Universitat Fachbereich
Stuttgart Mathematik

Some Remarks on the Statistical Analysis of SVMs
and Related Methods

Ingo Steinwart

Preprint 2013/015



Fachbereich Mathematik
Fakultat Mathematik und Physik
Universitat Stuttgart
Pfaffenwaldring 57

D-70569 Stuttgart

E-Mail: preprints@mathematik.uni-stuttgart.de
WWW: | http://www.mathematik.uni-stuttgart.de/preprints

ISSN 1613-8309

© Alle Rechte vorbehalten. Nachdruck nur mit Genehmigung des Autors.
IATEX-Style: Winfried Geis, Thomas Merkle


mailto:preprints@mathematik.uni-stuttgart.de
http://www.mathematik.uni-stuttgart.de/preprints

Some Remarks on the Statistical Analysis of
SVMs and Related Methods

Ingo Steinwart

1 Introduction

Given a data set D := ((x1,y1),...,(%n,ys)) sampled from some unknown distribu-
tion P on X x Y, the goal of supervised statistical learning is to find an fp : X — R
whose L-risk

c%L,P(fD) = /XXYL(xayafD(x))dP(xay)

is small. Here, L: X XY X R — [0, o0) is a loss describing our learning goal. Probably
the two best-known examples of such losses are the binary classification loss and
the least squares loss. However, other choices, e.g. for quantile regression, weighted
classification, classification with reject option, are important, too. To formalize the
concept of “learning”, we also need the Bayes risk

R p=inf{ZLp(f)|f: X > R}.

If this infimum is attained we denote a function that achieves %; p by f p.
Now, a learning method .Z assigns to every finite data set D a function fp. Such
an .Z learns in the sense of L-risk consistency for P, if

n—yoo

lim P"(De (X xY)": Zpp(fp) g%z7p+s) ~1 (1)

for all € > 0. Moreover, . is called universally L-risk consistent, if it is L-risk
consistent for all distributions P on X X Y.

Recall that the first results on universally consistent learning methods were
shown by Stone [34] in a seminal paper. Since then, various learning methods have
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2 Ingo Steinwart

been shown to be universally consistent. We refer to the books [10] and [16] for
binary classification and least squares regression, respectively.

Clearly, consistency does not specify the speed of convergence in (1). To address
this we fix a sequence (g,) C (0, 1] converging to 0. Then, we say that £ learns with
rate (&), if there exists a family (c¢),¢(o,1) such that for all n > 1 and all 7 € (0, 1],
we have

P"(De (X xY)": %y p(fp) S%’Z,P—l-cren) >1-1. 2)

In addition, we say that . learns with expected rate (&) if Eppr %1 p(fp) = €.
Here, a,, < b,, means that there exists a constant ¢ > 0 with a, < cb,, for alln > 1.
Analogously, we sometimes write a, ~ b, if a, <X b, and b, < a,,.

Unlike consistency, learning rates usually require assumptions on P by the no-
free-lunch theorem of Devroye, see [11] and [10, Thm. 7.2]. In Section 4 we will
discuss such assumptions and the resulting rates for SVMs.

To recall the definition of SVMs and related methods, we fix a reproducing kernel
Hilbert space (RKHS) H, a loss L that is convex in its third argument, and a A > 0.
Then, the optimization problem

foa € argminA||f||F +ZLo(f), 3)
feH

where Z; p(f) is the empirical risk of f, that is %1 p(f) = % ;l:lL(x,-,yi,f(xi)),
has a unique solution fD, 2 € H,see[29, Lem. 5.1 & Thm. 5.2].

Let us briefly make some historical remarks: In 1992 V. Vapnik and co-workers,
[6] presented the first SVM, namely the hard-margin SVM, which combined the
generalized portrait algorithm from [38] with a kernel embedding inspired by [1].
Only a few years later, C. Cortes and V. Vapnik [8] proposed the first soft-margin
SVMs, which are instances of (3) for which L is the (squared) hinge loss. Almost
at the same time, the e-insensitive loss for regression was proposed in [37, 12, 36].
However, approaches of the form (3) are actually significantly older. In 1971, for
example, G. Kimeldorf and G. Wahba [17] showed a form of the representer theorem
for the Sobolev space case H = W™ ([0, 1]) with m > d /2 and the least squares loss
L. Until the end of the 1980’s a substantial amount of further research dealt with
this and similar cases, see e.g. [25, 39]. Inspired by this work, [24] presented an
approach called regularization network to the learning community in 1990, which
basically considers (3) for the least squares loss.

