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Abstract
The problem of estimation of a univariate regression function from latent variables given
an independent and identically distributed sample of the observable variables in the cor-
responding common factor analysis model is considered. Nonparametric least squares
estimates of the regression function are defined. The strong consistency of the esti-
mates is shown for subgaussian random variables whose characteristic function vanishes
nowhere. This consistency result does not require any assumptions on the structure or
the smoothness of the regression function.

Key words and phrases: Common factor analysis, latent variables, least squares, non-
parametric regression, consistency.

AMS classification: Primary 62G08; secondary 62G20.

1 Introduction

One of the fundamental problems of modern statistics is the problem of nonparametric
regression. Here one considers an Rd ×R-valued random vector (Z1, Z2) with EZ2

2 <∞
and the dependency of Z2 on the value of Z1 is of interest. More precisely, the goal is to
find a function f : Rd → R such that f(Z1) is a “good approximation” of Z2. If the main
aim of the analysis is minimization of the mean squared prediction error or L2 risk

E{|f(Z1)− Z2|2}, (1)

then the optimal function is the so-called regression function m : Rd → R, m(z1) =
E{Z2|Z1 = z1}. Indeed, for an arbitrary (measurable) function f : Rd → R we have

E{|f(Z1)− Z2|2} = E{|m(Z1)− Z2|2}+

∫
|f(z1)−m(z1)|2PZ1(dz1) (2)

1Running title: Latent regression estimation
2corresponding author, phone: +49 (0) 6151 - 16-2494
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(cf., e.g., Section 1.1 in Györfi et al. (2002)). Since the integral on the right-hand side of
(2) is always nonnegative, (2) implies that the regression function is the optimal predictor
in view of minimization of the L2 risk:

E{|m(Z1)− Z2|2} = min
f :Rd→R

E{|f(Z1)− Z2|2}. (3)

In addition, any function f is a good predictor in the sense that its L2 risk is close to
the optimal value, if and only if the so-called L2 error∫

|f(z1)−m(z1)|2PZ1(dz1) (4)

is small. This motivates to measure the error caused by using a function f instead of the
regression function by the L2 error (4).

In applications, usually the distribution of (Z1, Z2) (and hence also the regression func-
tion) is unknown. But often it is possible to observe a sample of the underlying dis-
tribution. This leads to the regression estimation problem. Here (Z1, Z2), (Z1,1, Z2,1),
(Z1,2, Z2,2, . . . ) are independent and identically distributed random vectors. The set of
data

Dn = {(Z1,1, Z2,1), . . . , (Z1,n, Z2,n)}

is given, and the goal is to construct an estimate mn(·) = mn(·,Dn) : Rd → R of the
regression function such that the L2 error

∫
|mn(z1)−m(z1)|2PZ1(dz1) is small.

The problem of nonparametric regression in the above described setting is nowadays well
understood. In particular it was shown in Stone (1977) that there exists universally
consistent regression estimates, i.e., that suitably defined nearest neighbor estimates mn

satisfy

E

∫
|mn(z1)−m(z1)|2PZ1(dz1)→ 0 (n→∞)

for all distributions of (Z1, Z2) satisfying EZ2
2 < ∞. Related results have been shown

for many other estimates, which include, e.g., results on the kernel regression estimate
(cf., e.g., Nadaraya (1964, 1970), Watson (1964), Devroye and Wagner (1980) or Devroye
and Krzyżak (1989)), the partitioning regression estimate (cf., e.g., Györfi (1981), Nobel
(1996) or Beirlant and Györfi (1998)), the nearest neighbor regression estimate (cf.,
e.g., Devroye (1982), Devroye, Györfi, Krzyżak and Lugosi (1994), Mack (1981) or Zhao
(1987)), least squares estimates (cf., e.g., Lugosi and Zeger (1995)) or smoothing spline
estimates (cf., e.g., Kohler and Krzyżak (2001)). A summary of the main results can be
found in the monograph by Györfi et al. (2002).

The main aim of the current paper is to try to achieve similar results in a setting, where
the variables Z1 and Z2 cannot be observed explicitely, instead only observable indicators
corresponding to these random variables are given. Such models are studied in various
areas including psychology, social sciences, education or economics, where theoretical
concepts such as intelligence, desirability or welfare are of great importance. These
concepts cannot be measured directly but observable indicators (or manifest variables),
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such as scores on IQ-tests, are given. To model such concepts theoretically usually latent
variable models are used.

The starting point of latent variable models are structural assumptions on the underlying
latent variable model. LetX and Y be RdX - and RdY -valued observable random variables
(manifest variables). In order to analyze the relation between X and Y we assume that
they depend linearly on some hidden and unobservable variables Z1 and Z2, where Z1 and
Z2 are dZ1- and dZ2-dimensional random vectors, resp. We assume a simple structure
in terms of a single cause of variation (i.e., a single latent variable) for each manifest
variables. I.e., each of the components of the manifest variables is influenced by at most
one of the components of the latent variables. In order to simplify the notation, we will
assume furthermore that the two latent variables Z1 and Z2 are real-valued, in which
case our model is given by 

X(1)

X(2)

...
X(d)

Y (1)

Y (2)

...
Y (l)


=



1 · Z1

a2 · Z1
...

ad · Z1

1 · Z2

b2 · Z2
...

bl · Z2


+



ε1
ε2
...
εd
δ1
δ2
...
δl


. (5)

Here a2, . . . , bl are real numbers and Z1, Z2, ε1, . . . εd, δ1, . . . , δl are real random variables
such that E{εj} = E{δk} = 0 holds.

One possibility to fit such a (or even a much more general) latent variable model to data
is to assume that the underlying distribution is Gaussian, and therefore it is uniquely
determined by its covariance structure. Then the maximum likelihood principle can be
used to fit the latent variable model to observed data.

In this paper we try to avoid as far as possible assumptions on the distributions of the
random variables occuring in the above latent variable model and we use techniques of
nonparametric regression in order to analyze the dependency between the latent variables
Z1 and Z2.

Of course, in order to be able to do this we need assumptions which ensure that the joint
distribution of the latent variables is uniquely determined by the joint distribution of
the observable manifest variables. The main trick here is that we make an independence
assumption: We assume that random errors occurring in the manifest variables are inde-
pendent from the latent variables, furthermore we need to assume that the characteristic
function of the manifest variables does not vanish at any point.

Our main result is a consistency result of a nonparametric regression estimate of the
regression function m(z1) = E{Z2|Z1 = z1} which holds whenever suitable exponential
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moments of the random variables in (5) exists. Here we do not need any assumption on
structure or the smoothness of the regression function.

Known applications of regression estimation to latent variables in the literature are
mainly restricted to parametric models, often formulated with so-called structural equa-
tions models, for surveys see, e.g., Marsh, Wen and Hau (2004) or Schumacker and
Marcoulides (1998). In Paul et al. (2008) a high-dimensional linear regression problem is
considered, where a low dimensional latent variable model determines the response vari-
able. Principal component analysis is used to estimate the underlying latent variables,
and it is assumed that all variables have a Gaussian distribution. A generalization of
Gaussian latent variable models to the case that the manifest variables are indirect obser-
vations of normal underlying variables can be done via generalized linear latent variable
models, cf., e.g., Conne, Ronchetti and Victoria-Feser (2010). Surveys on latent variables
and its applications can be found, e.g., in Bollen (2002) and Skrondal and Rabe-Hesketh
(2007).

The only nonparametric regression estimate we know in this context was proposed in
Kelava et al. (2012), however the consistency result there is valid only for Lipschitz
continuous regression functions where a bound on the Lipschitz constant must be known.
Our method extends this results to non smooth regression functions by modifying the
estimate there. Instead of trying to estimate the latent variable model (5) such that
the independence assumption between latent variables and the errors in the manifest
variables is satisfied, we estimate it such that certain relations between the characteristic
function of the random variables in model (5) hold.

1.1 Notation

Throughout this paper we use the following notation: the sets of integers, rational num-
bers and real numbers are denoted by N, Q, and R respectively. For a real-valued function
f : D → R with domain D, let

‖f‖∞ := sup
x∈D
|f(x)|

denote its supremum norm. In the same spirit, we will use

‖f‖∞,I := sup
x∈I
|f(x)|

to denote the supremum of f over some subset I ⊂ D.

We will call a random variable Z subgausian if there exists c > 0 such that

E{exp(c|Z1|2)} <∞

holds.
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If X is a Rd-valued random variable, we denote the j-th component of X by X(j). The
characteristic function of X is given by

ϕX(u) = E{ei·uTX} (u ∈ Rd).

Given an independent and identically distributed sample X1, X2, X3, . . . of X, we will
denote the empirical characteristic function by

ϕXn
1

(u) =
1

n

n∑
j=1

ei·u
TXj .

The distribution of X will be denoted by PX . For f : D → R we write

x = arg min
z∈D

f(z)

in case that
x ∈ D and f(x) = min

z∈D
f(z).

To simplify notation concerning rates of convergence, we will use a generic constant
C > 0, i.e., the value of C might be different in each equation containing C.

1.2 Outline

The estimate is defined in Section 2, the main result is formulated in Section 3, and the
proofs are given in Section 4.

2 Definition of the estimate

In the sequel we consider the common factor analysis (5) with the following additional
assumptions:

A1) d ≥ 3 and l ≥ 3

A2) the coefficients a2, . . . , ad ∈ R and b2, . . . , bl ∈ R are all different from zero

A3) Z1 and Z2 are square integrable real-valued random variables with E{Z2
1} > 0 and

E{Z2
2} > 0

A4) ε1, . . . , εd and δ1, . . . , δl are real-valued random variables with E{εj} = E{δk} = 0
for all j ≤ d and k ≤ l

A5) (Z1, Z2), ε1, . . . , εd, δ1, . . . , δl are independent

A6) the characteristic function of (X,Y ) := (X(1), . . . , X(d), Y (1), . . . , Y (l)) vanishes
nowhere
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Let
(X,Y ), (X1, Y1), (X2, Y2), . . .

be independent and identically distributed, and denote the latent variables and random
errors corresponding to Xi = (X

(1)
i , . . . , X

(d)
i )T and Yi = (Y

(1)
i , . . . , Y

(l)
i )T by Z1,i, Z2,i,

ε1,i, . . . , δl,i. Given
Dn = {(X1, Y1), . . . , (Xn, Yn)}

we consider the problem of constructing an estimate mn(·) = mn(·,Dn) : R → R of
m : R→ R defined by

m(z1) = E{Z2|Z1 = z1}

such that ∫
|mn(z1)−m(z1)|2PZ1(dz1)

is small.

