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Dick proved that all order 2 digital nets satisfy optimal upper bounds of the
Lo-discrepancy. We give an alternative proof for this fact using Haar bases.
Furthermore, we prove that all digital nets satisfy optimal upper bounds of
the Sy ,B-discrepancy for a certain parameter range and enlarge that range
for order 2 digitals nets. L,-, Sy F- and Sy H-discrepancy is considered as

well.
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1 Introduction and results

Let N be some positive integer and let P be a point set in the unit cube [0,1)? with N
points. Then the discrepancy function Dp is defined as

1
DP(.T) = N Z X[O,:{;)(Z) —T1 ... X4. (1)
z€P
for any x = (z1,...,24) € [0,1)¢. By X[0,z) We mean the characteristic function of the

interval [0, ) = [0,21) X ... X [0,24), so the term > X[0.2)(2) is equal to #(P N[0, x)).



This means that Dp measures the deviation of the number of points of P in [0,x)
from the fair number of points N|[0,z)] = Nz - ... x4 which would be achieved by a
(practically impossible) perfectly uniform distribution of the points of P, normalized by
the total number of points.

Usually one is interested in calculating the norm of the discrepancy function in some
normed space of functions on [0,1)? to which the discrepancy function belongs. A well
known result concerns Ly ([0, 1)4)-spaces for 1 < p < co. There exists a constant cpd >0
such that for every positive integer N and all point sets P in [0,1)¢ with N points, we
have

| DpILy ([0, D)D) = cpa “gN}V(d)/ (2)

It was proved by Roth [R54] for p = 2 and by Schmidt [S77] for arbitrary 1 < p < oc.
The best value for ¢y ¢4 can be found in [HMII]. Furthermore, there exists a constant
Cp.a > 0 such that for every positive integer N, there exists a point set P in [0, 1)? with
N points such that

|DrILy @) < Cpa “gN}V(dV 3)

It was proved by Davenport [D56] for p = 2,d = 2, by Roth [R80] for p = 2 and arbitrary
d and finally by Chen [C80] in the general case. The best value for Cy 4 can be found in
[DP10] and [FPPSI0].

There are results for L;([0,1)%)- and star (Loo([0,1)%)-) discrepancy though there
are still gaps between lower and upper bounds, see [H81], [S72], [BLV0S]. As general
references for studies of the discrepancy function we refer to the monographs [DP10],
INW10], [M99], [KN74] and surveys [B11], [Hil4], [M13c].

Roth’s and Chen’s original proofs of were probabilistic. Explicit constructions of
point sets with good L,-discrepancy in arbitrary dimension have not been known for a
long time. Chen and Skriganov [CS02] (see also [CS08] and [DP10]) gave constructions
with optimal bound of the Ls-discrepancy and Skriganov [S06] later proved the L,
bound. The constructions of Chen and Skriganov were order 1 digital nets with large
Hamming weight. Dick and Pillichshammer [DP14a] (see also [DP14b]) gave alternative
constructions. Their constructions are order 3 digital nets. Dick [D14] proved then the

following result.

Theorem 1.1. There exists a constant Cqyp, > 0 such that for every positive integer n



and every order 2 digital (v,n,d)-net P? in base b we have

(d—1)/2
[Pyl zatl0.1)Y)] < Cano ™

In this work we give an alternative proof for this fact.

Furthermore, there are results for the discrepancy in other function spaces, like Hardy
spaces, logarithmic and exponential Orlicz spaces, weighted Ly-spaces, BMO (see [B11]
for results and further literature).

Here, we are interested in Besov (S}, B([0,1)?)), Triebel-Lizorkin (S5 ,F([0,1)%)) and
Sobolev (S} H ([0, 1)%)) spaces with dominating mixed smoothness. Triebel [T10] proved
that for all 1 < p, ¢ < oo with ¢ < oo if p = 0o and all r € R satisfying 1/p—1 <r < 1/p,
there exists a constant ¢, 4,4 > 0 such that for every integer N > 2 and all point sets
P in [0,1)¢ with N points, we have

|Dp185 B0, 1)) > ¢ g.na N7 (log N 1/1 (4)

and with the additional condition that ¢ > 1 if p = oo there exists a constant C) 4 > 0
such that for every positive integer N, there exists a point set P in [0, 1)¢ with N points

and we have
HDP‘S;AB([O’ 1)d)H < Cpyra N1 (log N)Y@=D at1-r)

