Universitat Fachbereich
Stuttgart Mathematik

On the Prime Graph of the Unit Group of Integral
Group Rings of Finite Groups |l

Wolfgang Kimmerle, Alexander Konovalov

Preprint 2012/018






Universitat Fachbereich
Stuttgart Mathematik

On the Prime Graph of the Unit Group of Integral
Group Rings of Finite Groups |l

Wolfgang Kimmerle, Alexander Konovalov

Preprint 2012/018



Fachbereich Mathematik
Fakultdt Mathematik und Physik
Universitat Stuttgart
Pfaffenwaldring 57

D-70569 Stuttgart

E-Mail: preprints@mathematik.uni-stuttgart.de
WWW:| http://www.mathematik.uni-stuttgart.de/preprints

ISSN 1613-8309

© Alle Rechte vorbehalten. Nachdruck nur mit Genehmigung des Autors.
IATEX-Style: Winfried Geis, Thomas Merkle


mailto:preprints@mathematik.uni-stuttgart.de
http://www.mathematik.uni-stuttgart.de/preprints

On the Prime Graph of the Unit Group
of Integral Group Rings of Finite Groups
11

W. Kimmerle and A. Konovalov

1. INTRODUCTION

Let G be a group. The prime graph II(G) is defined as follows. The vertices of II(G) are the
primes p for which G has an element of order p. Two different vertices p and ¢ are joined by an
edge provided there is an element of G of order pq.

The integral group ring of G is denoted by ZG and V(ZG) denotes the subgroup of the unit
group U(ZG@G) consisting of all units with augmentation 1. The object of this article, which is a
continuation of [14], is the prime graph of V(ZG) in the case when G is a finite group.

The question is whether the prime graph of V(ZG) coincides with that of G [13| Problem 21].
This question, known as the “Prime Graph Question” (PQ) may be regarded as a weak version of
the first Zassenhaus conjecture ZC—1 which says that each torsion unit of V(ZG) is conjugate to
an element of G — here G is considered in a natural way as subgroup of V(ZG) and its elements are
then called trivial units of ZG. The conjecture ZC—1 is certainly one of the major open questions
for integral group rings and if it is valid for a specific group G it provides of course a positive
answer to the prime graph question for V(ZG).

In Section 2 we reduce the study of the prime graph question to the study of nonabelian
composition factors and their automorphism groups. This gives many calculations made in the
last years with respect to simple groups (see e.g. [2,/3,9]) a new value. These calculations are
not only examples. In particular with respect to sporadic simple groups they might be the only
way to a general result. We note that not only simple groups have to be checked but also their
automorphism groups have to be examined which has been done up to now only very rarely.

In Section 3 we consider groups whose order is only divisible by three primes. The prime
graph question has a positive answer for all simple groups G of this type and for all their groups of
automorphisms sandwiched between G and AutG except possibly the cases of Mg and PGL(2,9) 2
A6.25. For these two groups we are not yet able to show that the normalized unit group of its
integral group ring has no elements of order 6.

2. THE REDUCTION TO ALMOST SIMPLE GROUPS

An almost simple group is a subgroup of the automorphism group of a finite non-abelian simple
group which contains InnG = G. The object of this section is the following result which reduces
the prime graph question to the study of almost simple groups.

Theorem 2.1. Let G be a finite group. Assume that for each almost simple group X which occurs
as image of G the prime graph question has a positive answer. Then the prime graph question has
a positive answer for G.

The first step for the proof is the following.



2

Proposition 2.2. [14, Proposition 4.3] Let
¢

1—A—F-—>G—1
be a short exact sequence of groups. Assume that A is a p - group. Then

(V(ZG)) = I(G) = I(V(ZE)) = I(E).

So it remains to study what happens under minimal perfect extensions.

Proposition 2.3. Let
1—N-—E-%G—1
be a short exact sequence of groups. Assume that N is a perfect minimal normal subgroup of G.

Let g € m(E)\ m(N) and p € w(E) with ¢ # p. Then V(ZE)) has elements of order p - q if and
only if E has elements of this order.

Proof. Note first that if G has elements of order p-¢ then E has elements of order p-q. Assume
that V(ZE) has a unit u of order p- ¢ but E does not have an element of this order. Then G has
no elements of order p - ¢ and it follows from the assumption that qAb(uT’) =1or q@(uq) = 1, where
¢ denotes the homomorphism from V(ZE) to V(ZG) induced from ¢.