We start with the definition of the estimate by estimating the coefficients aj and bk. We
set a1 := 1 and b1 := 1. By our independence assumption we observe that for i 6= j we
have

E{X(j) ·X(i)} = E{(ajZ1 + εj) · (aiZ1 + εi)}
= E{ajaiZ2

1}+ E{εj · aiZ1}+ E{εi · ajZ1}+ E{εi · εj}
= ajaiE{Z2

1}.

Thus, since Z1, Z2 are square integrable we have

a2 =
E{X(2) ·X(3)}
E{X(1) ·X(3)}

and aj =
E{X(2) ·X(j)}
E{X(1) ·X(2)}

for j ∈ {3, . . . , d},

and similarly

b2 =
E{Y (2) · Y (3)}
E{Y (1) · Y (3)}

and bk =
E{Y (2) · Y (k)}
E{Y (1) · Y (2)}

for k ∈ {3, . . . , l}.

We set â1 = b̂1 = 1 and construct our estimates as the empirical analogues

â2 =
1
n

∑n
i=1X

(2)
i ·X

(3)
i

1
n

∑n
i=1X

(1)
i ·X

(3)
i

and âj =
1
n

∑n
i=1X

(2)
i ·X

(j)
i

1
n

∑n
i=1X

(1)
i ·X

(2)
i

and

b̂2 =
1
n

∑n
j=1 Y

(2)
j · Y (3)

j

1
n

∑n
j=1 Y

(1)
j · Y (3)

j

and b̂k =
1
n

∑n
j=1 Y

(2)
j · Y (k)

j

1
n

∑n
j=1 Y

(1)
j · Y (2)

j

for j, k > 2.

6



Let ẑ1,i be an estimate of Z1,i. By X(j)−ajZ1 = εj for j ∈ {1, . . . , d} we obtain estimates
ε̂j,i of εj,i = X

(j)
i − ajZ1,i via

ε̂j,i = X
(j)
i − âj ẑ1,i.

The estimates of δk,i are similarly defined as

δ̂k,i = Y
(k)
i − b̂kẑ2,i.

Next we define the estimates (ẑ1,i, ẑ2,i) of (Z1,i, Z2,i) for i = 1, . . . , n. It follows from
Kelava et al. (2012) (cf., Lemma 1 below), that the following three relations between the
characteristic functions of (X,Y ), (Z1, Z2), ε1 and δ1 and their partial derivatives hold:

ϕ(X,Y )(u1, 0, . . . , 0, v1, 0, . . . , 0) = ϕ(Z1,Z2)(u1, v1) · ϕε1(u1) · ϕδ1(v1),

∂

∂u2
ϕ(X,Y )(u1, 0, . . . , 0, v1, 0, . . . , 0) = a2 ·

∂

∂u1
ϕ(Z1,Z2)(u1, v1) · ϕε1(u1) · ϕδ1(v1)

and

∂

∂v2
ϕ(X,Y )(u1, 0, . . . , 0, v1, 0, . . . , 0) = b2 ·

∂

∂v1
ϕ(Z1,Z2)(u1, v1) · ϕε1(u1) · ϕδ1(v1).

In the definition of our estimate we choose (ẑ1,i, ẑ2,i) such that these relations approxi-
mately hold between the corresponding empirical characteristic functions. More precisely,
we choose K̂n ∈ N0 depending on the data X1, . . . , Xn,Y1, . . . , Yn by

K̂n :=

min

{
bn

1
11 c,max{K ∈ N : inf

u,v∈[−
√
K,
√
K]

∣∣ϕ(X(1),Y (1))n1
(uπ, vπ)

∣∣ ≥ 1

log(n)
}

}
. (6)

We will show in the proofs that K̂n tends to infinity almost surely. Let us define a
truncation height by L̂n :=

√
K̂n and set L̂∗n := 2 · L̂n = 2 ·

√
K̂n. We construct an

estimated sample (ẑ1,1, ẑ2,1), . . . , (ẑ1,n, ẑ2,n) of (Z1, Z2) by minimizing

Tn(ẑ1, ẑ2) :=

sup
u1,v1∈[−2K̂n,2K̂n]

{∣∣∣∣∣ϕ(X(1),Y (1))n1
(
πu1

L̂∗n
,
πv1

L̂∗n
)− ϕ(ẑ1,ẑ2)n1

(
πu1

L̂∗n
,
πv1

L̂∗n
) · ϕε̂n1,1(

πu1

L̂∗n
) · ϕδ̂n1,1(

πv1

L̂∗n
)

∣∣∣∣∣
+

∣∣∣∣∣ ∂∂u2ϕ(X,Y )n1
(
πu1

L̂∗n
, 0, . . . , 0,

πv1

L̂∗n
, 0, . . . , 0)

− â2 ·
∂

∂u1
ϕ(ẑ1,ẑ2)n1

(
πu1

L̂∗n
,
πv1

L̂∗n
) · ϕε̂n1,1(

πu1

L̂∗n
) · ϕδ̂n1,1(

πv1

L̂∗n
)

∣∣∣∣∣
+

∣∣∣∣∣ ∂∂v2ϕ(X,Y )n1
(
πu1

L̂∗n
, 0, . . . , 0,

πv1

L̂∗n
, 0, . . . , 0)
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− b̂2 ·
∂

∂v1
ϕ(ẑ1,ẑ2)n1

(
πu1

L̂∗n
,
πv1

L̂∗n
) · ϕε̂n1,1(

πu1

L̂∗n
) · ϕδ̂n1,1(

πv1

L̂∗n
)

∣∣∣∣∣
}

(7)

under the constraint 1
n ·
∑n

j=1 ẑ
8
2,j ≤

√
K̂n. We estimate the regression function m by

a least squares estimate

mn(·) = arg min
f∈Fn

1

n

n∑
i=1

|ẑi,2 − f(ẑi,1)|2, (8)

where Fn is the set of trigonometric polynomials

Fn =
{
f : R→ R

∣∣∣
f(z) =

K̂n∑
k=0

ak cos

(
k · π

L̂∗n
· z

)
+

K̂n∑
k=0

bk sin

(
k · π

L̂∗n
· z

)
, ak, bk ∈ [−βn, βn]

}
. (9)

Here the degree K̂n is defined in (6) and βn > 0 is a parameter of the estimate.

Our main result is the following theorem.
Theorem 1. Assume that in the model (5) the assumptions A1), . . . A6) hold. Further-
more assume that Z1 and Z2 as well as ε1, . . . , δl are subgaussian.

Define K̂n by (6) and Fn as in (9) with L̂∗n = 2 · L̂n = 2 ·
√
K̂n and βn = n

1
11 . Define

the estimated sample (ẑ1,i, ẑ2,i) of (Z1, Z2) by minimizing (7) under the constraint 1
n ·∑n

j=1 ẑ
8
2,j ≤

√
K̂n. Define mn as in (8).

Then the L2-error of mn converges to 0 almost surely, i.e.,∫
|mn(x)−m(x)|2PZ1(dx)→ 0 (n→∞)

with probability one.

Remark 1. The above consistency result holds whenever several regularity assumption
in the common factor analysis model (5) are satisfied. First of all, we need that in
our common factor analysis model the distribution of the observable variables uniquely
determines the distribution of the latent variables, therefore we assume that the errors
are independent of the latent variables and have mean zero, and that the characteristic
function of the observable random variables does not vanish at any point. Secondly we
need that all random variables satisfy some exponential moment condition. Otherwise
we do not need any regularity conditions, in particular we do not need that the regression
function satisfies some structural assumption or that it is smooth, and we do not make
any parametric assumption on the underlying distribution.

Remark 2. It should be possible to extend the above result to a latent variable model
where the dimension of Z1 is multivariate and to derive in this model a consistency result
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of the corresponding multivariate regression function. In order to simplify the notation
we did not try to do this in the current paper.

Remark 3. It is an open problem how to extend the above result to a more general least
squares estimates (based on a general function space) and whether the above consistency
result holds under weaker moment conditions.

Remark 4. As soon as one imposes smoothness assumption on the regression function,
it should be possible to derive in the above common factor analysis model even results
concerning the rate of convergence of the L2 error. It is an open problem what the
optimal minimax rates of convergence are in the above model and how one can define
estimates which achieve them.

3 Proofs

In the proofs we will need bounded variants of the random variables occurring in the
latent variable model. We define the truncated Z1 by

Z1,L̂n
:=

{
Z1 for |Z1| < L̂n

sign(Z1) · L̂n for |Z1| ≥ L̂n.
(10)

Truncated variants of Z2, X
(1), . . . , Y (1), ε1, . . . , δ1 are defined similarly.

Furthermore we need a set of trigonometric polynomials in two variables corresponding
to Fn. Let Gn be the set consisting of all functions of the form

g(z1, z2) =

2·K̂n∑
j,k=0

aj,k · cos

(
k · π

L̂∗n
· z1

)
· cos

(
j · π
L̂∗n
· z2

)

+

2·K̂n∑
j,k=0

bj,k · cos

(
k · π

L̂∗n
· z1

)
· sin

(
j · π
L̂∗n
· z2

)

+

2·K̂n∑
j,k=0

cj,k · sin

(
k · π

L̂∗n
· z1

)
· cos

(
j · π
L̂∗n
· z2

)

+

2·K̂n∑
j,k=0

dj,k · sin

(
k · π

L̂∗n
· z1

)
· sin

(
j · π
L̂∗n
· z2

)

where aj,k, bj,k, cj,k, dj,k ∈ [−10 · K̂n · β2n, 10 · K̂n · β2n].

Lemma 1. Let X(1), . . . X(d), Y (1), . . . , Y (l), Z1, Z2, ε1, . . . , εd, δ1, . . . , δl be real-valued
random variables such that the assumptions A1) to A6) are fulfilled. If (5) holds for
some constants a2, . . . , ad,b2, . . . , bl we have

ϕ(X,Y )(u1, 0, . . . , 0, v1, 0, . . . , 0) = ϕ(Z1,Z2)(u1, v1) · ϕε1(u1) · ϕδ1(v1),
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∂

∂u2
ϕ(X,Y )(u1, 0, . . . , 0, v1, 0, . . . , 0) = a2 ·

∂

∂u1
ϕ(Z1,Z2)(u1, v1) · ϕε1(u1) · ϕδ1(v1)

and

∂

∂v2
ϕ(X,Y )(u1, 0, . . . , 0, v1, 0, . . . , 0) = b2 ·

∂

∂v1
ϕ(Z1,Z2)(u1, v1) · ϕε1(u1) · ϕδ1(v1).

Furthermore, the coefficients a2, . . . , ad,b2, . . . , bl and the distribution of (Z1, Z2) as well
as the distributions of the errors ε1, . . . , εd, δ1, . . . , δl are uniquely determined by the dis-
tribution of (X(1), . . . , X(d), Y (1), . . . , Y (l)).

