiction, that Blw, # 0. Let vy be a unit vector of Wa such that Bvy # 0. Then u; = 0 and there exists
A # 0 such that Buy = Aug. Hence, using that Bly, = 0,

0= <’L}2,B’Ul> = —<B’L)2,'Ul> = —>\<UQ,’01>

for all v; € W7. Since A # 0, we obtain that us belongs to the orthogonal complement of W7, i.e. we have shown
that ®(u) = 0 and wLiW;, which is different case. This proves our claim.

Therefore, if we assume that neither the case &(u) = 0 nor the case R(u) = 0 and uliW; holds but, by
contradiction, that (W,U) is integrable, then there exists a symmetric bilinear map h : W x W — U satisfy-
ing ,. Note, the Lie algebra b is given by so(W3) acting irreducibly on iWs and trivially on both W;
and U. Thus, Homy(W,U) = Hom(W1,U). We obtain that h(W1,iWs) = h(iWs, W1) = h(iWs,iW3) = 0. Let
e1 and ez be unit vectors in Wiy and Wa, respectively. Thus h(e;,iea) = 0 and there exists A # 0 such that
h(e1,e1) = Au. Then the linear space IRe; @ ilRey is of Type (tr1.1), i.e. RY = 0. Therefore, on the one

61,162
hand, Eq. 5| (with £ = 1) in combination with Lemma |1] yields ]{h]\f(ehel)7iez = 0. It follows that R{Z%u =0, thus
0 = S(u) A S(ieg) + R(u) A R(iez) = S(u) A ea, therefore S(u) ~ es. On the other hand, sine S(u) € W3-, this
implies that &(u) = 0, which is not given. O

e i=0,7>2o0ri>2 j=0. Since W is an irreducible hy-module (see Lemma [5]), Proposition [2[ implies that
here the linear space W @ U is curvature invariant. O

e Casei,j > 2 and ulC(W; @& Wa): Then Homg (W, U) = {0}. Hence, if we assume, by contradiction, that (W, U)
is integrable, then Corollary 4| implies that p(ty )|y Nso(V)_ is non-trivial. Using similar calculations as in the
previous cases, we see that this implies that (u) = 0 or (u) = 0, in which case V' is curvature invariant of
Type (tr; j4+1) or (tri41,j), respectively. O

U =W and J' = I, then U =W and V = W @ W = CW' is curvature invariant of Type (¢;). If W/LU’, then
V is curvature invariant of Type (cj, ;) defined by (R, W' @ U',I' @ J'). O

Type (cj,c;) Let W and U be of Type (¢;) and (cj) defined by the data (R, W', I') and (R*,U’, J') with # = R*.

Type (Ci,C_%) Suppose that W is of Type (c;) determined by the data (%, Wy) and U is of Type (c}) determined
by (R*,U’,I'). Suppose further that ® = R* and Wy LU’ holds. Let u € U’ be a unit vector and consider A :=
JN +uAI'u € 50(T,N). We observe that A € by according to Lemma Further, A2 acts by the scalars —2 and —1
on U and W, respectively, hence Homy (W, U) = {0}. Furthermore, we claim that p(ty )|y Nso(V)_ = {0}:

Let ¢ € R and B € s0(R) be given, set A := cJ" @ B and suppose that A(V) C V and Aly € so(V)_. If v is a unit
vector of Wy, then v,iv € W and thus
0 = (Av,iv) = c(iv,iv),

i.e. ¢=0. Hence A € so(R) and Av belongs to U N R = {0}, i.e. Aiv =iAv =0 = Av for all v € Wy. Thus, A|y = 0.
Therefore, Corollary [4] implies that neither (W, U) nor (U, W) is integrable. O

Type (trij,try) Suppose that W and U are of Type (tr;;) and (¢r},) determined by the data (R, W;,Ws) and
(R*,U", I' U{), respectively. By means of Corollary we can assume that ® = R* and that U’ @ U] belongs to the
orthogonal complement of W7 in . We claim that the linear space p(ty )|y Nso(V)_ is trivial:

Let ¢ € R and B € s0(R) be given, set A := ¢JV @ B and suppose that A(V) C V and Aly € so(V)_ holds. If
vy € W1, then civy is the imaginary part of Avy. Since Avy; € U, we see that Avy = ¢(I'vy + ivy). In particular,
cl'vy € U} C U'. Because W; NU’ = {0}, this implies ¢ = 0, i.e. A vanishes on Wj. In the same way, we can show
that A vanishes on iWs, too. Hence, we see that A|y = 0, since is a linear isomorphism. This establishes our
claim.
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Further, according to Lemma |5 hy acts irreducibly on U and trivially on W. Hence Homy (W, U) = {0}. Therefore,
Corollary implies that neither (W, U) nor (U, W) is integrable. O