Hinrichs [Hil0] proved for d = 2 that for all 1 < p,q < oo and all 0 < r < 1/p there
exists a constant C), ,, > 0 such that for every integer N > 2 there exists a point set P
in [0,1)? with N points such that

|PrIS; B0, 1) < Cpar N7 (log M)

Markhasin [M13b] proved that for all 1 < p,q < oo and all 0 < r < 1/p there exists
a constant Cp 4 rq > 0 such that for every integer N > 2 there exists a point set P in
[0,1)¢ with N points such that

prys;qB([o, 1)d)H < CparaN"" (log N V/2. (5)

Explicit point sets with optimal bounds of S}  B-discrepancy used in [M13b] are the
already mentioned point sets by Chen and Skriganov. In d = 2 also (generalized)
Hammersley point sets can be used (see [HilQ], [M13a]). Our goal is to prove that there

are way more point sets with optimal bounds of the S}  B-discrepancy. Furthermore



there are results for spaces S}, F([0,1)?) and Sy H([0,1)%) in [MI3d].

Theorem 1.2. Let 1 <p < oo, 1< qg<o0and0 <r < 1/p. There exists a constant
Cp.q.r.dbv > 0 such that for every integer n and every order 1 digital (v, n,d)-net Pt in

base b we have
HDP'?L ‘S;’qB([O’ ]‘)d)H S Cp,q’nd’b’v bn(Til) n(dfl)/q‘

Theorem 1.3. Let 1 < p,q < o0, (¢ >1ifp=o00)and 0 <r < 1/p. There exists a
constant Cp g r.dpo > 0 such that for every positive integer n and every order 2 digital

(v,n,d)-net Pt in base b we have
HD’PZ‘S;MJB([O, l)d)H < Cp,q,nd,b,v bn(rfl) n(d,l)/q.

Corollary 1.4. Let 1 < p,q < o0 and 0 < r < 1/max(p,q). There exists a constant
Cp.q.r.dbv > 0 such that for every positive integer n and every order 1 digital (v,n,d)-net

PP in base b we have
HD7>3|S;7QF([O> 1)d)H < Cpgrdbo b= pla=l/a,

Corollary 1.5. Let 1 < p,q < o0 and 0 < r < 1/max(p,q). There exists a constant
Cp.qr.dbv > 0 such that for every positive integer n and every order 2 digital (v,n,d)-net

PP in base b we have
|y 185,710, 1)) < Chgnaan "0 01,

Corollary 1.6. Let 1 < p < 0o and 0 < r < 1/max(p,2). There exists a constant
Cprdpbw > 0 such that for every positive integer n and every order 1 digital (v,n,d)-net

772 in base b we have
HDPZ ‘S;H([O, 1)d)H < Cp,T’,d,b,v bn(rfl) n(d,l)/Q.

Corollary 1.7. Let 1 < p < oo and 0 < r < 1/max(p,2). There exists a constant
Cprdpe > 0 such that for every positive integer n and every order 2 digital (v,n,d)-net

732 in base b we have
HDPZ ‘S;H([O, 1)d)H < Cp,r,d,b,v bn(r—l) n(d_l)/g'

Theorem 1.8. Let 1 < p < oo. There ewists a constant Cp, 44, > 0 such that for every



positive integer n and every order 2 digital (v,n,d)-net P° in base b we have

pld=1)/2
| PralLo((0, )Y < Coabw ——

We point out that obviously Theorem is a consequence of Theorem Neverthe-
less, we will prove them independently, so that readers without a background in function
spaces with dominating mixed smoothness (which is required for the proof of Theorem
will be able to understand the proof of the Lo bound.

Theorems [1.2] andl.3] are consistent with older results. Chen-Skriganov point sets are
order 1 digital (v, n, d)-nets while (generalized) Hammersley point sets are order 2 digital

(0,m,2)-nets

2 Function spaces with dominating mixed smoothness

We define the spaces S} B([0, D9, S, ([0, 1)4) and SyH ([0, 1)%) according to [T10].
Let S(R?) denote the Schwartz space and S'(RY) the space of tempered distributions
on R Let o € S(R) satisfy po(z) = 1 for [z| < 1 and ¢g(z) = 0 for |z| > 3. Let
k() = @o(27%z) — po(27F1x) where 2 € R, k € N and pg(z) = ¢, (71) . .. o, (Ta)
where k = (ky1,...,kq) € N&, & = (x1,...,14) € R The functions ¢, are a dyadic

> or(z) =1

keNg

resolution of unity since

for all x € R The functions F~ (¢, Ff) are entire analytic functions for every f €
S'(R9).