Proof. This is Lemma 1 in Kelava et al. (2012). �

Lemma 2. Let (K̂n)n be a sequence of R-valued random variables with K̂n →∞ almost
surely and let (βn)n be a sequence of R-valued random variables. If

K̂3
n ·β2n · sup

k,j∈Z,|k|≤2·K̂n,|j|≤2·K̂n

∣∣∣∣∣ϕ(ẑ1,ẑ2)n1

(
j · π
L̂∗n

, k · π
L̂∗n

)
− ϕ(Z1,Z2)

(
j · π
L̂∗n

, k · π
L̂∗n

)∣∣∣∣∣→ 0

almost surely, then

sup
g∈Gn

∣∣∣∣∣ 1n
n∑
l=1

g(ẑ1,l, ẑ2,l)−
∫
g(Z1, Z2)P(Z1,Z2)(d(z1, z2))

∣∣∣∣∣→ 0

almost surely.

Proof. Set

An,1 := sup
k,j∈Z,|k|≤2·K̂n,|j|≤2·K̂n

∣∣∣∣∣ 1n
n∑
l=1

cos

(
k · π

L̂∗n
· ẑ1,l

)
· cos

(
j · π
L̂∗n
· ẑ2,l

)

−
∫

cos

(
k · π

L̂∗n
· z1

)
· cos

(
j · π
L̂∗n
· z2

)
P(Z1,Z2)(d(z1, z2))

∣∣∣∣∣,

An,2 := sup
k,j∈Z,|k|≤2·K̂n,|j|≤2·K̂n

∣∣∣∣∣ 1n
n∑
l=1

cos

(
k · π

L̂∗n
· ẑ1,l

)
· sin

(
j · π
L̂∗n
· ẑ2,l

)

−
∫

cos

(
k · π

L̂∗n
· z1

)
· sin

(
j · π
L̂∗n
· z2

)
P(Z1,Z2)(d(z1, z2))

∣∣∣∣∣,

An,3 := sup
k,j∈Z,|k|≤2·K̂n,|j|≤2·K̂n

∣∣∣∣∣ 1n
n∑
l=1

sin

(
k · π

L̂∗n
· ẑ1,l

)
· cos

(
j · π
L̂∗n
· ẑ2,l

)

10



−
∫

sin

(
k · π

L̂∗n
· z1

)
· cos

(
j · π
L̂∗n
· z2

)
P(Z1,Z2)(d(z1, z2))

∣∣∣∣∣
and

An,4 := sup
k,j∈Z,|k|≤2·K̂n,|j|≤2·K̂n

∣∣∣∣∣ 1n
n∑
l=1

sin

(
k · π

L̂∗n
· ẑ1,l

)
· sin

(
j · π
L̂∗n
· ẑ2,l

)

−
∫

sin

(
k · π

L̂∗n
· z1

)
· sin

(
j · π
L̂∗n
· z2

)
P(Z1,Z2)(d(z1, z2))

∣∣∣∣∣.
By assumption the product of K̂3

nβ
2
n and the absolute value of

Θj,k :=
1

n

n∑
l=1

exp
(
i
(π · j
L̂∗n

ẑ1,l +
π · k
L̂∗n

ẑ2,l
))
−E

{
exp
(
i ·
(π · j
L̂∗n
· Z1 +

π · k
L̂∗n
· Z2

))}

converges uniformly to 0 a.s. for every (j, k) ∈ {−2 · K̂n,−2 · K̂n + 1, . . . , 2 · K̂n}2. Thus
K̂3
nβ

2
n · |(Θj,k + Θj,(−k))| also converges to 0 uniformly almost surely. By

Re exp(ix) = cos(x) and cos(x+ y) + cos(x− y) = 2 cos(x) cos(y) (x, y ∈ R)

we obtain

Re

(
exp
(
i
(π · j
L̂∗n

ẑ1,l +
π · k
L̂∗n

ẑ2,l
)))

+Re

(
exp
(
i
(π · j
L̂∗n

ẑ1,l +
π · (−k)

L̂∗n
ẑ2,l
)))

= cos
(π · j
L̂∗n

ẑ1,l +
π · k
L̂∗n

ẑ2,l
)

+ cos
(π · j
L̂∗n

ẑ1,l +
π · (−k)

L̂∗n
ẑ2,l
)

= 2 cos
(π · j
L̂∗n

ẑ1,l
)
· cos

(π · k
L̂∗n

ẑ2,l
)
.

Together with

Re
(
Θj,k + Θj,(−k)

)
=

1

n

n∑
l=1

Re

(
exp
(
i
(π · j
L̂∗n

ẑ1,l +
π · k
L̂∗n

ẑ2,l
)))

+Re

(
exp
(
i
(π · j
L̂∗n

ẑ1,l +
π · (−k)

L̂∗n
ẑ2,l
)))

−E

{
Re

(
exp
(
i
(π · j
L̂∗n
· Z1 +

π · (−k)

L̂∗n
· Z2

)))

+Re

(
exp
(
i
(π · j
L̂∗n
· Z1 +

π · k
L̂∗n
· Z2

)))}
,

we get
K̂3
nβ

2
n sup
k,j∈Z,|k|≤2·K̂n,|j|≤2·K̂n

|Re(Θj,k + Θj,(−k))| = 2 · K̂3
nβ

2
nAn,1.

11



Since

K̂3
nβ

2
n sup
k,j∈Z,|k|≤2·K̂n,|j|≤2·K̂n

|Re(Θj,k + Θj,(−k))|

≤ K̂3
nβ

2
n sup
k,j∈Z,|k|≤2·K̂n,|j|≤2·K̂n

|(Θj,k + Θj,(−k))| → 0 (a.s.)

we obtain K̂3
nβ

2
nAn,1 → 0 almost surely. With Im(exp(ix)) = sin(x),

sin(x− y) + sin(x+ y) = 2 sin(x) cos(y)

and
cos(x− y)− cos(x+ y) = 2 sin(x) sin(y)

analogous results follow for An,2, An,3 and An,4. Because of

sup
g∈Gn

∣∣∣∣∣ 1n
n∑
l=1

g(ẑ1,l, ẑ2,l)−
∫
g(z1, z2)P(Z1,Z2)(d(z1, z2))

∣∣∣∣∣
= sup

aj,k, bj,k, cj,k, dj,k
∈[−10·K̂nβ2

n,10·K̂nβ2
n]

∣∣∣∣∣ 1n
n∑
l=1

2·K̂n∑
j,k=0

[
aj,k cos

(
k
π

L̂∗n
ẑ1,l
)

cos
(
j
π

L̂∗n
ẑ2,l
)

+ bj,k cos
(
k
π

L̂∗n
ẑ1,l
)

sin
(
j
π

L̂∗n
ẑ2,l
)

+ cj,k sin
(
k
π

L̂∗n
ẑ1,l
)

cos
(
j
π

L̂∗n
ẑ2,l
)

+ dj,k sin
(
k
π

L̂∗n
ẑ1,l
)

sin
(
j
π

L̂∗n
ẑ2,l
)]

−
∫ [

aj,k cos
(
k
π

L̂∗n
z1
)

cos
(
j
π

L̂∗n
z2
)

+ bj,k cos
(
k
π

L̂∗n
z1
)

sin
(
j
π

L̂∗n
z2
)

+ cj,k sin
(
k
π

L̂∗n
z1
)

cos
(
j
π

L̂∗n
z2
)

+ dj,k sin
(
k
π

L̂∗n
z1
)

sin
(
j
π

L̂∗n
z2
)]
dP(Z1,Z2)(d(z1, z2))

∣∣∣∣∣
≤ 10 · K̂n · β2n

2·K̂n∑
j,k=0

∣∣∣ 1
n

n∑
l=1

cos
(
k
π

L̂∗n
ẑ1,l
)

cos
(
j
π

L̂∗n
ẑ2,l
)

−
∫

cos
(
k
π

L̂∗n
z1
)

cos
(
j
π

L̂∗n
z2
)
dP(Z1,Z2)(d(z1, z2))

∣∣∣
+
∣∣∣ 1
n

n∑
l=1

cos
(
k
π

L̂∗n
ẑ1,l
)

sin
(
j
π

L̂∗n
ẑ2,l
)
−
∫

cos
(
k
π

L̂∗n
z1
)

sin
(
j
π

L̂∗n
z2
)
dP(Z1,Z2)(d(z1, z2))

∣∣∣
+
∣∣∣ 1
n

n∑
l=1

sin
(
k
π

L̂∗n
ẑ1,l
)

cos
(
j
π

L̂∗n
ẑ2,l
)
−
∫

sin
(
k
π

L̂∗n
z1
)

cos
(
j
π

L̂∗n
z2
)
dP(Z1,Z2)(d(z1, z2))

∣∣∣
+
∣∣∣ 1
n

n∑
l=1

sin
(
k
π

L̂∗n
ẑ1,l
)

sin
(
j
π

L̂∗n
ẑ2,l
)
−
∫

sin
(
k
π

L̂∗n
z1
)

sin
(
j
π

L̂∗n
z2
)
dP(Z1,Z2)(d(z1, z2))

∣∣∣
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≤ 10 · K̂nβ
2
n · (2 · K̂n + 1)2 ·

4∑
r=1

An,r ≤ 90 · K̂3
nβ

2
n ·

4∑
r=1

An,r

for K̂n ≥ 1, this implies the assertion. �

Lemma 3. Let Fn be the set consisting of all functions of the form

f(z1) =

K̂n∑
k=0

ak · cos

(
k · π

L̂∗n
· z1

)
+

K̂n∑
k=0

bk · sin

(
k · π

L̂∗n
· z1

)

where ak, bk ∈ [−βn, βn]. Choose K̂n depending on the data X(1)
1 , . . . , X

(1)
n , Y

(1)
1 , . . . Y

(1)
n

as in (6). Assume K̂n → ∞ almost surely, set L̂∗n = 2 · L̂n = 2 ·
√
K̂n and βn = n

1
11 .

Furthermore, assume that Z1 and Z2 are subgaussian. Define

mn(·) = arg min
f∈Fn

1

n

n∑
i=1

|ẑi,2 − f(ẑi,1)|2.

Then

K̂3
n · β2n · sup

k,j∈Z,|k|≤2K̂n,|j|≤2K̂n

∣∣∣∣∣ϕ(ẑ1,ẑ2)n1

(
j · π
L̂∗n

, k · π
L̂∗n

)
− ϕ(Z1,Z2)

(
j · π
L̂∗n

, k · π
L̂∗n

)∣∣∣∣∣→ 0

almost surely implies ∫
|mn(z1)−m(z1)|2PZ1(dz1)→ 0

almost surely.