Type (tri,tr1) Suppose that (W,U) is an integrable orthogonal curvature invariant pair with W and U of Type
(tr}) and (tr1), respectively. Since W is an irreducible hy-module (see Lemma [5), Proposition [2| shows that here the
linear space W @ U is curvature invariant. O

Type (tr),tr;) Let W and U be of Type (tr},) and (tr]) defined by the data (R, W’,I',W{) and (R*,U’,J’, Uy),
respectively (k,l > 2). We can assume that ® = R*.

Suppose that W’ is orthogonal to U’. Tt follows that W @ U is curvature invariant of Type (tvyy;) defined by
RW U, I'®J W, Uj).

Suppose that k =1 > 3, U' = W', U} = exp(pI’)(W{) and J' = —I', i.e. U = e W for some ¢ € R. We claim
that (W, U) is not integrable. In order to explain the idea of our proof, first consider the case ¢ = 0. Then, the linear
space V is curvature invariant and the totally geodesic submanifold exp” (V) is isometric to a product S* x S* such
that p = (0,0) (where o is some origin of S¥) and, moreover, the linear space W is given by { (z,z) |z € T,S* }. If we
assume, by contradiction, that (W, U) is integrable, then the corresponding complete parallel submanifold through p
would be contained in S*¥ x S* by means of reduction of the codimension and, moreover, it would even be a symmetric
submanifold of S* x S* according to Corollary |3l But this is not possible, since a symmetric submanifold M c S* x S*
through the point p = (o0, 0) with T, M = { (z,z) |z € T,S* } is totally geodesic according to Theorem In the general
case, the linear space V' is not curvature invariant, but a similar idea shows that (W, U) is not integrable, as follows.

Definition 5. Let A € so(W') be given. We say that A is real, holomorphic or anti-holomorphic if A(W(}) C W,
Aol'’=T"oAor Aol' = —I' o A, respectively.

Consider the linear map J, on W’ @ iW’ which is given on W & ilI'(W() by J,(v — il'v) = e (v + il'v) and
Jo(v+il'v) := —€'?(v — il'v) for all v € W] and which is extended to W’ & iW’ by C-linearity (note, W} & il’ (W) is
a real form of W' @ iW’).

Lemma 8. Let W be of Type (tr}) defined by the data (R, W', I',\W{). Set U := e YW and V=W @ U.

(a) J, is a Hermitian structure on W' @ iW’ such that W gets mapped onto U and vice versa. In particular, V is
a complex subspace of W' & 1iW' and J,|v belongs to so(V)_.

(b) Let A € so(W') and suppose that A is real. We extend A and I' to a complex linear maps on W' &iW’. rIf A is
holomorphic, then A commutes with J, for all ¢ € R. If A is anti-holomorphic, then exp(¢I’)o A anti-commutes
with J, for all ¢ € IR.

Proof. Let {v1,...,v;} be an orthonormal basis of W} and set e; := 1/v/2(v; —il'v;). Then {ey,... ey, &1,...1} is a
Hermitian basis of W’ @iW’. We define unitary maps I and J on W’ @iW’ via I(e;) = ie; and I(&;) = —ie;, J(e;) = &;
and J(&;) = —e;. Further, set K := I oJ. Since I? = J> = —Id and I o J = —J o I, the usual quaternionic relations
hold and Kv = —iv for all v € W/ @ iW".

Note that
Jo =exp(pl)oJ = Joexp(—¢l) =exp(p/2]) o Joexp(—p/2I). (57)

It follows that J, defines another complex structure on W’ @ iW’. Since W = {ey,...,ex}r, we see that J (W) =
e %W = U. Similarly, since W C {é1,...,é}r, we obtain that J,(W) = ¢¥W and hence J,(U) = W. This
proves the first part of the lemma. Note that I is the C-linear extension of I’ to W’ @ iW’. Hence, if A € so(W')
is holomorphic or anti-holomorphic, then A commutes or anti-commutes with I on W' @ iWW’, respectively. If A is
additionally real, then the same is true for J instead of I:

In fact, since A is real, we have A() = Av for all v € W', hence Ao K = K o A on W & iW’ and thus
AoJ=AocKol=KoAol=4+KoloA=4+J0 A
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where the sign is chosen according to whether A is holomorphic or anti-holomorphic. Our claim follows.