Let 0 < p,g < oo and r € R. The Besov space with dominating mixed smoothness
Sr,B(RY) consists of all f € &'(R?) with finite quasi-norm

Hf\S;qB(]Rd)H _ Z or(ki+...4ka)q H}—il(‘%’kff)u/p(Rd)Hq ©)
keNd

with the usual modification if ¢ = co.
Let 0 < p < 00,0 < g <00 andr € R. The Triebel-Lizorkin space with dominating



mixed smoothness 57, F(R?) consists of all f € S'(R?) with finite quasi-norm

1
q

1155 F () S otttk | Pl o FH || 1L, R (7)
keNg

with the usual modification if ¢ = oo.

Let D([0,1)?) consist of all complex-valued infinitely differentiable functions on RY
with compact support in the interior of [0,1)? and let D'([0,1)?) be its dual space
of all distributions in [0,1)%. The Besov space with dominating mixed smoothness
Sp,B([0,1)) consists of all f € D'([0,1)?) with finite quasi-norm

17185,B(0, 1)%)|| = inf {||g/Sp, BRY | : g € S5, BR), glgya=F}. ()

The Triebel-Lizorkin space with dominating mixed smoothness S5, F/([0,1)%) consists of
all f € D'([0,1)%) with finite quasi-norm

| 7185, F ([0, 1)) | = int {||gISp, PR | : g € SpFRY, glopye=F}. (9)

The spaces S;qB(Rd), S;qF(]Rd), Sy B([0, 1)%) and Sy F ([0, 1)9) are quasi-Banach spaces.

We define the Sobolev space with dominating mixed smoothness as
SpH([0,1)%) = S F([0,1)7). (10)

If r € Ny then it is denoted by S;W ([0, 1)%) and is called classical Sobolev space with

dominating mixed smoothness. An equivalent norm for SyW ([0,1)%) is

> oY)

aGNg;OSaigr
Of special interest is the case 7 = 0 since
SpH ([0,1)7) = Ly ([0, 1)7).

The Besov and Triebel-Lizorkin spaces can be embedded in each other (see [T10] or
[M13c, Corollary 1.13]). We point out that the following embedding is a combination of
well known results and might look odd at the first glance.



Lemma 2.1. Let 0 < p,qg < oo and r € R. Then we have

ST

max(p,q),qB([Oa 1>d) — S;qF([O, 1)d) — ST

d
min(p,q),qB([07 1) )

3 Haar and Walsh bases

We denote N_; = NgU{—1}. Let b > 2 be an integer. We denote D; = {0,1,...,/ —1}
and B; = {1,...,b—1} for j € Ngand D_; = {0} and B_; = {1}. For j = (j1,...,Jd) €
N?, let D; =D, x...xD;, and B; = Bj, x...xB;,. For areal a we write a; = max(a,0)
and for j € N%, we write ||+ = j14o + ... + jar-

For j € Ng and m € D; we call the interval

L = [079m, b7 (m +1))

the m-th b-adic interval in [0,1) on level j. We put I_; o = [0,1) and call it the 0-th
b-adic interval in [0,1) on level —1. For any &k = 0,...,b — 1 let Ij]-‘im = Lit1omsk- We
put 1:1170 =1_10=10,1). For j € N¢, and m = (my,...,mq) € D; we call

Ijzm = Ij17m1 X X devmd

the m-th b-adic interval in [0,1)? on level j. We call the number |j|; the order of the
b-adic interval I ,,. Its volume is b=+

Let j € No, m € Dj and | € B;. Let hj ., be the function on [0, 1) with support in I;,,
and the constant value s % on Ijlfm for any kK =0,...,0—1. We put h_101 = X1_,,
on [0,1).

Let j e N4, m e D; and I = (I1,...,lq) € B;. The function h;, ; given as the tensor
product

hj,m,l(x) = hjl,mhll (xl) e h]'d,md,ld (l‘d)

for x = (21,...,74) € [0,1)¢ is called a b-adic Haar function on [0,1)?. The functions
hjmis J € N, me D;, I € B; are called b-adic Haar basis on [0, 1)4.
The following result is [M13c, Theorem 2.1].

Theorem 3.1. The system
e . d
{b 2 hjmg tjENL, meD;, le IB%J-}

is an orthonormal basis of L2([0,1)%), an unconditional basis of L,([0,1)?) for 1 < p < oo



and a conditional basis of L1([0,1)%). For any function f € L([0,1)?) we have

2

[0 0h) = S WS ()

jeNﬂil mEID)j,ZG]E]-
The following result is [M13d, Theorem 2.11].