Ideally, a learning method is automatic, i.e. no parameters need to be set by the
user. In the SVM case, this means that A and possible kernel parameters such as the
width ¥ > 0 of the Gaussian kernel

k)’<x7xl) = exp(i’y_znx*xl”)? X,)C, ERdv

are set automatically. In practice, such parameters are usually determined by cross-
validation. Let us briefly describe a simplified version of this, see [29, Def. 6.28]. To
this end, we split D in two (almost) equally sized parts D and D;. In addition, let A
be a finite set of candidates for A and, if necessary, I" be a finite set of candidates for
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the kernel parameter. Then, for all combinations (4,y) € A x I, the optimization
(3) is solved for the data set D1, and the resulting clipped SVM solution, see (5), is
validated on Dy, i.e., its empirical D,-error is computed. Finally, the SVM solution
with the smallest D;-error is taken as the decision function fp.

In the following, we try to give a brief survey on what is known about consistency
and learning rates for SVMs. To this end, we first recall some key concepts related to
their analysis in Section 2. We then consider consistency and learning rates in Sec-
tions 3 and 4, respectively. Due to limited space, these discussions are restricted to
binary classification and least squares regression. However, most of the results we
discuss are actually derived from generic oracle inequalities and thus they can be
naturally extended to other losses. Here, differences usually only occur if assump-
tions on P are made to guarantee e.g. variance bounds or approximation properties.
For an example we refer to quantile regression with the pinball loss in [30, 13].

2 Mathematical Prerequisites

In the following, let (X, .o/) be a measurable space, Y C R be a closed subset, and
P be a distribution on X x Y whose marginal distribution on X is denoted by Px. In
addition, we always assume that H is a separable reproducing kernel Hilbert space
(RKHS) of a bounded measurable kernel k on X with ||k|| < 1. Finally, if not stated
otherwise, L denotes a loss that satisfies %7, p(0) < eo.

The goal of this section is to recall some concepts that describe interactions be-
tween P, L, and H, which are relevant for the analysis of SVMs.

Let us begin by recalling that the “inclusion” operator I : H — L(Px) that maps
an f € H to its equivalence Ly(Pyx)-class [f]~ is a Hilbert-Schmidt operator, see
[29, Thm. 4.27]. Moreover, the usual integral operator T}, : Ly (Px) — Lp(Px) with
respect to k is well-defined and given by T; = I; o I}, where I denotes the adjoint
operator of [;. In particular, 7} is self-adjoint, positive and nuclear, see again [29,
Thm. 4.27], and thus, the classical spectral theorem can be applied. This yields an
at most countable family (;);e; C (0,°0) of non-zero eigenvalues (with geometric
multiplicities) of 7;, which, in case of infinite /, converges to zero. As usual, we
assume without loss of generality that / C Nand py > up > --- > 0.

Some of the results we will review later make explicit assumptions on the decay
of the eigenvalues, while other results make assumptions on the behavior of covering
numbers or entropy numbers. Since the latter two are essentially the same concepts,
let us only recall the latter. To this end, we first consider a compact metric space
(M,d). Then, for n > 1, the n-th entropy number of an A C M is defined by

n
€:.(A,d) ::inf{e >0:3n,...,t, € M such that A C UB(ti,s)}
i=1

where B(t,€) denotes the closed ball with center ¢ and radius €. Moreover, if E and
F are Banach spaces and T : E — F is a bounded linear operator, then the n-th
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(dyadic) entropy number of T is defined by e,(T) := & 1(TBg,|| - ||r), where Bg
denotes the closed unit ball of E. In the Hilbert space case, eigenvalue and entropy
number decays are closely related. For example, [31, Thm. 15] shows that

w(T) =i VP = el H — Ly(Py)) =i/, @)