Let v be a non-trivial torsion unit of ZE. By [17, Theorem 2.7] the partial augmentations of v
for a conjugacy class of elements whose order is divisible by a prime not dividing the order of V'
are zero. By S.D. Berman [1] and G. Higman [12}[18] the 1-coefficient of non-trivial torsion units
with augmentation 1 has to be zero. It follows that torsion elements of prime order in the kernel
of ¢ divide the order of N. Because of the assumption that ¢ does not divide |N| we must have
H(ud) = 1.

For a group X and a prime r denote by X (r) the set of all elements of X which order is a

positive power of r. Write u as
D oagg+ D byt ey,
9gEE(p) 9EE(q) geR

where R = E \ (E(p) U E(q)). Clearly

QZ’(U): Z agP(g Z byd(g "‘chd)

9gEE(p) 9eE(q) geR

By the previous g?)(u) has order g. Thus by [17] u has on conjugacy classes of elements in R partial
augmentation zero. If x € E(p) and ¢(x) # 1 then the partial augmentation of ¢(x) is zero.
Thus the sum of partial augmentations of y € E with ¢(y) = « is zero. Note that y is either an
element of F(p) or of R. Finally, if z € E(q), then ¢(x) # 1 because g does not divide |N|. Thus
the 1-coefficient of ¢(u) is the sum of partial augmentations of elements of F(p) and R. Again by
Berman and Higman the 1-coefficient of ¢(u) is zero. Summarizing, we get that

Z ag + Z cg = 0.
gEE(p) geER

(Note that the arguments even show that >
be required for the proof of the proposition.)
Because normalized units have augmentation 1 it follows that

() > by=1.

9€E(q)

geB(p) B9 = 2_ger Cg = 0. However this fact will not

Now u? has order p and clearly

7= Z agg? + Z bggq+chg mod [ZE,ZE] + qZE.
gEE(p) gEE(q) gER
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Again by Berman and Higman and by [17] applied now to u? it follows that the sum over the
coeflicients of u? of all elements of order a positive power of ¢ is also zero. Hence we see that

Z by =0 mod gq.
9€E(q)

This contradiction to (%) completes the proof. O

Remarks. a) Instead of [17, Theorem 2.7] we could have used the stronger result |9, Theorem

2.3] which says that partial augmentations of a torsion unit of ZG are non-zero only for conjugacy
classes of G whose representative has order dividing that one of u. It is clear that this and modi-
fications of the arguments for Proposition will lead to stronger results on the possible orders
of torsion units in integral group rings. However in this article we restrict ourselves on (PQ).
b) A typical example for an application of Proposition is the automorphism group of the
smallest Suzuki group Sz(8). Because 3 does not divide [Sz(8)| but |Out(Sz(8)| = 3 it follows from
Proposition [2.3| that V(ZAut(Sz(8)) has elements of order 3 - p if, and only if, this is the case in
Aut(Sz(8)).

Proof of Theorem Clearly Theorem [2.1] holds when G itself is almost simple.

Thus we may apply induction on the length of a chief series. If G has a minimal normal
subgroup N which is abelian we see by Proposition that the Theorem is valid provided it holds
for G/N.

Suppose that all minimal normal subgroups of G are perfect. Let p, ¢ € 7(G) be different primes
and suppose that V(ZG) has an element of order p-g. By Proposition it follows that G has an
element of order p - ¢ provided p € 7(G) \ 7(G/N) or ¢ € #(G) \ m(G/N) for at least one minimal
normal subgroup N. So assume that p and ¢ divide the order of each minimal normal subgroups
of G.

If G has at least two different minimal normal subgroups N7, N then obviously G has elements
of order p - ¢ because Ny X Ny is a subgroup of G. The same argument applies if G has a minimal
normal perfect subgroup which is not simple because such a subgroup is a direct product of at
least two copies of isomorphic simple groups.

Thus the only case which remains is that G has a unique minimal normal subgroup which is a
non-abelian simple group S and p and ¢ divide the order of S. But this case holds by assumption.

O

3. GROUPS OF ORDERS DIVISIBLE BY THREE PRIMES ONLY

The goal of this section is the following result.

Theorem 3.1. Let G be a finite group of order p®q®r¢, where p,q and r are primes. Then
II(V(ZG) = TI(G) except possibly the case that My or PGL(2,9) = A6.25 are involved in G.

Proof. By [11] the simple groups of order divisible by three primes only are
PSL(2,5) = A5, PSL(2,7), PSL(2,8),PSL(2,9) & Ag

PSL(2,17), PSL(3,3), PSP(3,4) = U(4,2),U(3,3).