Theorem 3.2. Let 0 < p,g < o0, (¢ >1ifp=0o0) and 1/p—1<r <min(1/p,1). Let
feD([0,1)%). Then f € S;,B([0,1)%) if and only if it can be represented as

f= >0 ST i by (11)

jENil mED]',lEBj

for some sequence (i m,) satisfying

1/q

a/p
3 bj+<r—1/p+1)q( > Iuj,m,z|p> < o0. (12)

jeNril mGD]‘,ZGBj

The convergence of is unconditional in D'([0,1)?) and in any SE,B([0,1)%) with
p < r. The representation of f is unique with the b-adic Haar coefficients (1., =
(fshjmy)- The expression is an equivalent quasi-norm on Sy B([0, 1)9).

For o € N with the b-adic expansion a = B4, 161 +. ..+ By, 16! with 0 < a1 <
ay < ... < a, and digits Bg,—1,...,Ba,—1 € {1,...,b — 1}, the NRT weight of order
o € N is given by

00(@) = ay +ay—1+ ...+ Gmax(v—o+1,1)-

Furthermore, g,(0) = 0.
For a = (a1, ...,0q) € N¢, the NRT weight of order ¢ is given by

00() = 0o(01) + ... + 05 ().
Let a € N. The a-th b-adic Walsh function wal, : [0,1) — C is given by

Wala(l‘) = e%(ﬁalflxal +"'+:Bay71$u)

for z € [0,1) with b-adic expansion x = 16~ + 29b=2 4. ... Furthermore, walg = X[0,1)-
Let o = (a1,...,04) € N&. Then the a-th b-adic Walsh function wal, on [0,1)% is



given as the tensor product

waly () = waly, (21) .. . waly, (%)

for x = (2',...,2%) € [0,1)%. The functions wal,, a € N¢ are called b-adic Walsh basis
on [0,1)%.
The b-adic Walsh function wal, is constant on b-adic intervals Iy, (a,),...,(01 (ag));m fOT

every m € I ). The following result is [DP10, Theorem A.11].

o1(a1),...,(01(cq)

Lemma 3.3. The system
{Wala o€ Ng}

is an orthonormal basis of La([0,1)%).

4 Digital (v, n,d)-nets

We quote from [DP14a] and [D07] to describe the digital construction method and prop-
erties of resulting digital nets. We also refer to [N87] and [NPO1].

For an integer b > 2 let Zy, denote the commutative ring of integers modulo b. For s,n €
N with s > nlet C1,...,Cy be s xn matrices with entries from Z;,. For v € {0,1,...,b"—
1} with the b-adic expansion v = vy +v1b+ ...+ vp,_1b" ! with digits vo,v1,..., 0,1 €
{0,1,...,b— 1} the b-adic digit vector v is given as v = (vg, v1,...,Vn—1)" € Z¥. Then

we compute Civ = (T1,1,Tip2, . - - ,xi7V75)T € Zj for 1 < ¢ < d. Finally we define
Tiy = .%'Z'Mlb_l + .%'Z'7V72b_2 + ...+ xi%sb_s S [O, 1)

and ¥, = (T1,,...,24,). We call the point set P, = {zg,z1,...,2pm_1} a digital net in
base b.

Now let 0 € N and suppose s > on. Let 0 < v < on be an integer. For every 1 <1 < d
we write C; = (¢i1,... ,cijs)T where ¢;1,...,¢;s € P} are the row vectors of C;. If for
all 1< N1 < ... < Ay, <5, 1 <0 < d with

A1t o+ AMmin(p,e) T AL+ - Admin(na,e) S 0N — v

the vectors ¢y, 4, - - - sCL ALy 5+ -+ Cd g1 - -+ 3 CdAg,, BTE linearly independet over Z;, then

772 is called an order o digital (v, n,d)-net in base b.

Lemma 4.1.



10

(i) Let v < on. Then every order o digital (v,n,d)-net in base b is an order o digital
(v+ 1,n,d)-net in base b. In particular every point set 732 constructed with the

digital method is at least an order o digital (on,n,d)-net in base b.

(ii) Let 1 < o1 < o9. Then every order oo digital (v,n,d)-net in base b is an oder oy

digital ([voy/o2],n,d)-net in base b.

Lemma 4.2. Let P2 be an order o digital (v,n, d)-net in base b then every b-adic interval

of order n — v contains exactly b¥ points of PL.

Let t € Ng with b-adic expansion t = 7o+71b+7b?+. ... We put ¢ = (1o, 71, . . . ,7'571)—r €
Zy and define

(@) ={t=(t1,....ta)) e NI\ {(0,...,0)} s O T+ ...+ CJTa = (0,...,0) € 2} } .