Proof. We use a variant of the decomposition for the L2 error of least square estimates
(cf., e.g., Lemma 10.1 in Györfi et al. (2002)) and obtain, for δ > 0,∫

|mn(z1)−m(z1)|2PZ1(dz1) = E
{
|mn(Z1)− Z2|2

∣∣Dn}−E
{
|m(Z1)− Z2|2

}
= E

{
|mn(Z1)− Z2|2

∣∣Dn}− (1 + δ)8 inf
f∈Fn

E{|f(Z1)− Z2|2}

+ (1 + δ)8
[

inf
f∈Fn

E{|f(Z1)− Z2|2} −E
{
|m(Z1)− Z2|2

}]
+ (1 + δ)8E

{
|m(Z1)− Z2|2

}
−E

{
|m(Z1)− Z2|2

}
= T1,n + T2,n + T3,n.

In the next steps of the proof we will establish upper bounds for T1,n, T2,n and T3,n. Let
ε > 0 be arbitrary. Since E

{
|m(Z1)− Z2|2

}
is independent of n, we may choose δ such

that
T3,n = ((1 + δ)8 − 1)E

{
|m(Z1)− Z2|2

}
≤ ε

13



holds. By the standard decomposition of the L2-risk (cf., e.g., Section 1.1 in Györfi et
al. (2002)) we see that

T2,n = (1 + δ)8 inf
f∈Fn

∫
|f(z1)−m(z1)|2PZ1(dz1).

The function m can be approximated by smooth functions with compact support in
L2(PZ1) (cf., e.g., Theorem A.1 in Györfi et al. (2002)). Thus it suffices to show that
continuously differentiable functions with compact support can be approximated arbi-
trarily well in L2(PZ1) by functions f ∈

⋃
n∈NFn. Let m∗ be a smooth function with

compact support. By our assumption on K̂n, we have L̂∗n →∞ a.s. and hence the sup-
port of m∗ is a.s. contained in [−L̂∗n, L̂∗n] for n large enough. Thus, for n large enough,
there exists a uniquely determined Lipschitz continuous and 2L̂∗n periodic continuation of
m∗ from [−L̂∗n, L̂∗n] to R. Denote this continuation of m∗ by m∗n. Clearly, m∗n is bounded
by ‖m∗‖∞. Additionally, the coefficients of the Fourier series of m∗n are bounded by
‖m∗n‖∞. Thus the coefficients are bounded by ‖m∗‖∞. By βn = n

1
11 , we see that the

K̂n-th partial sum of the Fourier series of m∗n, which we denote by SK̂n,m∗n , is contained
in Fn for n large enough. Since m∗ is Lipschitz continuous, every m∗n is also Lipschitz
continuous with the same Lipschitz constant K.

Now, if f is a Lipschitz continuous function with Lipschitz constant λ and period 2L,
then x 7→ f

(
L
π · x) ist 2π periodic and is Lipschitz continuous with Lipschitz constant

L
π · λ. Using this we can apply Corollary 1 from Jackson (1930) and obtain

inf
f∈Fn

‖f −m∗‖∞,[−L̂∗n,L̂∗n] ≤ ‖SK̂n,m∗ −m
∗‖∞,[−L̂∗n,L̂∗n] ≤ C

L̂n ln(K̂n)

K̂n

. (11)

for some C > 0. Here we have used that the trigonometric polynomials contained in Fn
are of degree K̂n. Outside of this interval, m∗ vanishes for L̂∗n large enough. Z1 and L̂∗n
are independent since L̂∗n depends only on the data (X1, Y1), . . . . Using the same upper
bound for the coeficents of SK̂n,m∗n as above as well as the inequality of Markov we get
that almost surely, for n large enough,

inf
f∈Fn

∫
{|x|≥L̂∗n}

|f(x)−m∗(x)|2PZ1(dx) ≤
∫
{|x|≥L̂∗n}

SK̂n,m∗n
(x)2PZ1(dx)

≤ ((2 · K̂n + 1) · ‖m∗‖∞)2 ·P[|Z1| ≥ L̂∗n]

≤ 9 · ‖m∗‖2∞ · K̂2
n ·E

{
exp(c · |Z1|2)

1

exp(c · (L̂∗n)2)

}
≤ CK̂2

n ·E
{

exp(−c · K̂n)
}

(12)

holds for some C ≥ 0 depending only on m∗. Here we have used that Z1 is subgaussian.
By definition L̂∗n → ∞ and K̂n → ∞ almost surely, which implies that (11) tends to 0
almost surely. Using dominated convergence, we see that (12) tends to 0. This yields

14



T2,n → 0 almost surely.

To establish an upper bound for T1,n we use an approximation through trigonometric
polynomials in two variables. Consider h1,n : [−L̂n, L̂n] → R, h1,n(z2) = z2. Define
h̃1,n : R→ R as the uniquely determined 4L̂∗n-periodic continuation of

x 7→

{
2L̂n − x for x ∈ [L̂n, 3L̂n]

x for x ∈ (−L̂n, L̂n).

For every n ∈ N, h̃1,n is a periodic continuation of h1 and is Lipschitz continuous with
Lipschitz constant one. The Fourier coefficients of h̃1,n are bounded by ‖h̃1,n‖∞ = L̂n.
Together with

L̂n ≤ K̂n ≤ n
1
11 = βn,

this implies that the K̂n-th partial sum of the Fourier series g1,n of h̃1,n is contained
in Fn. For a fn ∈ Fn we define gfn,n(z1, z2) := fn(z1) − g1,n(z2). Now gfn,n is a
trigonometric polynomial in two variables of degree K̂n. Using a similar argument as
above and applying Corollary 1 from Jackson (1930) again, we obtain

sup
z1,z2∈[−L̂∗n,L̂∗n]

|
(
fn(z1)− h̃1,n(z2)

)
− gfn,n(z1, z2)| = sup

z2∈[−L̂∗n,L̂∗n]

∣∣∣h̃1,n(z2)− g1,n(z2)
∣∣∣→ 0

for n → ∞. Since h̃1,n is a continuation of h1,n, we also observe that gfn,n uniformly
approximates f(z1)− z2 for z1, z2 ∈ [−L̂n, L̂n]. Additionally, although gfn,n depends on
fn ∈ Fn the above error is independent of fn by our construction of gfn,n.

Now we use the decomposition

T1,n = sup
f∈Fn

[
E
{
|mn(Z1)− Z2|2

∣∣Dn}− (1 + δ)4
1

n

n∑
j=1

|mn(ẑ1,j)− ẑ2,j |2

+ (1 + δ)4
( 1

n

n∑
j=1

|mn(ẑ1,j)− ẑ2,j |2 −
1

n

n∑
j=1

|f(ẑ1,j)− ẑ2,j |2
)

+ (1 + δ)4
1

n

n∑
j=1

|f(ẑ1,j)− ẑ2,j |2 − (1 + δ)8E{|f(Z1)− Z2|2}
]

= sup
f∈Fn

[
T
(1)
1,n + T

(2)
1,n + T

(3)
1,n

]
.

By our definition of mn we have T (2)
1,n ≤ 0. This yields

T1,n ≤ sup
f∈Fn

[
T
(1)
1,n + T

(3)
1,n

]
= T

(1)
1,n + sup

f∈Fn
T
(3)
1,n .
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Next, we will use the elementary inequality

(a+ b)2 − (1 + δ)a2 ≤ (1 +
1

δ
)b2 (δ > 0 ; a, b ∈ R). (13)

We have

T
(1)
1,n = E

{
|mn(Z1)− Z2|2

∣∣Dn}− (1 + δ)4 · 1

n

n∑
j=1

|mn(ẑ1,j)− ẑ2,j |2

= E
{
|mn(Z1)− Z2|2

∣∣Dn}− (1 + δ) ·E
{
|mn(Z1)− Z2,L̂n

|2
∣∣Dn}

+ (1 + δ) ·E
{
|mn(Z1)− Z2,L̂n

|2
∣∣Dn}− (1 + δ)2 ·E

{
gmn,n(Z1, Z2,L̂n

)2
∣∣Dn}

+ (1 + δ)2 ·E
{
gmn,n(Z1, Z2,L̂n

)2
∣∣Dn}− (1 + δ)3 ·E

{
gmn,n(Z1, Z2)

2
∣∣Dn}

+ (1 + δ)3 ·
(
E
{
gmn,n(Z1, Z2)

2
∣∣Dn}− 1

n

n∑
j=1

gmn,n(ẑ1,j , ẑ2,j)
2
)

+ (1 + δ)3 · 1

n

n∑
j=1

gmn,n(ẑ1,j , ẑ2,j)
2 − (1 + δ)4 · 1

n

n∑
j=1

|mn(ẑ1,j)− ẑ2,j |2.

Applying (13) yields

T
(1)
1,n ≤

(
1 +

1

δ

)
E
{(
mn(Z1)− Z2 −

(
mn(Z1)− Z2,L̂n

))2∣∣∣Dn}
+
(
1 +

1

δ

)(
1 + δ

)
E
{(
mn(Z1)− Z2,L̂n

− gmn,n(Z1, Z2,L̂n
)
)2∣∣∣Dn}

+
(
1 +

1

δ

)(
1 + δ

)2
E
{(
gmn,n(Z1, Z2,L̂n

)− gmn,n(Z1, Z2)
)2∣∣∣Dn}

+
(
1 + δ

)3[
E
{
gmn,n(Z1, Z2)

2
∣∣∣Dn} − 1

n

n∑
j=1

gmn,n(ẑ1,j , ẑ2,j)
2
]

+
(
1 + δ

)3(
1 +

1

δ

) 1

n

n∑
j=1

(
gmn,n(ẑ1,j , ẑ2,j)− (mn(ẑ1,j)− ẑ2,j)

)2
=

5∑
k=1

T̃
(k)
1,n .

By a similar argument, we derive an upper bound for T (3)
1,n .

T
(3)
1,n ≤

(
1 +

1

δ

)
(1 + δ)4

1

n

n∑
j=1

(
f(ẑ1,j)− ẑ2,j − gf,n(ẑ1,j , ẑ2,j)

)2
+
(
1 + δ

)5[ 1

n

n∑
j=1

(
gf,n(ẑ1,j , ẑ2,j)

)2
−E

{
gf,n(Z1, Z2)

2
}
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+
(
1 + δ

)5(
1 +

1

δ

)
E
{(
gf,n(Z1, Z2)− gf,n(Z1, Z2,L̂n

)
)2}

+
(
1 + δ

)6(
1 +

1

δ

)
E
{(
gf,n(Z1, Z2,L̂n

)−
(
f(Z1)− Z2,L̂n

))2}
+
(
1 + δ

)7(
1 +

1

δ

)
E
{(
f(Z1)− Z2,L̂n

−
(
f(Z1)− Z2

))2}
=

10∑
k=6

T̃
(k)
1,n

Since mn ∈ Fn by our definition of the estimate, it now suffices to show that if we re-
place above mn by some f ∈ Fn then the above expressions converge to 0 uniformly
in Fn. Beforehand, let us loosely classify the above expressions into three types. Let
us denote T̃ (1)

1,n , T̃
(3)
1,n , T̃

(8)
1,n and T̃

(10)
1,n as expressions of type i. For these, we will use

that Z2,L̂n
converges to Z2. T̃

(2)
1,n and T̃ (9)

1,n are of type ii. For these the approximation

properties of gf,n are used. T̃
(5)
1,n and T̃

(6)
1,n are of type iii, where we will use a com-

bination of the arguments used on type i and type ii. The remaining expressions T̃ (4)
1,n

and T̃ (7)
1,n constitute type iv. Expression of type iv converge to 0 if Lemma 2 is applicable.