Moreover, the latter is implied by e;(id : H — £oo(X)) < i~/

Assumptions on the eigenvalue or entropy number decay are used to estimate the
stochastic error of (3). To derive consistency and learning rates, however, we also
need to bound the approximation error. To recall concepts in this direction, we first
need the smallest possible L-risk in H, that is, %’Z PH = infrey Zr p(f). To achieve
consistency, we obviously need zero approximation error, that is #; py = % p. If
H is universal, cf. [27] and [23], that is, X is a compact metric space and H is dense
in C(X), this equality can be guaranteed, see [29, Cor. 5.29]. For specific losses,
however, weaker assumptions on H are sufficient. E.g., if L is the least squares loss,
the equality %] py = % p holds, if and only if H is dense in L(Px). For many
Lipschitz continuous losses including the hinge loss, the e-insensitive loss, and the
pinball loss, an analogous characterization holds in terms of L; (Pyx)-denseness, see
[29, Cor. 5.37]. Finally, recall that for fixed y > 0, the RKHS Hy of the Gaussian ker-
nel ky is dense in L, (Py) for all p € [1,00), see [29, Thm. 4.63]. Once we have fixed
an H with Z} py = %; p, we need to consider the approximation error function
(AEF) - '

AQ) = inf ANFI -+ Hp (D) ~Fip. 220,

It can be shown that limy _,gA(A) = 0, see [29, Lem. 5.15]. In general, the speed of
convergence cannot be faster than O(A) and this rate is achieved, if and only if there
exists an f € H with Z p(f) = Xy p, see [29, Cor. 5.18].

For the least squares loss, the behavior of the AEF can be described by inter-
polation spaces [E,F]g, of the real method, see [4, 5]. Namely, [26] shows that
fi.p € [L2(Px),H|p o, if and only if A(A) € O(AP). Here we note that the latter
condition is often imposed to derive learning rates. Other authors, however, assume
fip Eran Tkﬁ/2 = [L2(Px), [H]~]p 2> where ran Tkﬁ/2 denotes the image of the f3/2-
fractional power of T; and the equality of this image to the interpolation space has
been recently shown in [33, Thm. 4.6]. Finally, we always have the continuous em-
beddings [La(V), [H]]p—e e < [L2(V),[H]|~]p2 = [L2(V),[H]~]p - for all € > 0.

Finally, one often knows in advance, that it suffices to look for decision functions
of the form fp : X — [—M,M] for some M > 0. In particular, this is the case if the
loss is clippable at M, that is, forallx € X,y € Y, and r € R, we have

L('x7y’ ?) SL('x7y’t>’ (5)

where 7 := max{—M,min{M,t}}. Note that for convex L this is satisfied if and
only if L(x,y,-) : R — [0, ) has a global minimum that is contained in [—M, M| for
all (x,y) € X x 7, see [29, Lem. 2.23]. The latter is satisfied for many commonly
used losses, and for such losses it is beneficial to clip the SVM decision function.
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3 Universal Consistency

In this section we discuss several results concerning the universal consistency of
learning methods of the form (3) for binary classification and least squares regres-
sion. Due to space constraints we restrict our considerations to a-priori chosen pa-
rameters. However Theorems 1 and 2 below and the results discussed for regression
can also be formulated for data splitting approaches, cf. [29, Thm. 7.24 & 8.26].

Binary Classification

Let us first note that the binary classification loss, which defines the actual learning
goal, is not even continuous, and hence cannot be used in the SVM optimization
problem (3). This issue is resolved by using a surrogate loss L such as the (squared)
hinge loss or the least squares loss. For these losses, the first consistency results can
be found in [28] and [40]. To recall these results, we assume that X C R? is compact
and H is universal. Then [28] establishes universal classification consistency, if a)
we use the hinge loss, b) we have & (X,dy) = i~Y/® for some o > 0, where d, is the
kernel metric in the sense of [29, Eq. (4.20)], and c) we use a sequence of regulariza-
tion parameters (A,) with A, — 0 and nA,¥ — . In addition, for the Gaussian kernel
ky with fixed but arbitrary width y we can choose o := d. By completely different
methods, [40] shows universal classification consistency for a variety of losses in-
cluding the (squared) hinge and the least squares loss if 4, — 0 and nA,, — . A key
idea in both articles is to compare the excess L-risk % p(f) — %] p of arbitrary f
to the excess classification risk of f. Namely, in [28] an asymptotic relationship is
shown, while [40] goes one step further by establishing inequalities between these
excess risks. This idea was picked up in [2], who showed for convex margin-based
losses, i.e. for losses L of the form L(y,7) = @(yt), that we have an asymptotic rela-
tionship or an inequality between these excess risks, if and only if @ is differentiable
at 0 with @'(0) < 0. For such losses we have the following consistency result:

Theorem 1. Let L be as above and ¢(t) € O(t?) for some q > 1 and t — co. More-
over, let H be dense in Ly(Px) and (A,) C (0,0) with A, — 0. Then the clipped SVM
is classification consistent for P, if one of these conditions is satisfied:

i) nA,/Inn — oo and nl,‘,]/z — oo,
ii) nAd* = oo and nd? — oo for some p € (0,1) with p;(T;) < i~'/7.

If X is compact and H is universal, then all assumptions involving q can be dropped.

Proof. The first assertion follows from [29, Lem. 5.15 & Thm. 5.31] together with
a simple generalization of [29, Thm. 7.22]. The second result can be shown analo-
gously by employing [29, Thm. 7.23] together with [29, Cor. 7.31] and (4). Now as-
sume that X is compact and H is universal. We fix an € € (0,2] and pickan f: X - R
with Z1, p(f) < % p+ €. Since Lis clippable, say at M, we may assume that f maps
into [-M,M]. By [3, Thm. 29.14] we then find a g € C(X) with ||f — gl|1,(p,) < €.
Again, we can assume that ||g||. < M. Since H is universal, there also exists an
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he € H with ||he — g||g < €. Here we note that we can additionally assume that the
resulting function € — ||h¢ ||z is decreasing. Our construction yields ||Ag]| <24+ M
and || f — hel|r, (o) < 2¢. Since L is locally Lipschitz, see [29, Lem. 2.25], we find
Kyp(he) — Zrp(f) < 2cp€ by [29, Lem. 2.19], where ¢; > 1 is a constant only
depending on L. This gives % p(he) — % p < 3cp€. For A € (0,1] we now define

&, :=2inf{e € (0,1] : ||he||% < 27'/2}. We then obtain ||k, || <2+ M and
Alhell + Zrp(he) — Zf p < AM*+3cLes — 0 A —0.

Choosing fp := he, in (the proof) of [29, Thm. 7.22 & 7.23] gives the assertions.

The result above yields universal classification consistency, if, e.g. X = R? and
H = Hy with fixed kernel width y. For Gaussian kernels, it is, however, common
practice to vary y with the sample size, too. The following result covers this case:

Theorem 2. Let L be convex, clippable, and margin-based with ¢'(0) < 0. Further-
more, let (A,) C (0,1] and y, C (0,1] satisfy Ay, ¢ — 0. Then the clipped SVM is
universally classification consistent if one of the following conditions holds:

i) X =R% @(t) € O(t9) for some g > 1 and t — o0, nk,/Inn — w0 and nAd* — o,
ii) X C R is compact and AEyn — oo for some € > 0.

Proof. Using ||id: Hy — Hy| <y~ %/, see [29, Prop. 4.46], it is easy to check that
the AEFs Ay and A; of the Gaussian RKHSs H, and H, satisfy A,(1) < A;(Ay~9).
Then the first assertion follows as for Theorem 1. The second assertion can be shown
using the arguments for compact X in the proof of Theorem 1.

Least Squares Regression

We already noted in the introduction that least squares regression methods of the
form (3) had already been around when SVMs were proposed. Despite their earlier
appearance, the first' universal consistency results in our sense seems to be shown
relatively late by [18]. Under the moment condition %7 p(0) = E(xvy)prz < oo, the
authors obtain consistency for H = W ([0, 1]%) if A, — 0, nA,, — o, and the decision
functions f, ;, are clipped at Inn. In [16, Theorem 20.4] the condition nA,, — oo was
relaxed to nA; /(Inn)” — oo with p := d/(2m), and it seems plausible that their proof
allows to remove the logarithmic factor at least partially, if Y is bounded and a more
aggressive clipping is applied. In any case, for bounded Y the general theory tells
us that the logarithmic factors can be removed. Indeed, for bounded Y, it is easy
to check that the conditions ensuring consistency in Theorems 1 and 2 also ensure
consistency for least squares regression if we set ¢ = 2. In the case of Theorem 1,
for example, we obtain consistency for generic H, if A, — 0 and nA,,/Inn — oo, and
the latter can be replaced by nA; — oo for some p € (0,1), if X is compact, H is
universal, and y;(7;) < i~'/P. Note that this covers the case H = W"([0,1]¢) for
p :=d/(2m) by the well-known estimate e;(; : W™ ([0,1]4) — £..([0,1]4)) < i,
see e.g. [14, p. 118].