Lemma 4.3. P2 is an order o digital (v,n,d)-net in base b if and only if o5 (t) > on—v
for allt € ©(C).

Lemma 4.4. Let P8 be an order o digital (v,n, d)-net in base b with generating matrices

Ci,...,Cq. Then
bt ift € D(¢),
Z waly(z) =
zePb 0  otherwise.
We consider the Walsh series expansion of the function xjo ),

o

X[Oz 9201 ) waly(y), (13)
=0

t

where for t € Ny the ¢t-th Walsh coeflicient is given by

1 x
Rlowy(t) = /0 Xfo.0) (¥)wali () dy = /0 wal, (7)dy.

Lemma 4.5. Let PY be an order o digital (v,n, d)-net in base b with generating matrices

Ci,...,Cq. Then

Dpy(z) = Y Rowl(t
1€9(e)

Proof. For t = (t1,...,tq) € Nd and x = (z1,...,24) € [0,1)%, we have

X0,2) () = X)) (t1) - R[o,2,) (ta)-



11
Applying Lemma [4.4] we get

1 > . R
Dp(z) = Y. D Row®)wal(z) = X ((0,...,0)
2€Pp t1,...,ta=0

=Y ooy Xowal()

t1,...,tqg=0 2€P

= Y Ron).
)

teD (e
|

Several constructions of order o digital (v, n,d)-nets are known. For details, examples
and further literature we refer to [DP14b]. There are especially constructions with a
good quality parameter v, e. g. we can construct order 2 digital (d,n,d)-nets in base b

as well as order 1 digital (0, n,d)-nets.

5 Proofs of the results

For two sequences a,, and b, we will write a,, < b,, if there exists a constant ¢ > 0 such
that a, < cby, for all n. For ¢ > 0 with b-adic expansion t = 7o+71b+. . .+7,,(1)-10% (-1,
we put t =t + Tgl(t),lbgl(t)_l.

The following result is [M13b, Lemma 5.1].

Lemma 5.1. Let f(x) = 21 ... 24 for x = (21,...,2q4) € [0,1)%. Let j € N, m €

The following result is [M13bl Lemma 5.2].

Lemma 5.2. Let z = (21,...,24) € [0,1)? and g(z) = X[0,)(2) for x = (21,...,24) €
[0,1)¢. Let j € N¢,m € D;,l € Bj. Then (g,hjmy) = 0 if z is not contained in
the interior of the b-adic interval I;,,. If z is contained in the interior of I;,, then
(g, )| =< 07 H1

The following result is [M13bl Lemma 5.9].

Lemma 5.3. Let j € N4 |, m €D, l € B; and o € Nd. Then

|(hjim,, wala)| < p—lil+
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If 01(e) # ji + 1 for some 1 <i < d then
<hj,m,l,wala> =0.

The following result is [M13bl Lemma 5.10].

Lemma 5.4. Let t,a € Ng. Then
[(X[0,(t), wala)| < b~ max(e1(t),e1(a))
Ifa #t and a #t and o/ #t then

<>A<[0,-) (t)7 Wala) =0.

Lemma 5.5. Let C1,...,Cq € Z;*" generate an order 1 digital (v,n,d)-net in base b.
Ay o

Let A1, Ads 71,574 € No. Let wil-24(&) denote the cardinality of such t € D(€)

with o1(t;) = v for all 1 < i < d that either v; < \; or o1(t;) = Nio If Ai,..., g < s

then

w’)y\ll,’......:'i\j (€) < (b - 1)d b(min(/\1,'yl7l)+...+min(Ad,’Yd71)fn+v)+ )

Proof. Let t = (t1,...,tq) € D(€) with p1(t;) = 7, for all 1 <i < d and either v, < \;
or o1(t;) = A\i. Let t; have b-adic expansion t; = 7,0 + Ti1b + 720 + .... Let C; =
(City---s¢is) ", put A¥ = min()\;,y; — 1) and Gy = (0,...,0) if 95 > 5,1 <i < d. Then

we have

T T T
€1,17T1,0 + ...+ CLr T -1 T Tim-1t

T T T _ T n
+Cd717—d,0 +...+ Cd)\:le,)\;fl + Cdryy Tdya—1 = (0 - ,0) € Zy.