For some of these groups and their automorphism groups the first Zassenhaus conjecture ZC—
1 holds. This has been proved for A; and S5 by Luthar and Passi [15] and by Luthar and
Trama [16] respectively. Hertweck verified the prime graph question for PSL(2,p),p a prime [9)
and for Ag [10].

For the remaining cases the Luthar-Passi-Hertweck algorithm (also called the HeL.LP-method)
yields the following.

Case 1. Let G = PSL(2,8). Then |G| = 504 = 23 -3%-7 and exp(G) = 126 = 2- 3% - 7. The
group G has elements of orders 2, 3, 7 and 9. By [8] (Proposition 3.1), it follows immediately that
torsion units of orders 2 and 3 are rationally conjugate to an element of G.



For torsion units of order 7 we obtain the system of inequalities

pa(u, x7,%) = (574 — 2v7 — 2v70 4+ 9) > 0;
p2(u, X7, %) = +(—2v74 + br7y, — 207 + 9) > 0;
s (u, x7,%) = %( 2u7q — 2u7p + Sv7e + 9) >
pa(u, x2,2) = (574 — 2v7 — 2v70 + 2) > 0;
p2(u, x2,2) = 2(—2v74 + 5vz — 2v70 +2) > 0
ps(u, x2,2) = %( 274 — 2v7p + BU7e +2) > 0
pa(u, X5,2) = (374 + 3vgy, — dvze +4) > 0;
p2(u, x5,2) = 2(—4v7q + vz + 3vzc +4) > 0
us(u, x5,2) = %(31/7,1 — 4ugy + 3v7. +4) > 0;

which has only three solutions:
(V1a, vm, vre) € {(1,0,0),(0,0,1),(0,1,0)}.
For torsion units of order 9, first in inequalities
pi3(u, X2, %) = §(6v3q — 3vgq — 3vy — vy + 3) > 0;
pio(t, X2, %) = §(—12v34 + 6rgq + 6rgy + 6rge + 3) > 0;

put t1 = 2v3, — Voq — Vop — Vg, then t; = —1.
Next, in inequalities

:U’l(uaXQa2) = %(—’_67/911 - 3V9b - 31/96 + 3) Z 07
pia(u, x3,%) = §(—6v9q + 3vgy + 3vgc +6) > 0

put to = +2vg, — vgp — Vo, then to € {—1,2}.
Finally, in inequalities
:U‘2<ua X3, *) = %(+3V9a - 6V9b + 3V9c + 6) Z 07
p2(u, x2,2) = $(—3vgq + 6vgy — 3v9. +3) > 0
put t3 = +vo, — 2vgp + Vo, then t3 € {—2,1}.

After adding the condition vs, + vgq + vop + V9 = 1, solving the system of linear equations for
each possible combination of 1, ¢t and t3 and using the additional inequality

pa(u, x2,2) = &(—3vgq — 3vgp + 6vgc + 3) > 0;

we obtain only three possible solutions for partial augmentations of torsion units of order 9:

(VSav V9a, V9b, VQC) S {(070707 ]-)a (0707 ]-7 0)7 (07 ]-7 07 0)}

Thus, torsion units of orders 2, 3, 7 and 9 are rationally conjugate to group elements. It remains
to show that no other orders of torsion units are possible in ZG, and it suffices to show this for
orders 6, 14 and 21.

For elements of order 6, the system of inequalities

to(u, X2, %) = (—2v2q — 4v3q +2) > 0;
pa(u, X2, %) = £(—v2a — 2v34 + 10) > 0;
p3(u, X2, %) = (2020 + 4v3q +4) > 0;

110 (u, X3, %) = §(—2v20 + 2034 +8) > 0;

has no solutions.



For elements of order 14, we use (2,7)-constant characters approach (cf. [3]).
ordinary character yo with x2(1) =7, x2(Cs2) =

Ho (u XQ’O) =

(’LL X2,
(s X2,

0) =
0) =

which has no solutions.
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Taking the
—1, x2(C7) = 0, we obtain the system

%4(—61/2 +6) > 0;

Similarly, for elements of order 21 we use the same character x»2 to construct the system

MO(U7 X2, O) =

N7(U7X270) = i

H1 (U, X2 0) =

which has no solutions.

%(—24%), +3)>0;
(12v3 +9) > 0;
%(721/3 +9) >0;

Therefore, the 1st Zassenhaus conjecture holds for PSL(2,8).

Case 2. Let G = PSL(3,3). Then |G| = 5616 = 2*-33-137 and exp(G) = 312 = 22-3-13. The
group G has elements of orders 2, 3, 4, 6, 8 and 13. By [8] (Proposition 3.1), it follows immediately
that torsion units of orders 2 are rationally conjugate to an element of G.