Therefore, if A is real and holomorphic, then A commutes with both J and I, hence A commutes also with .J, according
to . Suppose that A € so(W’) is real and anti-holomorphic. Using , AoJ = —Jo A and the fact that A is
anti-holomorphic, we have
Jooexp(pl)o A= Joexp(—pl)oexp(pl)ocA=Jo A
=—AoJ=—-Aocexp(—pl)oJ, =—exp(pl)oAoJ,.

Since I =I' on W' @ iW’, we see that exp(¢I’) o A anti-commutes with J,,. O

Lemma 9. Let W be of Type (tr,) defined by the data (R,W',I',W{). Set U := e YW for some ¢ € R and
V=WaoUl.

(a) The linear map
F:Wie W=V, (v,u) = 1/2v —il'v + Jy(v — il'v) + u — il'u — J,(u — il'u)]. (58)

is an isometry such that the linear spaces { (v,v)|v € Wi} and { (v, —v)|v € W{ } get identified with W and U,
respectively.

(b) By means of the equivalence W5 @ W{ = V' from Part (a), the direct sum Lie algebra so(W{) @ so(W() gets
identified with the Lie algebra p(y)|v such that (A, A) € p(tyv)|y Nso(V)1 and (A, —A) € p(ty)|v Nso(V)_ for
every A € so(W)).

(¢) The complex structure J,|y commutes with every element of p(ty )|y Nso(V)y and anti-commutes with every
element of p(ty)|y Nso(V)_.

Proof. For (a): We have F(v,v) = v —il'v € W and F(v, —v) = J,(v — il'v) = e (v + il'v) € e YW = U. Since
dim(W) = dim(U) = dim(W(), we conclude that F' is actually a linear isometry onto V' which has the properties
described above.

For (b): Given A € so(W},), we associate therewith linear maps A and A on W' defined by A(v+1"v) := Av+I' Av and
A(v+1'v) :== Av—TI' Av. By definition, both A and A are real, further, A is holomorphic whereas A is anti-holomorphic.
Furthermore, we consider the second splitting V- = Vi @ Vo with Vi = {v —il'v + J,(v —il'v) |v € W§} and V5 =
{v—il'v—e " (v—il'v) |v € W} }. This splitting induces a monomorphism of Lie algebras so(W{)) @so(W}) < so(V).
We claim that this monomorphism is explicitely given by

(A, B) > 1/2[(A+ B) + exp(pl’) o (A — B)] . (59)

Let A € so(W})) be given. We have
1/2(A + exp(@lI’) 0 A)(v —il'v + Jo(v —il'v) = 1/2[(Av — iI' Av) + e (Av + il Av)
+ e (Av +il' Av) + ePe P (Av — iI' Av)] = (Av — il’ Av) + e ¢ (Av + i’ Av);
1/2(A + exp(el’) o A)(v —il'v — Jo(v —il'v) = 1/2[(Av —iI' Av) — e ¥ (Av + i’ Av) + e 7' (Av + i’ Av)
—e¥e i (Av —il' Av)] = 0.
This establishes our claim in case B = 0. For A = 0, a similar calculation works.

Further, we claim that in this way so(Wj) @ so(Wj) = p(tv )|y such that (A, A) = A € p(ty)|ly Nso(V), and
(A, —A) Zexp(pl’)o A € p(ty)|y Nso(V):

For “C”: We have Av +il'v) = Av £il' Av for all v € W and A € so(Wj), thus A maps W to W and U to U (since
A is C-linear). Further, A € so(®). This shows that A € p(ty)|y Nso(V),.
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Furthermore, A(v + iI'v) = Av T il’ Av and I'(v £il'v) = Fi(v £ il'v) for all v € W, thus exp(pl’) o A maps W to
U and vice versa. Finally, note that exp(¢I’) o A is in fact self-adjoint since

(exp(pI’) 0 A)* = A* oexp(pl’)* = —Aoexp(—¢@l’) = —exp(pl’) o A .
Hence exp(pl’) o A € p(ty)|v Nso(V)_.