We put
T T T T nX (AT .. +AY)
A—(01,1,---701,)\;7---aCd,h---,Cd,)\;)GZb ,
T AL
Y= (T100 s TIAI =15 Td0s -+ - TdN:—1) € Zy
and
_ T T nx1
W= —Cly Tly—1 = -+ = Ca~,Tdryg—1 € Y/

Then corresponds to Ay = w and we have

My, A . AF 4 A . o
wilrd(€) = #{y € Z," 4 Ay = w}.
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Since C1,...,Cq generate an order 1 digital (v,n,d)-net, the rank of A is AT + ...+ A}
if AT+ ...+ A; < n—wv. In this case the solution space of the homogeneous system
Ay = (0,...,0) has dimension 0. If A\] +...4+ A} > n — v then rank(A) > n — v and the
dimension of the solution space of the homogeneous system is A} + ...+ A} —rank(A) <
AL+ ...+ Ag — n+v. This means that for a given w the system Ay = w has at most
1 solution if A + ...+ A% < n — v and at most bt +Aa~"+0 otherwise. Finally, there

are (b — 1)% possible choices for w since none of the numbers Tlyr—1y- -+ Tdryg—1 Can be
0. O
We point out that the condition A1,..., Ay < s is not necessary. It just reduces the

technicalities but the results would be the same without it. One would have to define
A = min(\;#, s) and in the case where \;* > s we would get an additional factor b**~*

compensating the restriction.

Proposition 5.6. Let P be an order 1 digital (v,n,d)-net in base b. Let j € N4, m €
Dj, le Bj.

(i) If |jly > n—wv then [(Dpy, hjma)| 2 b7 and [(Dpy, hjm)| < b2 for all

but at most b" values of m.
(ii) If |jls < —v then |(Dpg, hymid] < 6704740 (n— v = [j] )%,

Proof. For , let |j|+ > n —v. Since P’ contains exactly b" points, there are no more
than b" such m for which I;,, contains a point of Pb meaning that at least all but
b™ intervals contain no points at all. Thus the second statement follows from Lemma
The remaining intervals contain at most b’ points of P? (Lemma so the first
statement follows from Lemmas 5.1l and [5.21

We now prove so let |j|l+ <n—wvand m €Dy, | € B;. The function hj,,; can be
given (Lemma as

Rimi =Y (hjmy wala) waly, .

aGNg

We apply Lemmas and and get

(Dpb, hjmi)| = < > Kooy, D <hjmlawa1a>wala>

te®(€) aENg

S S [(Riooy (0, wala )| 1, wala)|

teD(€) aENg

IN
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<l S S (R (8, wala)|
teD(€)  aeNd
01(a;)=5;+1

1<i<d
< plil+ Z Z p— max(ei(ai),e1(tr))—...—max(e1(a1),01(ta))
teD(€) aeNg

(67 :t; V a:ti \ CM; :ti
o1(a;)=7i+1,1<i<d

— p—lil+ Z p— max(ji+1,e1(t1))—...—max(ja+1,01(ta))
teD(C)
01(t)<gi+1V o1 (t])=7i+1
1<i<d
[e.e]
— plil+ —max(j1+1,71)—...—max(ja+1,7a) , ,J1+1,.ja+1
=0 Z b W ,d (Q) (15)
Y5 Ya=0

By Lemma [5.5 we get

e ORI U R

since j1+1,...,ja+1<n—v<sand j1 +1+...+jg+1<|jl+ +d<n—v+d.

We recall that we have g1 () > n—v for allt € D(€). This means that w/i T1--Jatl(€) =
0 whenever vy +. ..+v4 < n—v. Therefore w%llf},’;y';jd*l(ci) =0ify < gjjforalll <i<d.
For any I C {1,...,d} let I¢={1,...,d} \ I. We perform an index shift to get

00
-7 —max(j1+1, —...—max(jq+1,
|<D’P$Lahj,m,l>| < p i+ Z b (J1+1m) (Ja+1,7a)
Yis--7a=0
Y1t +va>n—v
. - E (j"“l—"_l) - Z Vo
:b—\]\Jr Z p mi€l Z Z p racl®
IC{1,....d} 0<7iy <Jiy Vig2Jig+1
i€l i€l
Y1+...+yg>max | n—v+1, Z (Jrg+1)
Ko€IC
H Z - E (jnl+1>_ Z (]ﬁ2+1)
— plils b el ma€le
I¢{1,...,d}
- Z Vg
> > p i
0§’721§]21 ’Yi220,’i2616
1€l
Z 'YNQZ n—v— Z Vo1~ Z (jm2+1)+1
Ko €IC k1 €I ko €I€ i

' = 20 Ur D)= X7 (rg+1)
< plil+ Z p miel ko EIC N
IC{1,...d}
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o0