Using the Luthar—Passi—Hertweck method, we are able to show the rational conjugacy for
torsion units of orders 4, 8 and 13, but we are unable to eliminate non-trivial solutions for orders 3
and 6. However, for the prime graph question, we need only to show that V(ZG) has no elements

of orders 26 and 39.

For elements of order 26, we use the (2, 13)-constant ordinary character xs of degree 13, with
x3(C2) = =3 and x(C43) = 0. Then the system

Mo(U,X?,,O) =
:u‘13(u7X370) -
pa(u, x3,0) =

has no solutions.

(=365 + 10) > 0;
(3612 + 16) > 0;

1
26
1
26
2 (—3v2 4 16) > 0;

For elements of order 39, we use the (3, 13)-constant ordinary character ys of degree 26, with

x(C3) = —1 and x(C13) = 0. It yields
/J“O(uv X8 0) =
,LL]_?,(’LL, X8, O) =
M1 (U, X8, 0) -

and this system has no solutions either.

Case 3. Let G = PSP(3,4)

(—24v3 +24) > 0;
(12v3 +27) > 0;
(—11/3 + 27) > O,

L1
39
L
39
L
39

~ [U(4,2). Then |G| = 25920 = 26.3%. 5 and exp(G) = 180 =

22.32.5. The group G has elements of orders 2, 3, 4, 5, 6, 9 and 12. By [8] (Proposition 3.1), it
follows immediately that torsion units of order 5 are rationally conjugate to an element of G. To
give the positive answer to the (PQ) we need to show that V(ZG) has no elements of orders 10

and 15.

For elements of order 10, we use ordinary characters yg of degree 20 with xo(C2) = 4 and
x9(C5) = 0, and 17 of degree 45 with x17(C3) = —3 and x17(Cs) = 0. Then the system

ﬂO(uv X9, 0)
/’[/5(’“7 X9, O)
p1(u, x17,0) =

has no solutions.

(161 + 24) > 0;
(—16v5 + 16) > 0;

1
10
1
10
(—3vz + 48) > 0;



For elements of order 15, first we use the ordinary characters x11 of degree 30 with x11(C5) = 3
and x11(C5) = 0. Then from

pio(u, x11,0) = 15(24v3 + 36) > 0;
,u5(’U,, tho) = %(—121/3 + 27) > O’
it follows that v3 = 1, so v5 = 0. Now using the ordinary character xog of degree 81 such that

x20(C3) = 0 and x20(C5) = 1, we obtain that 1o(u, x20,0) = 7= (8v5 + 85) > 0 is not an integer
when v5 = 0.

Case 4. Let G = U(3,3). Then |G| = 6048 = 2°-33.7 and exp(G) = 168 = 23-3-7. The group
G has elements of orders 2, 3, 4, 6, 7, 8 and 12. By [8] (Proposition 3.1), it follows immediately
that torsion units of order 2 are rationally conjugate to an element of G. To give the positive
answer to the (PQ) we need to show that V(ZG) has no elements of orders 14 and 21.

For elements of order 14, consider the ordinary character x4 of degree 7 with x(C3) = 3,
X(C7) = 0. Then the system of constraints

pro(u, x4,0) = 15 (1815 + 10) > 0;
#1(U7X470) = ﬁ(?)l/z +4) > 0;
p7(u, x1,0) = 2 (—18vs +4) > 0;

has no solutions.
For elements of order 21, consider the ordinary character x1o of degree 27 with x10(C5) = 0,
X10(C7) = —1. Then the system

tio(u, x10,0) = 57 (1207 + 21) > 0;
p1(u, X10,0) = 57 (—1v7 4 28) > 0;
w7 (u, x10,0) = 57(6v7 + 21) > 0;

has no solutions.

Now we need to look at automorphism groups, as specified in the next table (we use the same
notations for groups as in the GAP Character Table Library [5]). Only the case of S is covered by
Luthar and Trama in [16]. For the remaining groups, we will investigate the prime graph question
(PQ) below. Note that for some groups the results are stronger.