Let us begin with the expressions of type i. For f ∈ Fn we have

gf,n(x, y) = f(x)− g1,n(y)

where g1,n is our trigonometric approximation of the identity from above. Thus the
differences in our expressions of type i are independent of f ∈ Fn. Furthermore by
g1,n ∈ Fn, g1,n is Lipschitz continuous. Since cosine and sine are Lipschitz continous
with Lipschitz constant one and the coefficients of g1,n, which are the Fourier-coefficients

of h̃1,n, are bounded by L̂n, there exist a C ∈ R such that CK̂
3
2
n is a Lipschitz constant

for g1,n. Since δ is constant, we only need to show

K̂
3
2
nE
{

(Z2,L̂n
− Z2)

2
}
→ 0 a.s.

By assumption, Z2 is subgaussian. As in (12) we use that Z2 is independent from Ln as
well as dominated convergence. This yields

K̂
3
2
nE
{

(Z2 − Z2,L̂n
)2
}
≤ K̂

3
2
nE
{
1{|Z2|>L̂n}Z

2
2

}
≤ K̂

3
2
nE
{
Z2
2

exp
(
c2
2 Z

2
2

)
exp
(
c2
2 L̂

2
n

)} (14)

≤ K̂
3
2
nE
{ 2

c2
exp
(c2

2
Z2
2

)
· exp

(c2
2
Z2
2

)}
·E
{

exp
(
−c2

2
L̂2
n

)}
= K̂

3
2
nE
{ 2

c2
exp
(
c2Z

2
2

)}
E
{

exp
(
−c2

2
K̂n

)}
→ 0
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since K̂n tends to infinity almost surely by assumption.

Let us consider type ii next. By the definition of gf,n the expression is independent of
f . By Z2,L̂n

∈ [−L̂n, L̂n] it suffices to show the uniform convergence of g1,n to h̃1,n on
[−L̂n, L̂n]. As above, we use that the Lipschitz constant of h̃1,n is independent of n.
Since g1,n is defined as the n-th Fourier polynomial of h̃1,n and both functions are 2L̂∗n

periodic, we use the rescaled functions x 7→ g1,n
( L̂∗n
π · x

)
and x 7→ h̃1,n

( L̂∗n
π · x

)
and apply

Corollary 1 from Jackson (1930) again to obtain the same upper bound for the speed of
convergence as above. This yields

‖g1,n − h̃1,n‖∞,[−L̂∗n,L̂∗n] ≤ C
L̂n ln(K̂n)

K̂n

.

and the right-hand side tends to zero almost surely by our assumptions on L̂n and K̂n.
Thus the integrand in T̃ (2)

1,n and T̃ (9)
1,n tends uniformly to 0. Thus both T̃ (2)

1,n and T̃ (9)
1,n tend

to 0 almost surely.

Now we deal with type iii. Since δ is constant we can neglect the first to factors of both
T̃
(5)
1,n and T̃ (6)

1,n . Furthermore, by our definition of gmn,n, we have

1

n

n∑
j=1

(
f(ẑ1,j)− ẑ2,j − gf,n(ẑ1,j , ẑ2,j)

)2
=

1

n

n∑
j=1

(
mn(ẑ1,j)− ẑ2,j − gmn,n(ẑ1,j , ẑ2,j)

)2
=

1

n

n∑
j=1

(ẑ2,j − g1.n(ẑ2,j))
2 = Jn.

We construct an upper bound for Jn by introducing the truncated version ẑ2,j,L̂n of ẑ2,j .
This yields

Jn ≤ 3
1

n

n∑
j=1

|ẑ2,j − ẑ2,j,L̂n |
2 + |ẑ2,j,L̂n − g1,n(ẑ2,j,L̂n)|2 + |g1,n(ẑ2,j,L̂n)− g1,n(ẑ2,j)|2

= 3 · (J1,n + J2,n + J3,n).

Since ẑ2,j,L̂n is bounded by L̂n we can employ the same argument as we used for type
ii. Thus J2,n → 0 holds with probability one. As above we use that there exists a

constant C > 0 such that CK̂
3
2
n is a Lipschitz constant for g1,n. This yields J3,n ≤

C2K̂
9
4
n
∑n

j=1|ẑ2,j,L̂n − ẑ2,j |
2. Using a similar argument as in (14) and the fact that 1

n ·∑n
i=1(ẑ2,j)

8 ≤
√
K̂n holds by our definition of ẑ2,j , we see

n∑
j=1

|ẑ2,j − ẑ2,j,L̂n |
2 ≤

n∑
j=1

(ẑ2,j)
2 (ẑ2,j)

6

(L̂n)6
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=
1

(L̂n)6
1

n

n∑
j=1

(ẑ2,j)
8

≤ (K̂n)−2.5.

Using K̂n →∞ almost surely, this yields J1,n → 0 and J3,n → 0 almost surely.

It remains to show that expressions of type iv converge to 0 almost surely uniformly over
Fn. This follows directly from Lemma 2 if g2f,n is contained in Gn. Since the needed com-
putation is a straightforward application of the relations between trigonometric functions
such as

sin(x) sin(y) =
1

2

(
cos(x− y)− cos(x+ y)

)
,

cos(x) cos(y) =
1

2

(
cos(x− y) + cos(x+ y)

)
and

sin(x) cos(y) =
1

2

(
sin(x− y) + sin(x+ y)

)
,

we will not show every detail but just the important steps. For fn ∈ Fn, we have

g2fn,n(z1, z2) = fn(z1)
2 + g1,n(z2)

2 + 2fn(z1)g1,n(z2).

With

fn(z1) · g1,n(z2) =

K̂n∑
k,j=0

(
akãj cos

(
k · π

L̂∗n
· z1

)
cos

(
j · π
L̂∗n
· z2

)

+bkãj sin

(
k · π

L̂∗n
· z1

)
cos

(
j · π
L̂∗n
· z2

)

+ak b̃j cos

(
k · π

L̂∗n
· z1

)
sin

(
j · π
L̂∗n
· z2

)

+bk b̃j sin

(
k · π

L̂∗n
· z1

)
sin

(
j · π
L̂∗n
· z2

))
.

we see that 2fn(z1) · g1,n(z2) is a trigonometric polynomial of degree K̂n in two variables
and all coefficients are bounded by 2β2n. Furthermore, we have

fn(z1)
2 =

K̂n∑
k,j=0

akaj
2

[
cos

(
(k − j)π
L̂∗n

· z1

)
+ cos

(
(k + j)π

L̂∗n
· z1

)]

+
bkaj

2

[
sin

(
(k − j)π
L̂∗n

· z1

)
+ sin

(
(k + j)π

L̂∗n
· z1

)]
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+
akbj

2

[
sin

(
(j − k)π

L̂∗n
· z1

)
+ sin

(
(j + k)π

L̂∗n
· z1

)]
+
bkbj

2

[
cos

(
(k − j)π
L̂∗n

· z1

)
− cos

(
(k + j)π

L̂∗n
· z1

)]
.

By reordering the above sum and conflating the appropriate summands we see that
fn(z1)

2 (and analogously also g1,n(z2)
2) is a trigonometric polynomial of degree 2 · K̂n

and all coefficients can be bounded by (2 · K̂n + 2) · β2n. Thus g2fn,n is a trigonometric
polynomial of degree 2 · K̂n with coefficients bounded by

2(2 · K̂n + 2)β2n + 2β2n ≤ 10 · K̂n · β2n.

This shows g2fn,n ∈ Gn. Now we may apply Lemma 2 and obtain

T
(k)
1,n → 0 a.s. for k ∈ {4, 7}.

This completes the proof. �

Lemma 4. Let (ẑ1, ẑ2)
n
1 be defined as in Section 2. Define K̂n depending on the data

(X1, Y1), . . . , (Xn, Yn) by (6). Set βn = n
1
11 , and L̂∗n = 2L̂n = 2

√
K̂n. Furthermore let

the assumptions of Theorem 1 hold. Then

K̂3
nβ

2
n sup
|u|≤2·K̂n,|v|≤2·K̂n

∣∣∣∣∣ϕ(ẑ1,ẑ2)n1

(uπ
L̂∗n

,
vπ

L̂∗n

)
− ϕ(Z1,Z2)

(uπ
L̂∗n

,
vπ

L̂∗n

)∣∣∣∣∣→ 0

almost surely.

Before we prove Lemma 4 we will formulate and prove several auxiliary results.

Lemma 5. Assume thatW (1) and V (1) are real-valued random variables that are subgaus-
sian and that (W (1), V (1)),(W (1)

1 , V
(1)
1 ), . . . are independent and identically distributed.

Then √
n

log(n)
sup

u,v∈[−n,n]

∣∣∣ϕ(W (1),V (1))

(
uπ, vπ

)
− ϕ(W (1),V (1))n1

(
uπ, vπ

)∣∣∣→ 0

almost surely.

Remark 5. Under the assumptions of Theorem 1, Z1, Z2, X
(1), Y (1), ε1 and δ1 are sub-

gaussian. This yields

√
n

log(n)
sup

u,v∈[−2K̂n,2K̂n]

∣∣∣∣∣ϕ(Z1,Z2)

(uπ
L̂∗n

,
vπ

L̂∗n

)
− ϕ(Z1,Z2)n1

(uπ
L̂∗n

,
vπ

L̂∗n

)∣∣∣∣∣
≤
√
n

log(n)
sup

u,v∈[−L̂n,L̂n]

∣∣∣ϕ(Z1,Z2)(uπ, vπ)− ϕ(Z1,Z2)n1
(uπ, vπ)

∣∣∣
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≤
√
n

log(n)
sup

u,v∈[−n,n]

∣∣∣ϕ(Z1,Z2)(uπ, vπ)− ϕ(Z1,Z2)n1
(uπ, vπ)

∣∣∣ .
Here we have used L̂∗n = 2L̂n = 2

√
K̂n, the upper bound K̂n ≤ n

1
11 , and the fact that

u ∈ [−2K̂n, 2K̂n] implies u
L̂∗n
∈
[−2K̂n

L̂∗n
, 2K̂n
L̂∗n

]
. Consequently, Lemma 5 implies

√
n

log(n)
sup

u,v∈[−2K̂n,2K̂n]

∣∣∣∣∣ϕ(Z1,Z2)

(uπ
L̂∗n

,
vπ

L̂∗n

)
− ϕ(Z1,Z2)n1

(uπ
L̂∗n

,
vπ

L̂∗n

)∣∣∣∣∣→ 0 a.s.