Z Z b_r(T + 1)d—1—#[
0<vi; <Jiy
el r=1| n—v— Z Vo1~ Z (]K2+1)+1
+

k1€l Kko€I€
' = 3 Gy +D)= > (rg+1) —ntvt Y vt D (kg 1)
< p—lil+ Z p mi€l ro€lIC Z b r1€l ko€lIC x
I¢{1,....d} 0<7i, <7iy
el
d—1—#1
X n—-v— Z%ﬂ_ Z (jn2+1)+1
k1€l Kro€l€ +
) - Z (Jr1+1) Z Vrq
< b*‘]‘J’,*TLJrfU Z p i€l Z pri€el %
I¢{1,....d} 0<vi; <Jiy
1€l
d—1
X [n—v=> % — > U+ 1+1
k1€l Kro€l€ +
) = 2 Urg+D) D2 Uy +1)
< p kil Z p i€l pri€el
I§{117d}

<o (= — (1)

Proposition 5.7. Let P2 be an order 2 digital (v,n,d)-net in base b. Let j € N4, m €
]D)j, le Bj.

(i) If il = n = [v/2] then [(Dpy, hyma)| = 5774072 and | 0 (Dpy)| < 6201+

for all but b™ values of m.

(ii) If |jls <n - [v/2] then |(Dpy, hymi)l < b2 (2n — v — 2]j],)% .

Proof. According to Lemma PP is an order 1 digital ([v/2],n,d)-net. Hence
follows from Proposition [5.6]

We now prove so let |j|+ <n— [v/2] and m € D;, | € B;. We start at and
recall that we have go(t) > 2n — v for all t € D(€). This means that w/! 12 Jatl(€) = 0
whenever v; + min(y1,71 + 1) + ... + v¢ + min(yg, ja + 1) < 2n — v. We argue similarly



to the proof of Proposition [5.6] to get

o
. —|7l+ —max(j1+1,71)—...—max(jg+1,7a) , j1+1,....7a+1
|<D7’Z’ thmle =b Z b ( ) ) Wy1,eva
Ys-Ya=0
oo
< plil+ Z p— max(ji+1,71)—...—max(ja+1,7a)
ﬁ/l)"‘:’)/d:(]
y1+min(y1,j1+1)+...+va+min(v4,ja+1)>2n—v
. - z (jH1+1)
— p—lil+ Z p riel
1C{L,...d}

> ¥ b o

0<sy iy Vi Zdig+1
1€l io€l®

2 Z Vet Z (Vo +irg+1)Zmax | 2n—v+1,2 Z (Jrg+1)

k1€l Ko €IC Kko€IC
. - Z (jﬁ1+1)_ Z (j~2+1)
— b—\J\Jr Z p mi€l ko €IC
ICqL,....d}
- Z Vro
3 > p
0<73y <Jjiy Yig 20,i2€1¢
1€l
Do a2 | 2n—v=2 > vk =2 D (fry+1)+1
Kko€lI€ k1€l ko€l
+
, = 20 Ury )= D0 (rg 1)
< plil+ Z p mi€l ko€lC
IC{1,....d}
o0
3 > b+
Oﬁ’ﬁléjil
el r={2n—v-2 > v =2 > (Jro+1)+1
k1€l Ko€I® .
A = 3 Uri D)= Y (mg+1) —2n4+04+2 Y Y 42 D (rg+1)
< b_‘]‘Jr Z b k1€l ro€lI® Z b k1€l Ko€IC X
I¢{1,....d} 0<vi; <Jiy
1€l
d—1—#1
X[2n—v=2> 7, =2 (r+1)+1
r1€l Kko€l€
, = 3 Gt 0 (ro 1) 220 1
< plil+—2n+v Z p miel rg€lC Z p el
I¢{1,...,d} 0<v;, <jiy

1€l

16
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k1€l ko€l

d—1
X (2n_v_227N1_2 Z (jn2+1)+1)
Y UGy tD)+ D0 (gt

< plile =2t Z priel roEI€ %
{1, d}

k1€l ko€l®

d—1
X (2n—v—22(jm+1)—2 > (j@+1)+1)

<72 (20 — v — 20

We are now ready to prove the theorems.