For “2”: Conversely, let some A € p(ty)|v be given. We will distinguish the cases A € so(V); and A € so(V)_.
Anyway, we may write A = ¢JN|y + B|y with B € so(W’) and ¢ € R. Set B' := cI'|y + B|y. Note that I' = JV on
W +iW and I’ = —J on W +iW, hence

A=B on W +iW (60)
A =B +2c¢JY on both W and U. (61)

If A€so(V)y, then A(W) C W and hence we conclude from that B’ is real and holomorphic; thus B’ = C' with
C := B'lw;. In particular, B'(W) C W and hence B'(U) C U. Thus ¢ = 0 because of and since JN(U) c U+

where U+ denotes the orthogonal complement of U in T,N.

If A € so(V)_, then A maps W to U and vice versa, hence B'(W) C U because of (60), thus e¥B'(W) Cc W
which shows that the linear endomorphism C := exp(—¢I’) o B’ is real and anti-holomorphic on W’. Hence B’ is
anti- holomorphlc too. Therefore, also exp(—@I’)(B'(W)) C W, thus B'(U) C W. We conclude that ¢ = 0 according
to (61)) (since JN(U) C W +iW C W+). This establishes our claim. Part (a) follows.

For (c), recall that A commutes with J,|v whereas A anti-commutes with J, |y according to Lemma |8 for every
A € so(W}). Hence, the result is a consequence of Part (b) and (59).

Proposition 5. Suppose that W is of Type (tr},) with k > 3. The curvature invariant pair (W,e="*W) is not
integrable.

Proof. Let W be defined by the data (R, W', I',W}), set U := e W and V := W @ U. Let g be the subalgebra
of s0(V) described in Theorem [3| and recall that there exist A, € p(tv)|y Nso(V)_, B, € Z(g) Nso(V)_ such that
h, = A, + B, for every x € W. We claim that here B, = 0:

For this, recall that by |y is a subalgebra of p(ty )|y Nso(V) 4 (see and (I7)). Therefore [J,|v, RY,|v] = 0 for all
z,y € Wand AgoJ,|v = —J,|v oA, according to Lemma@ (c). It follows, on the one hand, that J,, |y anti-commutes
with [Ri\fyh/7 A,] for all z,y,z € W. Assume, by contradiction, that B, # 0 for some x € W. We will show that this
implies, on the other hand, that J, |y commutes with [RY, v, A.] (which is not possible unless [RY |y, A.] = 0, since
J,lv is a complex structure):

Consider the Lie algebra b (21). By means of Lemma [f] (a), we have
h:hW|V:hU|V:{x/\y+I'x/\I’y|m,y6W6}]R. (62)

Thus W and U are irreducible h-modules and, moreover, since k > 3, Schur’s Lemma shows that Hom, (W, U) is
a one-dimensional space. Hence, because of , the linear space Z(h) Nso(V)_ is one-dimensional, too. Further,
since h C g (cf. the proof of Corollary [}, we have B, € Z(g) Nso(V)_ C Z(h) Nso(V)_. Furthermore, we
have Jo|v € Z(h) Nso(V)_, too, according to Lemma [§ (a) and Lemma [J] (c). Hence there exists A # 0 with
Jolv = AB, € Z(g). Therefore, since [RY,|v, A.] € g, we see that J,|y commutes with [RY, |y, A.].

Hence, we conclude that [RY |v,h.] = [RY, |v,h. — B.] = [RY |v,A.] = 0 for all 2,y,z € W. As remarked above,
this shows that h, € IRJ, for all z €¢ W. But this would imply that h = 0 since h is injective or zero according to
Proposition [3| (because W is an irreducible hy-module), a contradiction.

Thus B, =0, i.e. hy = Ay € p(ty)|v for all z € W. Let us choose some o € S*, a lincar isometry f : T,5% — W and
consider the Riemannian product N := S* x S¥ whose curvature tensor will be denoted by R. On the analogy of ,

F:Too)N = TN, (2,y) = 1/2[f(2) + [(y) =i (f(2) + [(y) + T (f(2) = f(y) =L (f(2) = F()))]
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is an isometry onto V such that { F~1o Al o F'| A € p(ty) } is the direct sum Lie algebra s0(T,S") ®5U(ToSk). Note,
the latter is the image p(E) of the linearized 1sotr0py representation of N. Put W := F~'(W), h:= F loho F x F
and U := {h(u,v )|u,v e Wlgr. Then U = F~'(U) and hence T, O)N W @ U holds. Furthermore, we claim that