G Aut(G) Remark
PSL(2,5) = As Ss
PSL(2,7) PSL(3,2) : C2
PSL(2,8) PSL(2,8).3
PSL(2,9) & Ag (46.02) : C2 | i.e. to check: Sg, A6.25, M 10, A6.22
PSL(2,17) PSL(2,17).2
PSL(3,3) PSL(3,3).2
PSP(3,4) = U(4,2) | U(4,2).2
U(3,3) U(3,3).2

o Let G = Aut(PSL(2,7)) = PSL(3,2) : C2. Then |G| = 336 = 2*-3 -7 and exp(G) = 168 =
23.3-7. The group G has elements of orders 2, 3, 4, 6, 7 and 8. By [8] (Proposition 3.1), it follows
immediately that torsion units of orders 3 and 7 are rationally conjugate to an element of G. For
this automorphism group we are able to show that the first Zassenhaus conjecture holds, and to
do this it remains to prove rational conjugacy for torsion units of orders 2, 4, 6 and 8, and then
show that V(Z@G) has no elements of orders 12, 14 and 21.

For units of order 2, the system of inequalities

MO(U,XQa*) = %(1/20. — Vgp + ]-) Z Oa
pa(t, X2, %) = 5 (—Vaq + vap + 1) > 0;
has only two trivial solutions (ve4,v2s) € {(1,0),(0,1)}.



For units of order 4, the system

1o (u, X2, %) = 1 (202q + 2044 — 2va + 2) > 0;
pr2(u, X2, %) = $(—2v2q — 2v4q + 202y + 2) > 0;
po(u, X3, %) = §(—4vaq +4vaq +4) > 0;

p2(u, X3, %) = §(4v2q — 4vaq +4) > 0;

has only three solutions (v24, Vaa,v2s) € {(0,0,1),(0,1,0),(1,0,0)}. After the Cohn-Livingstone
test (Theorem 4.1, [6]) it remains only one solution (v24, V4a, V2p) = (0, 1,0).

For units of order 6 we need to consider two cases dependently on whether x(u®) = x(2a) or
x(w) = x(2b).

When y(u?) = x(2a), we obtain the system

o (u, X3, %) = %( dvo, +4) > 0;

pa(u, X3, %) %(2V2a +4) > 0;

pio(u, X8, %) = (—2v3q + 4vay — 206, +6) >0

p(u, X8, %) = §(—v30 + 2025 — V6 +9) 2 0;

p3(u, Xs, %) = §(+2v30 — dvay + 2064 + 6) > 0;
pio(u, x3,7) = £(—2v2q — 2vp + 406q + 2) > 0;
pio(t, X4, 7) = $(—2v2q + 2v2p — 4V6q + 2) > 0;
po(u, x5,7) = %(21/2(1 — 234 + 2v9p + 206, + 4) > 0;

which has no solutions.
When y(u?®) = x(2b), we get the system

pio(u, X3, %) = & (—4vq + 6) > 0;

p3(u, X3, %) = (420 + 6) > 0;

tio(u, X8, %) = (—2v3q + 4vay — 206, +8) >0
pi1(u, X8, %) = (—V3a + 202 — Vga + 7) = 0;
prs(, X, %) = 5 (+2v30 — 4vap + 206q + 4) > 0;

which has only one trivial solution (v24, V34, V2, ¥6q) = (0,0,0,1).
For elements of order 8, we have to consider two cases: y(u?) = x(2a) and x(u*) = x(2b).
When x(u?) = x(2a), we get the system of inequalities

po(u, X2, %) = 3 L Qv + 4vyy — Aoy — 4vgy — 4ugy +4) > 0;
pra(, X2, %) = §(—4v2q — 4vaq + 4vop + dvsa + dvgy +4) > 0;
pro(u, X3, %) = 5(—8v2q + 81aq + 8) > 0;

pa(u, x3, %) = 5 (8v2q — 8v4q + 8) = 0;

w1 (u, xq, %) = §(+4V8a —dug, +4) > 0;

ws(u, xa,%) = %( dvg, + dvgy, +4) > 0;

1o (U, X6, %) = 5 (—4vaq — dvaq + 4oy — A — dvgy +4) > 0
ta(u, X6, *) = §(4V2a + dvy, — dvoy + dvg, + dugy +4) > 0;
pro(u, X7, %) = §(—4vaq — dvgq — Avgp + 4usq + 4vgy +4) > 0;

which has only two trivial solutions (vaq, V44, Vb, Vsa, Vsb) € {(0,0,0,0,1),(0,0,0,1,0)}.
When yx(u?) = x(2b), we get that p(u, x2,0) = 1/4 is not an integer, so this case is not possible.
Thus, now we proved rational conjugacy for elements of all orders that appear in G, and it
remains only to show that V(ZG) has no elements of orders 12, 14 and 21.



For elements of order 12, we need to consider two cases. If x(u®) = x(2a), then p;(u, x2,0) =
—1/6 is not an integer. If x(u®) = x(2b), then usz(u, x2,0) = 1/2 is not an integer. Therefore, no
elements of order 12 can appear in V(ZG).