Analogous results for (X(1), Y (1)), ε1 and δ1 are obtained in the same way.

Proof of Lemma 5. As in the proof of Lemma 3 we use truncated versions of W (1)

and V (1). However, we choose truncation heights that do not depend on the data. Set
Mn = log(n). We obtain

sup
u,v∈[−n,n]

∣∣∣ϕ(W (1),V (1))(uπ, vπ)− ϕ(W (1),V (1))n1
(uπ, vπ)

∣∣∣
≤ sup

u,v∈[−n,n]

∣∣∣ϕ(W (1),V (1))(uπ, vπ)− ϕ
(W

(1)
Mn

,V
(1)
Mn

)
(uπ, vπ)

∣∣∣
+ sup
u,v∈[−n,n]

∣∣∣ϕ
(W

(1)
Mn

,V
(1)
Mn

)
(uπ, vπ)− ϕ

(W
(1)
Mn

,V
(1)
Mn

)n1
(uπ, vπ)

∣∣∣
+ sup
u,v∈[−n,n]

∣∣∣ϕ
(W

(1)
Mn

,V
(1)
Mn

)n1
(uπ, vπ)− ϕ(W (1),V (1))n1

(uπ, vπ)
∣∣∣

= T1,n + T2,n + T3,n

Next, we show that
√
n

log(n) ·T1,n,
√
n

log(n) ·T2,n and
√
n

log(n) ·T3,n converge to zero almost surely.
We use exp(ix) = cos(x) + i sin(x) together with the mean value theorem and obtain

T1,n ≤ sup
u,v∈[−n,n]

E
{∣∣cos(W (1)uπ + V (1)vπ)− cos(W

(1)
Mn
uπ + V

(1)
Mn
vπ)
∣∣

+
∣∣sin(W (1)uπ + V (1)vπ)− sin(W

(1)
Mn
uπ + V

(1)
Mn
vπ)
∣∣}

≤ sup
u,v∈[−n,n]

E
{∣∣(W (1)u+ V (1)v)− (W

(1)
Mn
u+ V

(1)
Mn
v)
∣∣ · π

+
∣∣(W (1)u+ V (1)v)− (W

(1)
Mn
u+ V

(1)
Mn
v)
∣∣ · π}

≤ 2π sup
u,v∈[−n,n]

E
{
|u(W (1) −W (1)

Mn
)|+ |v(V (1) − V (1)

Mn
)|
}

≤ 2πn ·
[
E
{
|W (1) −W (1)

Mn
|
}

+ E
{
|(V (1) − V (1)

Mn
|
}]
.

Since W (1) and V (1) are subgaussian we apply the same argument as in (14). By the
Cauchy-Schwarz inequality we have

E
{
|W (1) −W (1)

Mn
|
}
≤
√

E
{
|W (1) −W (1)

Mn
|2
}
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and a similiar upper bound for E{|(V (1) − V (1)
Mn
|}. This yields

T1,n ≤ 2πn
[√2

c
E{exp(c|W (1)|2)} · exp(− c

2
M2
n)

+

√
2

c
E{exp(c|V (1)|2)} · exp(− c

2
M2
n)
]

≤ C · 2πn · exp(−c̃M2
n).

By Mn = log(n) we have
√
n

log(n)
T1,n ≤

2Cπ ·
√
n · n

log(n)
· exp(−c̃ log(n)2)→ 0

since for any c̃ > 0, exp(−c̃ log(n)2) tends to 0 faster than any polynomial in n.

To establish an upper bound for T3,n, we use the same arguments as for T1,n. With the
Cauchy-Schwarz inequality we get

T3,n ≤ 2πn
[ 1

n

n∑
j=1

|W (1)
j −W (1)

Mn,j
|+ 1

n

n∑
j=1

|V (1)
j − V (1)

Mn,j
|
]

(15)

≤ 2πn ·

√√√√ 1

n

n∑
j=1

2

c
exp(c|W (1)

j |2) +

√√√√ 1

n

n∑
j=1

2

c
exp(c|V (1)

j |2)

 · exp(−c̃M2
n)

for some c̃ > 0. Now W (1) and V (1) are subgaussian and our sample consists of inde-
pendent and identically distributed random copies of W (1) and V (1). The strong law of
large numbers implies that the second factor converges with probability one and is thus
bounded with probability one. This yields

√
n

log(n)
T3 → 0

with probability one by the same argument as above.

To show the convergence of T2,n we will use a discretization argument. Thus we are inter-
ested in the Lipschitz continuity of ϕ

(W
(1)
Mn

,V
(1)
Mn

)
(u, v) and ϕ

(W
(1)
Mn

,V
(1)
Mn

)n1
(u, v) as functions

of u and v. If f is a Lipschitz continuous function with Lipschitz constant l, then for any
c ∈ R the function

x 7→ f(cx) (c ∈ R)

is also Lipschitz continuous with Lipschitz constant |c| · l. Furthermore the sum of two
Lipschitz continuous functions with Lipschitz constants l1 and l2 is also Lipschitz con-
tinuous with Lipschitz constant l1 + l2. Since sin(x) and cos(x) are Lipschitz continuous
with Lipschitz constant one and W (1)

Mn
, V (1)

Mn
are bounded by Mn we obtain∣∣ϕ

(W
(1)
Mn

,V
(1)
Mn

)
(u, v)− ϕ

(W
(1)
Mn

,V
(1)
Mn

)
(u0, v0)

∣∣
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≤ |ϕ
(W

(1)
Mn

,V
(1)
Mn

)
(u, v)− ϕ

(W
(1)
Mn

,V
(1)
Mn

)
(u, v0)

∣∣+ |ϕ
(W

(1)
Mn

,V
(1)
Mn

)
(u, v0)− ϕ(W

(1)
Mn

,V
(1)
Mn

)
(u0, v0)

∣∣
≤ 2Mn

(
|u− u0|+ |v − v0|

)
and similarly∣∣ϕ

(X
(1)
Mn

,Y
(1)
Mn

)n1
(u, v)− ϕ

(X
(1)
Mn

,Y
(1)
Mn

)n1
(u0, v0)

∣∣ ≤ 2Mn

(
|u− u0|+ |v − v0|

)
.

We use
Ij := [−n, n] ∩ [j/n− 1/2n, j/n+ 1/2n] (j ∈ Z, |j| ≤ n2)

to partition [−n, n] into intervals of length 1
n or less. By our previous observation on the

Lipschitz constants, this yields

sup
u∈Ij ,v∈Ik

∣∣ϕ
(W

(1)
Mn

,V
(1)
Mn

)
(uπ, vπ)− ϕ

(W
(1)
Mn

,V
(1)
Mn

)
(
j

n
π,
k

n
π)
∣∣ ≤ 2πMn

n

as well as analogous upper bound for the discretization error of ϕ
(W

(1)
Mn

,V
(1)
Mn

)n1
. Thus for

any C > 0 there exists a n0 ∈ N such that for all n ≥ n0
√
n

log(n)
sup

u,v∈[−n,n]

∣∣∣∣ϕ(W
(1)
Mn

,V
(1)
Mn

)
(uπ, vπ)− ϕ

(W
(1)
Mn

,V
(1)
Mn

)n1
(uπ, vπ)

∣∣∣∣ > C

implies the existence of a ( jn ,
k
n) with |j|, |k| ≤ n2 with

√
n

log(n)

∣∣∣∣ϕ(W
(1)
Mn

,V
(1)
Mn

)
(
j

n
· π, k

n
· π)− ϕ

(W
(1)
Mn

,V
(1)
Mn

)n1
(
j

n
· π, k

n
· π)

∣∣∣∣ > C

2
. (16)

Splitting ϕ into real and imaginary parts and applying the Hoeffding inequality (cf., e.g.,
Lemma A.3 in Györfi et al. (2002)) yields

P
{∣∣∣ϕ(W (1),V (1))(u, v)− ϕ(W (1),V (1))n1

(u, v)
∣∣∣ > ε

}
≤ P

{∣∣Re(ϕ(W (1),V (1))(u, v)− ϕ(W (1),V (1))n1
(u, v)

)∣∣ > ε√
2

}
+ P

{∣∣Im(ϕ(W (1),V (1))(u, v)− ϕ(W (1),V (1))n1
(u, v)

)∣∣ > ε√
2

}
≤ 2 ·

(
2e
−n·ε2

4

)
= 4e

−n·ε2
4 .

Combining the above inequality with (16), we obtain, for n ≥ n0 and C > 0

P

{ √
n

log(n)
sup

u,v∈[−n,n]

∣∣∣∣ϕ(W
(1)
Mn

,V
(1)
Mn

)
(uπ, vπ)− ϕ

(W
(1)
Mn

,V
(1)
Mn

)n1
(uπ, vπ)

∣∣∣∣ > C

}
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≤ (2n2 + 1)2 · max
j,k∈Z
|j|,|k|≤n2

P
{

sup
u,v∈[−n,n]

∣∣∣ϕ
(W

(1)
Mn

,V
(1)
Mn

)
(
j

n
· π, k

n
· π)

− ϕ
(W

(1)
Mn

,V
(1)
Mn

)n1
(
j

n
· π, k

n
· π)
∣∣∣ > C

2
· log(n)√

n

}
≤ 4 · (2n2 + 1)2 · e−n·

(
C log(n)

2
√
n

)2
· 1
4 = 4 · (2n2 + 1)2 · e−C2 log(n)2/16. (17)

This yields

∞∑
n=1

P

{ √
n

log(n)
sup

u,v∈[−n,n]

∣∣∣∣ϕ(W
(1)
Mn

,V
(1)
Mn

)
(uπ, vπ)− ϕ

(W
(1)
Mn

,V
(1)
Mn

)n1
(uπ, vπ)

∣∣∣∣ > C

}
<∞

for any C > 0. By the first Lemma of Borel-Cantelli
√
n

log(n)
sup

u,v∈[−n,n]

∣∣∣∣ϕ(W
(1)
Mn

,V
(1)
Mn

)
(uπ, vπ)− ϕ

(W
(1)
Mn

,V
(1)
Mn

)n1
(uπ, vπ)

∣∣∣∣
converges to 0 almost surely. Together with the previous results on T1,n and T3,n this
implies the assertion. �

Lemma 6. Assume that V = (V (1), V (2), . . . , V (d)) and W = (W (1),W (2), . . . ,W (l)) are
Rd-valued and Rl-valued random vectors, resp., such that V (1), W (1), V (2) and W (2) are
subgaussian. Assume furthermore that (V,W ),(V1,W1), . . . are independent and identi-
cally distributed. Then
√
n

log(n)2
sup

u1,v1∈[−n,n]

∣∣∣ ∂
∂u2

ϕ(V,W )(u1π, 0, . . . , 0, v1π, 0, . . . , 0)

− ∂

∂u2
ϕ(V,W )n1

(u1π, 0, . . . , 0, v1π, 0, . . . , 0)
∣∣∣→ 0

almost surely. The same assertion holds if ∂
∂u2

is replaced by ∂
∂v2

.