Proof of Theorem[1.1 Let Dpy be an order 2 digital (v,n,d)-net in base b. We apply
Theorem hence we need to prove

Yoo S (Dp hyma) P 07T
jeNil mEID)j,ZGIB%j

We recall that #D; = blil+ | #B; = b — 1. We split the sum and apply Proposition
to get

Z ber Z |<D’Pg’ hfj,m,l>|2

jENil mE]D)j,lij
7]+ <n—[v/2]
< Z plil+ plil+ p—adn+2v (2n—v — 2|j|+)2(d—1)

jENT
i+ <n—[v/2]
n—v/2-1
< pintv Z b2F (2n — v — 26)2@7Y () 4+ 1)41
k=0

< pAnH2 2= (9 gy — 2 4 )24 (g — g /2)0 !

< b72n+v ndfl

for big intervals,

> il N (D hjma) |
jeNCil mGID)j, lGBj
n>|jl4>n—[v/2]
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< Z plil+ plil+ p=2lil+ —2n+v
jENT
n>|jl+ =2n—[v/2]

n—1

< b—2n+v Z (H—i— 1)d—1
k=n—[v/2]

= b—2n+’u nd—l v

for middle intervals and

S S [(Dpo, )|
jeN? meD;, leB;
l7]+>n
< Z plil+ pr p=2lil+—2ntv | Z plal+ (plil+ — pry p= 4+
jeN? jEN?
lil+>n lil+>n
oo o
< b—n-i—v Z pr (H + l)d_l + Z b—Ql‘i (H + 1)d—1
K=n KR=n
< p2ntv pd-1
for small intervals. O

Proof of Theorem[I1.3. Let Dpy be an order 1 digital (v,m,d)-net in base b. We apply
Theorem hence we need to prove

a/p
p) < pn(r=1a p(d=1) pog

Z bj+(r_1/p+1)q( Z |(Dpb, hjm.1)

jeNil mGDJ',ZGBj

We recall that #D; = blil+ #B; = b — 1. We split the sum and apply Minkowski’s
inequality and Proposition [5.6] to get

a/p
Z plil+(r=1/p+1)q ( Z |<DP3’ Bjm.1) p)
jEND meD;, leB;
i+ <n—v
< Z plal+(r=1/p+ 1) plil+a/p p(=lils =ntv)a () — |j|+)(d—1)q
jeENL,
7+ <n—v

n—v—1

< b(—n+v)q Z prra (n —y— ’i)(dfl)q (K, + 1)d—1
k=0
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Y T D R

< bn(rfl)q ndfl bv(lfr)q

for big intervals,

q/p
T [
jENil meD;, [eB;
n>[jl4+>n—v
< Z plil+(r=1/p+1)q plil+a/p p(=lil+ —n+v)q
JENE,
n>[jl4>n—v
n—1
Sb(*nJrU)q Z bﬁrq(lﬁ—i—l)d*l
R=n—v

=< b(fnJrv)q pnrd ndfl

< bn(r—l)q n(d—l) KK

for middle intervals and considering the range of r

q/p
$ bj+(r1/p+1)q( > |<pr,hjml>|1’>

jGNfl ’VTLED]'JEB]'

lil+=>n

< Z plil+(r=1/p+1)q pna/p p(=ljl+ —n+v)g 4 Z plal+(r=1/p1a (plile _ pnya/p p=2lil+a
jeNil jeNd_l
|7]+>n 7]+>n

< bnq/p b(—n-l—v)q Z bn(r—l/p)q (/{ + 1)d—1 + Z bﬁ(r—l)q (l{, + 1)d—1

< pna/p p(=ntv)g yn(r=1/p)gd=1 4 pn(r—1)q pd—1

< bn(r—l)q n(d—l) pve

for small intervals. ([

Proof of Theorem[1.3 Let Dpy be an order 2 digital (v,n,d)-net in base b. The proof
is similar to the proof of Theorem [I.2] We apply Proposition [5.7] instead of [5.6] to get

a/p
3 blj+(T—1/P+1)‘Z( > |(pr,hjml>|p)

jeNil mED]’,lEBj
71+ <n—[v/2]
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< Z plil+(r=1/p1)a plilva/p p(=2nt0)a (9 — o — 9| |, )¢ 1)
jENZ
|71+ <n—[v/2]
n—v/2—1
< b(72n+v)q Z bn(r+1)q (2n - 2R)(d—1)q (:‘Q + 1)d71
k=0

< p(2n+)a v/ (/9 4 1)d]

< bn(r—l)q nd—l bv/?(l—r)q

and analogous results for the other subsums. O

Proof of Corollaries and[I.7]. The results for the Triebel-Lizorkin spaces
follow from Theorem [2.1] and Theorems [I.2] and [I.3] respectively. The results for the

Sobolev spaces then follow in the case g = 2. O
Proof of Theorem[I.8 The result follows from Corollary [[.7 in the case r = 0. O
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