!'In [16] the authors actually give some credit to the 1987 paper [15] for the case d = 1.
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4 Learning Rates

In this section we discuss some known learning rates for SVMs for binary classifi-
cation and least squares regression.

Binary Classification

Probably the earliest established learning rates for SVMs with (squared) hinge loss
can be found in [27]. To formulate this result we define n(x) := P(Y = 1]x), x € X,
aswell as X_ :={n < 1/2} and X; := {n > 1/2}. We say that P has zero noise, if
|2n — 1| = 1 Px-almost surely, and has strictly separated classes, if d(X_,X;) > 0
for a version of 1 and a metric d on X. Now assume that (X,d) is compact, H is
universal and A, = n~!. Then [27] shows that P"(D : Rrp(fpa,) =0)>1—e "
for all n > ngy, where L is the classification loss and ¢ and ny depend on P and H.

In [20] exponentially fast expected rates under similar but weaker conditions
were shown. There the authors assume that (X,d) is compact, 1 has a Lipschitz
continuous version and that P has Tsybokov’s noise exponent g = oo, see below.
Note that together these assumptions imply that P has strictly separated classes. For
universal kernels and the logistic loss for classification, they then show that there
are constants c¢1,c2 > 0 with EppnZr p(fp 1,) ~%ip< exp(—cindy) if A, < ¢

and nA, "” — oo, Here, p € (0,1) is a constant such that supy ei(ly : H — Ly(v)) <
ci~V/2p) for all i > 1, where the supremum is taken over all distributions v on X.
For both results discussed so far, it seems fair to say that a) the assumptions on
P are very strong and that b) similar rates can also be achieved without much effort
for classical histogram rules. In the case of the hinge loss and Gaussian kernels
with varying widths, more realistic assumptions on P have been proposed in [32],
which, to some extent, generalize the assumptions above. To briefly describe them,
we define the distance to the decision boundary by A(x) :=d(x,X;) if x € X_,
A(x) :==d(x,X_) if x € X, and A(x) = 0 otherwise. Then P is said to have margin
noise exponent f3 € (0,0, if Ep, 11420 — 1| < (ct)B for a constant ¢ > 1 and all
t > 0. A detailed discussion of this assumption can be found in [29, Sec. 8.2], so we
only mention that 3 is large if there is not much mass and/or a lot of noise in the
area {A <t} around the decision boundary. In addition, we need Tsybakov’s noise
condition [35] that bounds the total amount of noise by Py (|21 — 1| <t) < (ct)? for
constants ¢ > 0 and g € [0,0], and all # > 0. Then [29, Thm. 8.26] shows that the

data splitting approach with polynomially growing n~'-nets A, and n~'/?-nets I,
___ Blg+D
of (0, 1] learns with rate n Bla+2+dig) ¢ for all € > 0. Note that depending on f8

and ¢ the exponent in the rate varies between 0 and 1, in particular, rates up to n~!
are possible in all dimensions d provided that 8 and g are large enough.

Finally, let us briefly discuss some rates for generic H and the hinge loss (the
least squares case will be considered at the end of our discussions on least squares
regression). To this end, we assume that P satisfies Tsybakov’s noise condition for
some g € [0, 0], as well as ;(T) < i~'/? and A(1) € O(AP) for some p € (0,1) and
B € (0,1]. Then we usually have to expect 8 < 1, since for = 1 the Bayes decision
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function, which is a step function, must be contained in H and for commonly used H
this is impossible. In addition, Tsybakov’s noise condition gives a variance bound,

which in turn can be used, e.g., in [29, Thm. 7.24]. The resulting learning rate is
Cmind 2B Bt
0 MM ET a0 ! for the data splitting approach if (A,) is a sequence of

polynomially growing n~2-nets of (0, 1].