(W, h) is an integrable 2-jet in T, O)N

Let v : ¥ — S* x S*, p — (p,p). Then T, ,t(S*) = { (z,2) |z € T,S* }, hence F(T(,,)t(S¥)) = W, i.e. T(y0)(S*) =
W. Further, on the one hand, we have

RN(F(Z',LC),F(y,y),F(Z,Z)) = RN(f(x) - 1I’f(x),f(y) - II/f(y)vf(Z) - II/f(Z))
—f@) N f(y) f(z2) + i f () AT f(y) I f(2)

for all x,y,z € T,S* according to Lemma (a). On the other hand,

FlzNyzaAyz) = f(@)Afly) f(z) =il (f(2) A f(y) f(2))
= f(@) A fy) f(2) =i f (@) AT F(y) I f(2).

This shows that F' o Ré\i )W = Rg(m,x),F(y,y) o FN‘W Furthermore, (13), and Lemma |§| (b) show that

Rf\; o), (y y) and - oRF(x ), F(y.y) O F both belong to 4(t)4, i.e. there exist A, B € so(T, S*) with Rf\; o)) =ABA

and F~" o RF(m 2),F(y,) o F = B @ B. Thus, since the direct sum endomorphism A @ A is uniquely determined by

its restriction to W for every A € so(T,S*), we conclude that F o RY = RF(m ), F(yy) © £+ Therefore, W is

(z,2),(y,y)
curvature invariant and h is semiparallel in N. Moreover, since h, € p(ty )|y for all z € W, we have h, € j(€) for all

x € W which shows that Eq. |5| for W h) is implicitly given for all k. Hence, by means of Theorem we obtain that
(W, h) is an integrable 2-jet in N.

Thus, there exists a complete parallel submanifold M C N through (0,0) whose 2-jet is given by (W h) The fact that
T, O)N W @ U holds implies that M is 1-full in N, i.e. extrinsically symmetric according to Corollary [3l Further,
since M is tangent to +(S*) at (0,0), there do not exist submanifolds M, C S* and M, C S such that M = M; x M.
Therefore, by means of Theorem M is totally geodesic, i.e. h = 0, a contradiction. O

Lemma 10. Suppose that k = 2 and W is of Type (tr},) defined by the data (R, W', I',W). Let {e1,e2} be an

orthonormal basis of W and I := e Ney+ I'ey Al'e. Further, let J € SUW', T) N su(W’) be given and set
U:=JW). If V:=W @U is not curvature invariant, then p(ty )|y Nso(V)_ =RJ.

Proof. First, note that J? = —Id, hence J|y € so(V)_. Further, J € SUW’,I) C so(W’) C so(R), thus J|y €
p(tv)lv Nso(V)_. Conversely, let A € p(ty) be given. Then there exist some ¢ € IR and A € so(R) such that
A= cJN + B and A(V) C V. Suppose further that Aly € so(V)_. With A := ¢I’ + Blw, we have A € so(W’)
and Al = Alw, hence fl( ) = AW) C J(W), thus J(A(W)) € W (since J?> = —1). In particular, we have
A(W§) € J(W§) € W' and A(I'(W})) C J(I'(W)) C W, thus Al € so(W’) and C := Jo A is real and holomorphic
on W’ (see Definition ' Further, A* = — A which implies that

JoC=C"0l. (63)
We claim that C' = \Id for some A\ € R or J = +1":

For this, let RH denote the algebra of real and holomorphic maps on W’. Note, I is real and holomorphic, hence there
is the splitting RH = RH; @ RH_ with

RH, :={AcRH|Aol=1T0A},

RH_:={AcRH|Aol=—-T0A}.
Then RH, = {Id, I}r and RH_ = {r,7 o I}, where 7 denotes the linear reflection of W' in the subspace which is
spanned by {e1, I'e;}. Further, consider the involution on End(W’) defined by C' +— —J o C* o J. This map preserves

both RH; and RH_ and, furthermore, its fixed points in RH are the solutions to . It follows that a solution
to with C' € RH decomposes as C' = C'y + C_ such that C. € RH. and Cy is a solution to .
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Further, we have JoI =T o.J = —I* o J since I is skew-symmetric and commutes with .J. Hence a solution to
with C' € RH, is given only if C' is a multiple of Id. If C' € RH_ is a solution to , then C o [ is a solution to this
equation, too, since

JoCol=C*oJol=C*oloJ=(I"oC)*oJ=(-ToC)oJ=Colol.