For the case of units of order 14, we use the ordinary character y; of degree 7 such that
x(C2) = —1, x(C7) = 0 to construct the system

pio(u, x7,0) = 15 (—61 + 6) > 0
:U’l(ua X7a0) = ﬁ(VQ + 8) > 07
pr(u, x7,0) = 15 (6v2 4 8) > 0;

which has no solutions.
For the case of units of order 21, we use the ordinary character ys of degree 7 such that
x(C5) =1, x(C7) = 0 to construct the system

to(u, x6,0) = 57 (1203 + 9) > 0;
Ml(UaXGaO) - QL(V?) +6) > 0
1“7(“’3)(630) = QL( 6v3 +6) > 0

—_

which has no solutions.
Thus, the Zassenhaus conjecture ZC-1 holds for G.

o Let G = Aut(PSL(2,8)) = PSL(2,8).3. Then |G| = 1512 = 23 3% .7 and exp(G) = 126 =
2-32.7. The group G has elements of orders 2, 3, 6, 7 and 9. By [8] (Proposition 3.1), it follows
immediately that torsion units of orders 2 and 7 are rationally conjugate to an element of G. For
this automorphism group we are able to prove the rational conjugacy for all orders that appear
in G except the order 6, and then confirm the (IP-C) conjecture, showing that V(ZG) has no
elements of orders 14, 18 and 21.

For elements of order 3, the system

pio(u, X2, %) = (2034 — v3p — v3c + 1) > 0;
1 (u, X2, %) = 5(—V3q + 20 — v3e + 1) > 0;
pr2(t, X2, %) = $(—v3q — vap + 2w3e + 1) > 0;
pro(u, X4, %) = 5 (—4vsa + 2vsp + 203, + T) > 0;
pia (U, Xa, %) = 5 (2034 — v3p — V3 + 7) > 05
pro(u, X5, %) = $(—4vsq — v3p — v3e + 7) > 0;
pa(u, X5, %) = £(2w3q + 203 — v3e + 7) > 0;
pa(u, X5, %) = %(21/311 —v3p +2u3. +T7) > 0;
po(u, x7,%) = §(6v34 +21) > 0;
pa(u, X7, %) = £(—3vsq 4 21) > 0;
po(u, X8, %) = 5(—2v3q + 4vsp + dvse + 8) > 0;
p1(u, xs, %) = 3 (v3q — 2v3p — 2v3¢ + 8) > 0;
p1(u, Xo, %) = £ (vsq + 4vsp — 2v5. + 8) > 0;
(U, X9, %) = %(V?)a — 2ugp + 4v. + 8) > 0;
pio(u, X4,2) = 5(—6v3q + 6) > 0;
p1(u, x4, 2) = 5(3v34 + 6) > 0;
1o (u, x5,2) = %(61/3(1 +12) > 0;
w1 (u, x5,2) = 1( 3v3q +12) > 0;

has only three trivial solutions (vs4, v3p, ¥3.) € {(1,0,0),(0,0,1),(0,1,0)}.

For units of order 6, we have to consider three cases for X( 2) € {x(3a), x(3b), x(3¢)}.



For x(u?) = x(3a), we have the system

o(u, x4,%) =
pa(u, x4, %) =
p3(u, x4, %) =
po(u, X5, %) =
pa(u, x5, %) =
13 (u, X5, %) =
pa(u, x5, %) =
po(u, X7, %) =

which has 4 solutions

1(—2w2q — 4v3q + 2u3p + 2030 — 2064 — 20y + 2) > 0;
(—Voq — 2U3q + V3p + V3c — Vga — Vb + 10) > 0;
(2u2q + 4v3q — 2v3 — 230 + 2064 + 216 + 4) > 0;
(—2v24 — 4v34 — V3p — V3e + Voa + Vob +2) > 0;
(—voq — 2v34 + V3p — 2V3c — Voo + 206, + 10) > 0;
(2024 + 4v3q + V3b + V3e — Voo — Vb +4) > 0;

(vaq + 2v3q — V3p + 203 + Voo — 206 + 8) > 0;
(—=6vaq + 6rs, + 24) > 0;

D= D= D= D= D= D= D= D=

(VQaa V3ay V3bs V3cy V6a, V6b) S {(27 _11 _17 27 17 _2)7 (27 _1707 ]-7 07 _1)7

(2,-1,1,0,-1,0),(2,-1,2,—-1,—-2,1)}.