Least Squares Regression

Similar to the case of consistency, the first learning rates were established for the
space H = W™(]0,1]¢). Indeed, based on some techniques from empirical processes

pioneered by S. van de Geer, [19] showed expected rates of the form (In n)2n72s%
for a structural risk minimization procedure to choose the parameters m and A. Here
s > d /2 describes the unknown smoothness of the regression function in the sense
of f p € W*([0, 1]9). The procedure is thus adaptive to the unknown smoothness s,
and in addition, no assumptions except supp Px C [0, l}d are necessary.

Let us now turn to the generic case. Here, beginning with [9], various investi-
gations have been made, so we only focus on the ones who established (nearly)
optimal rates. To the best of our knowledge, the first result in this direction was es-
tablished in [7] under the assumptions p;(T;) ~ i~ /7 and fip €ran Th/2 for some
p€(0,1)and B € [1,2]. Note that > 1 implies that f; » € H. Then, modulo some
logarithmic factor in the case 8 = 1, the authors establish the rate

_ B
n b, (©6)

and they also show that this rate is optimal. Especially remarkable is the fact, that
the authors are able to deal with values 8 > 1, since for such values the classical
approach that splits the analysis into a stochastic part and the AEF fails due to the
fact that the AEF does not converge faster than linearly. To avoid this issue, the
authors split quite differently with the help of spectral methods.

From a practical point of view, however, the case § < 1 is the more realistic one.
For this case, the first essentially optimal rate was proved in [22] for a variant of (3)
in which the exponent 2 in the regularization term is replaced by the smaller expo-
nent 2p/(1+ p), where p € (0,1) is chosen such that p;(7;) < i~'/7. Provided that
the eigenvectors of Ty are uniformly bounded and f; p € [L2(Px),H]g .. for some
B € (0,1], [22] then establishes (6) modulo some logarithmic factors. A closer look
at this assumption on the eigenvectors shows that it is solely used to establish the
interpolation inequality || || < c|| |5 Hf||]L;5,X> for all f € H, where ¢ > 0 is some
constant. Interestingly, this inequality is equivalent to the continuous embedding
[Ly(Px),H]p,1 < Le(Px). Now, [31] shows that combining the interpolation in-
equality with [29, Thm. 7.23], also the original algorithm (3) learns with rate (6)
and the additional logarithmic factors are superfluous. Moreover, if the eigenvalue
assumption is two-sided, i.e. it;(T;) ~ i~ /7, then (6) is also optimal for all B € (p, 1].
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In the Sobolev space case H = W"([0,1]¢) and fip € WO, 1]) for some m >

d/2 and s € (0,m] these generic results imply the above mentioned rates noni,
if Py is (essentially) the uniform distribution, see [31]. Moreover, [13] has recently
shown that up to some arbitrarily small € > O in the exponent, the rates can also be
achieved by Gaussian RKHSs Hy, if y varies with the sample size, too. Note that
the latter seems to be somewhat necessary, since for fixed y and f; p ¢ C™, the AEF
can only have logarithmic decay, see [26]. Finally, the rates of [31, 13] can also be
achieved by the data splitting approach.

Let us finally return to binary classification with the least squares loss. To this
end, we assume 1 € [L>(Px),H]p .. and that Tsybakov’s noise assumption is satis-
fied for some g € [0, o0|. Note that the latter implies a stronger calibration inequality

between the excess least squares and the excess classification risk, see [2] and [29,
_ Bq
Thm. 8.29]. Considering [31], we then obtain the rate n #+r)e+1) | which at first

glance seems to be fine, since for large  and g the exponent reaches 1. However, it
may be the case that large values for § and g exclude each other. To illustrate this
(see [21] for a similar observation), let us consider the Sobolev case € W*([0, 1}‘1)
2s

in which the rates in [31] become n <2~Y+d)‘([‘i+1). To get rates close to n~ !, we need
large s, say s > 1+d/2. Then n € C' by Sobolev’s embedding theorem, which in
turn excludes g > 1 by some geometric considerations, and hence rates arbitrarily
close to n~ ! are impossible. Finally, the same observation can be made for [13].
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