Remark 6. As for the previous lemma, a direct application of Lemma 6 yields
√
n

log(n)2
sup

u1,v1∈[−2K̂n,2K̂n]

∣∣∣ ∂
∂u2

ϕ(X,Y )(
u1π

L̂∗n
, 0, . . . , 0,

v1π

L̂∗n
, 0, . . . , 0)

− ∂

∂u2
ϕ(X,Y )n1

(
u1π

L̂∗n
, 0, . . . , 0,

v1π

L̂∗n
, 0, . . . , 0)

∣∣∣→ 0 a.s.

Similiar results are obtained for ∂
∂v2

ϕ(X,Y ), ∂
∂z1

ϕ(Z1,Z2) and
∂
∂z2

ϕ(Z1,Z2).

Proof of Lemma 6. It is well known that the characteristic function of a real-valued
random variable is k-times differentiable if the absolute moments of order k are finite.

24



Since V (2) and W (2) are subgaussian, they are also square integrable. We obtain the
partial derivative of ϕ(V,W ) as

∂

∂u2
ϕ(V,W )(u1, 0, . . . , 0, v1, 0, . . . , 0) = E

{
iV (2)ei(u1V

(1)+0·V (2)+···+v1W (1)+···+0)
}

= E
{
iV (2)ei(u1V

(1)+v1W (1))
}
.

We also compute the derivative of the empirical variant of the characteristic function

∂

∂u2
ϕ(V,W )n1

(u1, 0, . . . , 0, v1, 0, . . . , 0) =
1

n

n∑
j=1

iV
(2)
j ei(u1V

(1)
j +v1W

(1)
j ).

Now we proceed as in Lemma 5. With Mn := log(n) we have

sup
u,v∈[−n,n]

∣∣∣E{iV (2)ei(uπV
(1)+vπW (1))

}
− 1

n

n∑
j=1

iV
(2)
j ei(uπV

(1)
j +vπW

(1)
j )
∣∣∣

≤ sup
u,v∈[−n,n]

∣∣∣E{iV (2)eiπ(uV
(1)+vW (1))

}
−E

{
iV

(2)
Mn
eiπ(uV

(1)
Mn

+vW
(1)
Mn

)
}∣∣∣

+ sup
u,v∈[−n,n]

∣∣∣E{iV (2)
Mn
eiπ(uV

(1)
Mn

+vW
(1)
Mn

)
}
− 1

n

n∑
j=1

iV
(2)
Mn,j

eiπ(uV
(1)
Mn,j

+vW
(1)
Mn,j

)
∣∣∣

+ sup
u,v∈[−n,n]

∣∣∣ 1
n

n∑
j=1

iV
(2)
Mn,j

eiπ(uV
(1)
Mn,j

+vW
(1)
Mn,j

) − 1

n

n∑
j=1

iV
(2)
j eiπ(uV

(1)
j +vW

(1)
j )
∣∣∣.

= T1,n + T2,n + T3,n.

Using the elementary inequality

|ab− cd| ≤ |a− c| · |b|+ |c| · |b− d| (a, b, c, d ∈ R)

we obtain the desired rate of convergence for T1,n and T3,n as in Lemma 5. The upper
bound for T2,n is also obtained analogously to Lemma 5. We have the Lipschitz estimate

|iX(2)
Mn
eiπ(uX

(1)
Mn

+vY
(1)
Mn

) − iX(2)
Mn
eiπ(u0X

(1)
Mn

+v0Y
(1)
Mn

)|
≤ 2π(Mn)2(|u− u0|+ |v − v0|).

Thus the discretization error that arises over a partion with intervals of length 1
n is

bounded by some constant times (Mn)2

n = log(n)2

n . Now, for n large enough,
√
n

log(n)2
sup

u,v∈[−n,n]

∣∣∣E{iV (2)
Mn
eiπ(uV

(1)
Mn

+vW
(1)
Mn

)
}
− 1

n

n∑
j=1

iV
(2)
Mn,j

eiπ(uV
(1)
Mn,j

+vW
(1)
Mn,j

)
∣∣∣ > C

implies the existence of a ( jn ,
k
n) with |j|, |k| ≤ n2 with

√
n

log(n)2

∣∣∣E{iV (2)
Mn
eiπ(

j
n
V

(1)
Mn

+ k
n
W

(1)
Mn

)
}
− 1

n

n∑
j=1

iV
(2)
Mn,j

eiπ(
j
n
V

(1)
Mn,j

+ k
n
W

(1)
Mn,j

)
∣∣∣ > C

2
.
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Following the argument in the proof of the previous lemma, we apply the Hoeffding
inequality to obtain

P
{ √

n

log(n)2
sup

u,v∈[−n,n]

∣∣∣E{iX(2)
Mn
ei(unX

(1)
Mn

+vnY
(1)
Mn

)
}
− 1

n

n∑
j=1

iX
(2)
Mn,j

ei(unX
(1)
Mn,j

+vnY
(1)
Mn,j

)
∣∣∣ ≥ C}

≤ 4 · (2n2 + 1)2 · exp
(
−n
(C · log(n)2√

n

)2 · 1

16(Mn)2

)
≤ Cn3 · exp

(− log(n)2

16

)
.

Again, the right hand side of the above inequality is summable. Thus the first assertion
follows as in the proof of Lemma 5. The second assertion follows in the same way. �

Lemma 7. Define K̂n as in (6). If X(1) and Y (1) are subgaussian and ϕ(X(1),Y (1))

vanishes nowhere, we have
K̂n →∞

almost surely.

Proof. It suffices to show that

max{K ∈ N : inf
u,v∈[−2·

√
K,2·
√
K]

∣∣ϕ(X(1),Y (1))n1
(uπ, vπ)

∣∣ ≥ 1

log(n)
}

tends to infinity almost surely. We use Lemma 5. Since X(1) and Y (1) are subgaussian
we have

√
n

log(n)
sup

u,v∈[−n,n]

∣∣∣ϕ(X(1),Y (1))

(
uπ, vπ

)
− ϕ(X(1),Y (1))n1

(
uπ, vπ

)∣∣∣→ 0

almost surely. By assumption ϕ(X1,Y1) is continuous and vanishes nowhere. Thus for
every interval I there exist a constant CI such that

ϕ(X1,Y1)(u, v) > CI

holds for all (u, v) ∈ I2. Thous almost surely for n large enough, we have

1

log n
<
CI
2

and sup
u,v∈I
|ϕ(X1,Y1)n1

(u, v)− ϕ(X1,Y1)(u, v)| ≤ CI
2
.

This implies that with probability one the inequality minu,v∈I ϕ(X(1),Y (1))n1
(u, v) ≥ 1

log(n)
holds on I for n large enough. Since I was arbitrary this completes the proof. �

Lemma 8. Assume a3 6= 0 and b3 6= 0 and that X(1), . . . , Y (l) are subgaussian. Further-
more assume EZ2

1 > 0, EZ2
2 > 0 and choose the parameters K̂n and L̂∗n as in Theorem

1. Then √
n

log(n)2
|â2 − a2| → 0 and

√
n

log(n)2
|b̂2 − b2| → 0

almost surely.
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Proof. SinceX(1), X(2) andX(3) are subgaussian, the productsX(1) ·X(2) andX(1) ·X(3)

are square integrable. By the law of the iterated logarithm (c.f. i.e. Theorem 33.1 in
Bauer (1996)) we conclude that with probability one

√
n√

2 log(log(n))

∣∣∣ 1
n

n∑
i=1

X
(1)
i ·X

(3)
i −E{X(1) ·X(3)}

∣∣∣
and √

n√
2 log(log(n))

∣∣∣ 1
n

n∑
i=1

X
(2)
i ·X

(3)
i −E{X(2) ·X(3)}

∣∣∣
are bounded. This implies

√
n

log(n)2

∣∣∣ 1
n

n∑
i=1

X
(1)
i ·X

(3)
i −E{X(1) ·X(3)}

∣∣∣→ 0

and √
n

log(n)2

∣∣∣ 1
n

n∑
i=1

X
(2)
i ·X

(3)
i −E{X(2) ·X(3)}

∣∣∣→ 0

almost surely.

Recall that â is defined as

â2 =
1
n

∑n
i=1X

(2)
i ·X

(3)
i

1
n

∑n
i=1X

(1)
i ·X

(3)
i

and that

a2 =
E{X(2) ·X(3)}
E{X(1) ·X(3)}

holds. Now, by using the elementary inequality∣∣∣∣xnyn − x

y

∣∣∣∣ ≤ |x||yn − y||yyn|
+
|y||xn − x|
|yyn|

we obtain
√
n

log(n)2
|â2 − a2|

≤
|E{X(2) ·X(3)}| ·

√
n

log(n)2
| 1n
∑n

i=1X
(1)
i ·X

(3)
i −E{X(1)

i ·X
(3)
i }|

| 1n
∑n

i=1X
(1)
i ·X

(3)
i ·E{X

(1)
i ·X

(3)
i }|

+
|E{X(1) ·X(3)}| ·

√
n

log(n)2
| 1n
∑n

i=1X
(2)
i ·X

(3)
i −E{X(2)

i ·X
(3)
i }|

| 1n
∑n

i=1X
(1)
i ·X

(3)
i ·E{X

(1)
i ·X

(3)
i }|

.

For both of these fractions, the nominator tends towards E{X(1) ·X(3)}2 = a23 6= 0 almost
surely and the second factor of the denominator converges to 0 almost surely. This yields

√
n

log(n)2
|â2 − a2| → 0 a.s.

27



The second assertion follows in the same way. �

Lemma 9. Assume that assumptions A1) to A6) on our model (5) are fulfilled. Assume
furthermore that Z1 and Z2 as well as ε1, . . . , δl are subgaussian. Define Tn as in (7).
Then √

n

log(n)2
Tn → 0

almost surely.