When y(u?) = x(3b), the system

Ho(U, X4,
H2(U, X4,
Ko, X5, *
pa U, X5, *

( *) =
( *) =
( ) =
( ) =
2(u, X5, %) =
( ) =
( ) =
( ) =
( ) =

=

n3 U, X5, *
HalU, X5, *
K5

Mo U, X7, *

Uy X5, %

has 9 solutions:

( 2U5q — 4V3a + 2U3p + 2130 — 2064 — 206, + 8) > 0;
(V2a + 2V3a — V3p — V3¢ + Voa + Veb + 5) > 0;

(—2v2q — 4v3q — V3 — V3c + Voa + Veb +5) > 0;
(—voq — 2v34 + V3p — 2V3c — Voa + 206, + 10) > 0;
(Vaa + 2v34 + 2035 — V3e — 264 + Vep + 5) = 0;
(2v2q + 434 + V3p + V3e — Voa — Vob + 7) > 0;

(Vaa + 2v34 — V3p + 2v3¢ + Voo — 2060 + 8) > 0;
(=20 — 2v3q — 2V3p + V3e + 2060 — Voo + 7) 2> 0;
(—6124 + 6134 + 18) > 0;

D= O D= D= D= D= D= D= O

(V2aay3aa V3p, V3c, V6ay V6b) S {(—2, 2) _17 2a 17 _1)7 (_27 270a la 0) 0)7

(-2,2,1,0,—1
(0707 13 _]-v

Finally, when x(u?) =

to(u, X4, %) =
*) =
) =
) =
) =
) =
%) =

ILLQ(U X7

which has 9 solutions

1) (0,0, 4,1,1,0) (0,0,0,0,0,1),(0,0,0,3,0, —2),
,2),(0,0,1,2,—1,-1),(0,0,2,1,-2,0)}

x(3¢), we obtain the system

(—2v9q — 4v3q + 2v3p + 203, — 206 — 2V, + 8) > 0;
(Vaa + 2v34 — V3p — V3c + Vga + Vo +5) > 0;

(—2v2q — 4v3q — U3y — V3c + Voo + Vep +5) > 0;
(—V2a — 2V3a + V3p — 2V3c — Voo + 2v6p + 7) > 0;
(2v24 + 434 + V3 + V3e — Vou — Voo + 7) > 0;

(Vaa + 2v34 — V3p + 2V3c + Voo — 2060 + 5) > 0;
(—6vo4 + 6r3, + 18) > 0;

[ e i N [ e i o N [T el o N [

(V2aay3a7 V3b, V3¢, V6ay VGb) S {(_27 2a 07 17 17 _1)7 (—2, 2a 1) 07070)a

(727 27 23 -
(0707 ]-7 27 Oa -

For units of order 9, again we have to consider three cases for x(u?) € {x(3a), x(3b),

.1),(0,0,—1,1,2,-1),(0,0,0,0,1,0), (0,0,1,—1,0,1),
2),(0,0,2,1,-1,-1),(0,0,3,0,—2,0)}

x(3¢)}-
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For x(u?) = x(3a), we have the system

pio(u, X2, %) = §(6v34 + 6v9q — 3vsp — 3vze — 3vgy — 3vge +3) >0
pa(u, xo, %) = %( 3v3q — 3vgq + 63y — 3uge + 6rgy — 3vg. +3) > 0;
pe(u, x2, %) = %( 3vsq — 31gg — 33y + 63 — 3vgp, + 6rge +3) > 0
to(u, Xa,%) = %( 12v34 + 69, + 6r3p, + 6v3. + 6oy + 6rg. + 3) > 0;
w3 (u, X4, %) = %(61/&1 3v9q — 33y — 3v3. — vy — 3v9. +3) > 0;
1o (u, x5, %) = $(—12v34 + 6vg, — vz, — 3vsc — 3vgy — e + 3) > 0;
p3(u, X5, %) = §(6v3q — 3vgq + 6v3, — 3vse + 6oy — 3vge + 3) > 0;
pi6(u, X5, %) = §(6v3q — 3v9q — 3vsp + 6uze — 3vgy + 6rge + 3) > 0;
to(u, x7,%) = %(181/3,‘1 +27) > 0;

w3, x7,%) = é( 93, + 27) > 0;

to(u, xs, %) = é( 634 — 6vgq + 1203, + 1213, — 6rgp, — 6rg. + 6) > 0;
pi3(, X8, %) = §(3v34 + 3v9q — 635 — 6v3e + 3vgp + 3vge + 6) > 0;