Thus, since RH_ is invariant under multiplication from the right by I, the intersection of the solution space to
with RH_ is either trivial or all of RH_. Hence, to finish the proof of our claim, it suffices to show that C':=r is not
a solution to unless J = +1":

For this, recall that there exist t € IR and w € C with ¢? + |w|? = 1 such that the matrix of J with respect to the
I-Hermitian basis {e1,I'e1} is given by Egs. . . Further, r is the conjugation of W’ with respect to the complex
structure I and the real form {e1,I'e1}r. In particular, r is a selfadjoint involution on W’. Hence, if . ) holds for

C:=r, thcnroJor_J ie.
it —w —it —w
(0 )= %) (o1

Clearly, this implies that ¢t = 0 and w = +1, i.e. J = +I'.

This proves our claim. Further, if J = +I’, then U = I'(W) = iW in which case V = W + il is curvature
invariant of Type (c}) defined by (R, W’,I’). Otherwise, it follows that there exists a € R with A = a.J. Hence
Aly = aJ|y+c(JN|y —I'|y). Tt remains to show that ¢(JN|y —I'|y/) = 0: we have JN |y = I'|y and ¢(JN |y —I'|y) =
Aly —aJl|y € so(V)_. Therefore, since so(V)_ — Hom(W,U), A — Al is an isomorphism, ¢(JN |y —I'|y) = 0. This
finishes our proof. O

Proposition 6. In the situation of Lemma the curvature invariant pair (W,U) is not integrable unless V' is a
curvature invariant subspace of T,N .

Proof. Suppose that (W,U) is integrable. By definition, this means that there exists a symmetric bilinear map
h: W xW — U such that (W, h) is an integrable 2- Jet with U = {h(z,y)|z,y € W}g. Consider the Liealgebra g from

Theorem [3| Clearly, I = Ri\i e, |V is of the form (19)) (with & = 0), hence I € g. Therefore, according to Theorem I
there exists 4, € p(ty)|y Nso(V)_ and B, € 5u(V I)Nso(V)_ with h, = A, + B,. We assume, by contradiction,
that V is not curvature invariant. Hence p(y)[v Nso(V)_ = IRJ as a consequence of Lemma We obtain that
Ayol =1ToA,, hence [h,,I] = [Ay, I]+ By, I] = 0. In other words, we conclude that h, belongs to su(V, I)Nso(V)_

forallz € W.

Let {I,J, K} be a quaternionic basis of su(V, I) defined as follows: set Iy = I|w, Ily = —I|v, J := J|y and
K := 1o J. Since I commutes with J, we have I o J = —J o I and then the usual quaternionic relations hold, i.e.
I’=J?=K?=-Id,JoK=-KoJ=TIand Kol =—I0K =J. Note that I € so(V), whereas J, K € so(V)_
Hence h, € {J, K} for all z € W. Further, by acts irreducibly on W which implies that h : W — so(V')_ is injective
according to Proposition |3 Hence there exists some z € W with h, = K. Further, set y := e; —il’e1, 2 := eg —il'eq
and recall that R;){z = —e1 Neg — I'e; Al'es = —1I. Therefore, with x,y, z chosen as above, Eq. with k£ = 1 means
that
[K,I]= —RN(KyAz+yAK2)|y .

Note that Lh.s. of the last Equation vanishes (since K € SU(V, 1:)) We claim that r.h.s. does not vanish unless
J==I"

For this, let r.h.s. be writen as ¢J|y + A|y for some ¢ € IR. We claim that A does not vanish on V: we have z = Iy,
hence

Ky=1Jy=—I1Jy=—Jly=-Jz=-Jz,
hence z = JKy = —KJy and Kz = Jy = Jy, thus

Kyhz4+yAKz=zNJz+yA Jy.
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Therefore, using Eq. , we obtain

A= jel N eq ‘l‘jjel Ajer +j€2 N e + jjeg A jes,

ie. A= —2J #0on V. This proves the claim.

In particular, the curvature endomorphism RY(Ky A z +y A Kz) is non-trivial on V which implies, by the previous,
that with & = 1 does not hold for all ,y,z € W and v € V. This shows that the curvature invariant pair (W, U)
is not integrable. O

Type (exs,try) Let W and U be curvature invariant subspaces of Type (ex3) and (tr1) defined by the data
(R, {e1,e2}) and a unit vector u € T,N, respectively. Then u = +1//2(eg — ie;) and the linear space W @ U is

curvature invariant of Type (c2) defined by the data (R, {e1, ea} ). O
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