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Finite Groups with Sylow numbers {7%, 4, b}
by Iris Koster

Let G be a finite group and let 7(G) be the set of prime divisors of the
order of G. The number of Sylow p-subgroups in G is denoted by 7,(G)
and sn(G) = {n,(G) |p € n(G)} is called the set of Sylow numbers of G.

A series of articles studies finite groups with given Sylow numbers in
order to get criterions for solvability. Groups with odd or prime power
Sylow numbers [Guo96] are solvable as well as groups with less then 3
Sylow numbers [Luc98].

Florian Luca stated in [Luc98] the following result.

Theorem. A finite group G is solvable provided one of the following
conditions holds.

a) sn(G) = {a, b},
b) sn(G) ={1,a,b},

c) sn(G) = {q%,a, b}, where q is a prime number and either gcd(a, b) = 1
or g1 ab.

Unfortunately the proof is based on [Zha95, Theorem 1] which has been
disproved by a counterexample in [Chi98].

In [Mor12] Alexander Moret6 verified part a) of the theorem. The purpose
of this note is to establish parts b) and c). The second assertion has been
proved in my Master thesis ([Koel3, p. 30]) whileas the proof of the third
part is new.

Note that [Zha95, Theorem 1] and [Zha95, Theorem 3] are valid for groups
which do not have a composition factor isomorphic to the projective
special unitary group Us(2/), where f is even and not divisible by 3. For
such groups Luca’s proof given in [Luc98] remains vaild. Thus it suffices
to establish the following fact.

Proposition 1. Let G be a group with Sylow numbers sn(G) = {g*,4, b}.
Then G does not have a composition factor isomorphic with Us(r) where
r =2f, f is even and not divisible by 3.

Proof of part Proposition 1. In [Chi98, Proof of Theorem 1] the Sylow
numbers of Us(r) are given as
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We have to prove the following claim: every Sylow number n,(U3(r)) of
the projective special unitary group is divided by at least two different
primes. It is obvious, that (1> + 1)/2 = 23123 + 1), P(r - 1)(2 = r+ 1)/6
and r3(r + 1)*(r — 1)/3 are divided by 2 and at least one odd prime.

We analyse the greatest common divisor of (r + 1) and (r* — 7 + 1): ged(r +
1,”2—r+1)=gcd(r+ 1,7 —=r+1 mod r+ 1) = gcd(r + 1,3 mod r + 1)
either is 1 or 3. If gcd(r + 1,72 — r + 1) = 1 the claim follows immediately.
If gcd(r+ 1,72 —r+1) = 3, then either r + 1 or ¥* — r + 1 is divided by 3 but
notby 9.+ 1 as well as 2 —r+1are greater than 5, so one of the factors
owns a prime divisor s # 3.

Suppose H = Us(r), r = 2/, f even and 3 1 f, is a composition factor of G.
By [Zha95, Lemma 1] 1,(H) divides 1,(G). None of the Sylow numbers of
H are of prime power order. Therefore n,(H)|ab.

Note, there exist primes p1, p» € i(H) with n,, (H)|a and n,,(H)|b: Assume
p2 € m(ny, (H)) for a p1 € n(H) and ny, (H)la. Then n,, (G) = a. Therefore
1p,(G) =1 mod p, cannot divide a. Due to the fact that n,,(H)ln,,(G) is
no prime power, 11,,(G) cannot be a prime power and 7,,(G) = b. Because
of ny,(H)Iny,(G) = b the sylow number n,, (H) has to divide b.

Assume gcd(a,b) = 1. Without loss of generality we suppose n,(H) =
(r3(r* + 1)/2)|a for one p € w(H). There exist a sylow number ny(H) in H
with ng(H)|b for one s € t(H).

We consider ns(H) = (r+1)(r*=r+1). Then ged ((r+1)(r2—r+1), *(r*+1)/2) =
r* +1 # 1. Choose k € n(r* + 1). k divides n,(H) and n5(H) and it follows
k| ged(n,(H), ns(H))| ged(a, b) = 1. So r® — 1 can’t divide b.

Suppose n5(H) = *(r — 1)(r> = r + 1)/6. Then r*(r> — r + 1)/6 # 1 divides
ged(r(r—1)(r* = r+1)/6,73(r* + 1)/2). Choose k € nt(r*(r* —r +1)/6). Then
k divides gcd(n,(H)lns(H))| ged(a,b) = 1 and k = 1. It follows ns(H) #
-1 -r+1)/6.

Assume n5(H) = *(r+1)?(r—1)/3. Then r*(r+ 1)/3 is a divisor of ged(r3(r +
1)%(r — 1)/3,73(r® + 1)/2). Choose k € nt(r3(r + 1)/3). As before it is k = 1.
We conclude, all sylow numbers of H divide a and do not divide b, a

contradiction to the fact, there has to be one sylow number which divides
b.

Suppose q { ab. There exist sylow numbers n,, (H), n,,(H) with n,, (H)la
and n,,(H)|b. Note, that ged(n,, (H), n,,(H)) # 1 for any sylow numbers
of H. Choose k € ni(gcd(n,, (H), np,(H))). It is n(H) = 1 mod k. Because
of k| ged(ny, (H), np,(H))| ged(a, b) and ni(H)|nk(G) € {g*,a,b} we conclude



that n,(H)|g%, a contradiction to the fact, that n(H) € sn(H) can’t be of
prime power order.

The conclusion of the proposition holds as well provided sn(G) = {1, a, b}.
So this gives in the same way a proof of part b) of the theorem. However
in order to prove b) we give a proof based on M.Hall’s formula for the
behaviour of Sylow numbers under group extensions as it is given in
[Koel3].

Theorem. ([Hal67, Theorem 2.1] Let G be a finite group and M < G. Then

1,(G) = 1, (G /M)y (M)n,(Npu(P 1 M)/P 1 M).

The proof of part b) is based on the following

Proposition 2. Let G be a group with sn(G) = {1,a,b}. Let Q be a nor-
mal Sylow g-subgroup of G. Then the Sylow numbers of G/Q either are

sn(G/Q) = (1,a,b}, sn(G/Q) = (@b, sn(G/Q) = (1,a) (resp. sn(G/Q) =
{1,b}) or sn(G/Q) = {1}, where 7 is the g’-part of a respectively b is the
q’-part of b.

Proof of Proposition 2. Let p # g and let P € Syl (G). Let q* be the highest

power of g with g|n,(G).
Then

1y(G) = mp(G/Q)mp(Q)mp(Npo(P N Q)/(P N Q) = 1,(G/Q) - 1,(PQ)

and n,(PQ) = g* duetoq t 1,(G/Q). Therefore n,(G/Q) € {1,4, b).

Proof of part b). We use induction on |G|: If |G| = 2, then |G] is solvable.
Consider |G| > 3 and [(G)| > 3. There exist a normal Sylow g-subgroup
Q of G with n,(G) = 1. Q is as g—group solvable. With Proposition 2
G/Q has 3 or less Sylow numbers. G/Q is solvable for [n,(G/Q)| < 2. If

n,(G/Q) = {1,a, b} we use the induction hypothesis for G/Q.
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