1o (u, X9, %) = §(—6v3q — 6194 — 613, — 6v3e + 3vgy, + 3vge + 6) > 0;
pi3(, Xo, %) = §(3v3q + 3vgq + 1203, — 6v3e — 61y, + 3vg. + 6) > 0;
pi6(, Xo, %) = §(3v3q + 3v9q — 63y, + 1203, + 3vgy — Brge + 6) > 0;
1o (u, x4,2) = §(—18v34) > 0;

13 (u, x4,2) = 5(93q) > 0;

pio(u, X5,2) = (183 — 18194 + 18) > 0;

w3(u, x5,2) = 1( 34 + vy, + 18) > 0;

which has 5 solutions, only three of which remain after the Cohn-Livingstone test [6]:
(V3a7 Y9a, V3b, V3c, Vb, VQC) S {(07 Oa 07 07 07 1)7 (07 07 07 01 ]-7 0)7 (07 ]-7 07 07 07 0)}

If x(u®) = x(3b), then pu1(u, x2,0) = 1/3 is not an integer, so this case is impossible. Similarly,
when y(u?) = x(3¢), then ps(u, x2,0) = 1/3, so this case is not possible as well.

Now, after we have covered orders that appear in the group G, we need to show that V(ZG)
has no elements of orders 14, 18 and 21.

For elements of order 14, we use the ordinary character x4 of degree 7 with x(Cs) = —1,
x(C7) = 0. Then the system

tio(u, x4,0) = 75 (—6v2 + 6) > 0;
p1(u, x4,0) = & (1o + 8) > 0;
,u7(u, X4ﬂ0) = 1714(6V2 + 8) = 0;

has no solutions.

For elements of order 18, we need to consider 22 x 3 x 3 = 198 cases determined by combinations
of x(u%), x(u?®) and y(u?). Using the development version of the GAP package LAGUNA [4] we
verified that each case leads to a contradiction since there is certain p;(u, x;,0) which is not an
integer. We omit full details here (but may provide a table summarising the results, if need be).

For elements of order 21, we use the ordinary character xi11 of degree 27 with x(C3) = 0,
Xx(C7) = —1. Then the system

to(u, x11,0) = QL( 1207 +21) > 0;
p1(u, x11,0) = %( v7 + 28) > 0;
p7(u, x11,0) = 57 (6v7 + 21) > 0;

has no solutions.
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o Let G = Aut(PSL(2,9)) = (A46.C2) : C2. For this group we need to consider four possible
cases. Here, as well as in the rest of the proof, we give only the outline, specifying which orders of
torsion units we considered. The detailed proof will be included in the full version of the paper.

Case 1. Let G = Sg. Then |G| = 720 = 2*-3% -5 and exp(G) = 60 = 22 -3-5. By [§]
(Proposition 3.1), it follows immediately that torsion units of order 5 are rationally conjugate to
an element of G. For this group we are able to confirm the (IP-C) conjecture, showing that there
are no elements of orders 10, 12 and 15 in V(ZG).

Case 2. Let G = A46.25. Then |G| = 720 = 2* .32 .5 and exp(G) = 120 = 23 .3 .5. By [§]
(Proposition 3.1), it follows immediately that torsion units of order 3 are rationally conjugate to
an element of G. For the remaining orders, we are able to prove the rational conjugacy for all
orders that appear in G (2,3,4,5,8 and 10), and also to show that there are no elements of orders
15 and 20 in V(ZG). However, we are not yet able to eliminate the tuple (v2q, V34, v2p) = (—2,3,0)
for torsion units of order 6, so (PQ) still remains open for this group.

Case 3. Let G = Mj. Then |G| = 720 = 2% - 32 -5 and exp(G) = 120 = 23 -3 - 5. By [§]
(Proposition 3.1), it follows immediately that torsion units of orders 2,3 and 5 are rationally
conjugate to an element of G. We can also prove rational conjugacy for the order 4, but not for
the order 8. For orders that do not appear in GG, we are able to show that there are no elements of
orders 10 and 15 in V(ZG). However, we are not yet able to eliminate the tuple (v24, v3,) = (—2, 3)
for torsion units of order 6, so (PQ) still remains open for this group.

Case 4. Let G = A46.22. In this case using the HeLP - method we are able to give positive
answer to (PQ) eliminating the order 15.

For the remaining four automorphism groups the HeLP - method answers (PQ) positively,
eliminating the following orders of torsion units of V(ZG): orders 34 and 51 for Aut(PSL(2,17)) =
PSL(2,17).2; orders 26 and 39 for Aut(PSL(3,3)) = PSL(3,3).2; order 15 for Aut(PSP(3,4)) =
U(4,2).2; and finally, orders 14 and 21 for Aut(U(3,3)) = U(3,3).2. This completes the proof.
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