Proof. Let us recall the definition of Tn. We have

Tn(ẑ1, ẑ2) :=

sup
u1,v1∈[−2K̂n,2K̂n]

{∣∣∣∣∣ϕ(X(1),Y (1))n1
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πu1
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,
πv1

L̂∗n
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πv1
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+
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, 0, . . . , 0,

πv1
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− â2 ·
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,
πv1
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}
.

Here ẑ1 and ẑ2 are chosen in such a way that they minimize Tn under the constraint
1
n

∑n
j=1 ẑ

8
2,j ≤

√
K̂n. We define T̃n by replacing ẑ1,j with Z1,j , replacing ẑ2,j with Z2,j ,

replacing ε̂1,j = X
(1)
j − ẑ1,j with ε̃1,j := X

(1)
j − Z1,j and replacing δ̂1,j = Y

(1)
j − ẑ2,j with

δ̃1,j := Y
(1)
j − Z2,j . Since Z2 is subgaussian, EZ8

2 < ∞ and 1
n

∑n
j=1 Ẑ

8
2,j converges to

EZ8
2 almost surely. By Lemma 7, K̂n tends to ∞ almost surely, thus with probability

one
Tn ≤ T̃n

holds for n large enough. Using the relations between the characteristic functions of
(X,Y ) and (Z1, Z2) from the first part of Lemma 1, we have

T̃n ≤ sup
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+ | ∂
∂u2
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Applying Lemmas 5 to 8 to the above expressions yields
√
n

log(n)2
Tn → 0

almost surely. This completes the proof. �

Proof of Lemma 4. As a first step, let us verify that the conditions of Lemmas 5− 9
are satisfied under the assumptions of Lemma 4. Under the assumptions of Theorem 1
all the occurring random variables are subgaussian. Thus the assumptions of Lemmas 5,
6 and 8 are satisfied. Under the assumptions of Theorem 1 the characteristic function
of (X(1), Y (1)) vanishes nowhere. This shows that the assumptions of Lemma 7 are sat-
isfied. Additionally the assumptions concerning our model that are needed in Lemma 9
are also part of the assumptions of Theorem 1. Thus Lemmas 5− 9 are applicable under
the assumptions of Lemma 4.

By Lemma 9 almost surely

sup
u,v∈[−2K̂n,2K̂n]

∣∣ϕ(ẑ1,ẑ2)n1
(
uπ
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,
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(
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,
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)
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≤ log(n)2√
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for n large enough. On the other hand
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|u|≤2K̂n,|v|≤2K̂n
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,
vπ
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)| ≥ 1

log(n)

holds by our definition of K̂n in (6). Thus almost surely
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for n large enough. This implies that is suffices to show

(K̂n)3β2n sup
|u|≤2K̂n,|v|≤2K̂n

∣∣∣∣∣ϕ(ẑ1,ẑ2)n1

(uπ
L̂∗n

,
vπ

L̂∗n

)
− ϕ(Z1,Z2)

(uπ
L̂∗n

,
vπ

L̂∗n

)∣∣∣∣∣→ 0 (a.s.)

under the additional assumption that |ϕ(ẑ1,ẑ2)n1
( uπ
L̂∗n
, vπ
L̂∗n

) ·ϕε̂n1,1( uπ
L̂∗n

) ·ϕδ̂n1,1( vπ
L̂∗n

)| is bounded

away from zero by 1
2 log(n) on [−2K̂n, 2K̂n]2.

As in the previous proofs, we will use

u ∈ [−2K̂n, 2K̂n]⇔ uπ

L̂∗n
∈
[
−π
√
K̂n, π

√
K̂n

]
to simplify the notation. We will also need some auxiliary result from complex analysis.
It is easy to see that the functions

ϕv,n(u) : u 7→ ϕ(ẑ1,ẑ2)n1
(u, v) and ϕu,n(v) : v 7→ ϕ(ẑ1,ẑ2)n1

(u, v)

are continuously differentiable for any fixed v ∈ R or u ∈ R respectively. Furthermore,
it is a well know fact from probability theory (c.f. e.g. Theorem 25.2 in Bauer (1996))
that the characteristic function of a random variable is continuously differentiable if
moments of the appropriate order exist. Since Z1 and Z2 are subgaussian and thus
square integrable, we see that the functions

ϕv(u) : u 7→ ϕ(Z1,Z2)(u, v) and ϕu(v) : v 7→ ϕ(Z1,Z2)(u, v)

are also continuously differentiable for fixed v and u respectively. If f : R → C is
continuously differentiable and does not vanish on an interval I ⊂ R we define Lf (t) for
any t ∈ I by

Lf (t) := w0 +

∫ t

t0

f ′(τ)

f(τ)
dτ

where w0 is a complex number such that exp(w0) = f(t0). Now Lf (t) defines a logarithm
of f(t), i.e. exp(Lf (t)) = f(t) (cf., e.g., Section III, §6 in Lang (1999)). The above
functions do not vanish on [−π

√
K̂n, π

√
K̂n]2. Thus

w0 = 0 +

∫ u

0

∂
∂uϕ(Z1,Z2)(z, 0)

ϕ(Z1,Z2)(z, 0)
dz

is a logarithm of ϕ(Z1,Z2)(u, 0) by ln(ϕ(Z1,Z2)(0, 0)) = ln(1) = 0. Thus

Lϕu(v) =

∫ u

0

∂
∂uϕ(Z1,Z2)(z, 0)

ϕ(Z1,Z2)(z, 0)
dz +

∫ v

0

∂
∂vϕ(Z1,Z2)(u, z)

ϕ(Z1,Z2)(u, z)
dz

= w0 +

∫ v

0

∂
∂vϕ(Z1,Z2)(u, z)

ϕ(Z1,Z2)(u, z)
dz
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statisfies exp(Lϕu(v)) = ϕ(Z1,Z2)(u, v) for (u, v) ∈ [−2K̂n, 2K̂n]2. An analogous expres-
sion is obtained for a logarithm Lϕu,n(v) of ϕ(ẑ1,ẑ2)n1

(u, v). To simplify notation in the
next step, let us denote Lϕu,n(v) as bn and Lϕu(v) as b. This yields∣∣ϕ(ẑ1,ẑ2)n1

(u, v)− ϕ(Z1,Z2)(u, v)
∣∣ =

∣∣∣exp
(
Lϕu(v)

)
− exp

(
Lϕu,n(v)

)∣∣∣
=
∣∣exp(bn)

∣∣·∣∣exp(b− bn)− 1
∣∣

=
∣∣exp(bn)

∣∣·∣∣exp(Re(b− bn)) · exp(i · Im(b− bn))− 1
∣∣

=
∣∣exp(bn)

∣∣·∣∣(exp(Re(b− bn))− 1
)
· exp(i · Im(b− bn)) + exp(i · Im(b− bn))− 1

∣∣.
We have

|exp(bn)| = |ϕ(ẑ1,ẑ2)n1
(u, v)| ≤ 1.

Therefore, with exp(0) = 1 and ξ ∈ R between 0 and Re(b − bn), using the mean value
theorem shows that the right hand side is bounded by∣∣exp(ξ) · |Re(b− bn)|

∣∣ · 1 +
∣∣cos

(
Im(b− bn)

)
+ i sin

(
Im(b− bn)

)
− 1
∣∣

≤ |exp(|Re(b− bn)|)| · |b− bn|+ 2|b− bn|.

Here we have used the monotonicity of the exponential function and the Lipschitz con-
tinuity of sin and cos. If bn converges to b almost surely,

exp(|Re(b− bn)|)→ 1 a.s.

Combining this with the above upper bound for
∣∣ϕ(ẑ1,ẑ2)n1

(u, v) − ϕ(Z1,Z2)(u, v)
∣∣, we see

that
(K̂n)3β2n sup

|u|≤π
√
K̂n,|v|≤π

√
K̂n

|Lϕu,n(v)− Lϕu(v)| → 0 a.s. (18)

implies the assertion of the lemma.

Let us denote the vectors (u, 0, . . . , 0, s, 0, . . . , 0) and (t, 0, . . . , 0, 0, 0, . . . , 0) by (u0, s0)
and (t0, 0) respectively. Using again the relations between the characteristic functions of
(X,Y ), Z1, Z2 and their derivatives from Lemma 1 yields

|b− bn| =
∣∣∣∫ u

0

∂
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∫ v

0

∂
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∂
∂vϕ(ẑ1,ẑ2)n1
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ds
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1
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·

∂
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∂
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ϕ(ẑ1,ẑ2)n1
(u, s)

ds
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≤
∣∣∣∫ u
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ϕ(ẑ1,ẑ2)n1
(t, 0)
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+
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We have
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K̂n sup
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ϕ(X,Y )(u0, v0)

ϕ(X,Y )(u0, v0)
− 1

â2
·

∂
∂u2

ϕ(X,Y )n1
(u0, v0)

ϕ(X,Y )n1
(u0, v0)

∣∣∣.
For two sequences an ∈ R, bn ∈ R\{0} with limits a ∈ R and b ∈ R\{0}, the elementary
inequality ∣∣∣∣ab − an

bn

∣∣∣∣ ≤ ∣∣∣∣(a− an)b

bbn

∣∣∣∣+

∣∣∣∣a(b− bn)

bbn

∣∣∣∣
holds. Thus we obtain∣∣∣∣∣

∂
∂u2

ϕ(X,Y )(u0, v0)

a2ϕ(X,Y )(u0, v0)
−

∂
∂u2

ϕ(X,Y )n1
(u0, v0)

â2ϕ(X,Y )n1
(u0, v0)

∣∣∣∣∣
≤

∣∣∣∣∣
(
∂
∂u2

ϕ(X,Y )(u0, v0)− ∂
∂u2

ϕ(X,Y )n1
(u0, v0)

)
· a2ϕ(X,Y )(u0, v0)

a2ϕ(X,Y )(u0, v0) · â2ϕ(X,Y )n1
(u0, v0)

∣∣∣∣∣
+

∣∣∣∣∣
∂
∂u2

ϕ(X,Y )(u0, v0) ·
(
a2ϕ(X,Y )(u0, v0)− â2ϕ(X,Y )n1

(u0, v0)
)

a2ϕ(X,Y )(u0, v0) · â2ϕ(X,Y )n1
(u0, v0)

∣∣∣∣∣
= S1

1,n + S2
1,n.

By the definition of K̂n, we have |ϕ(X,Y )n1
(u0, s0)| ≥ 1

log(n) on [−π
√
K̂n, π

√
K̂n]2. Now

ϕ(X,Y )n1
(u0, s0) converges to ϕ(X,Y )(u0, s0) with rate log(n)√

n
almost surely by Lemma 5 and

â2 converges almost surely to a2 6= 0 by Lemma 8. Thus there exists a C > 0 depending
only on a such that with probability one the denominators are bounded away from zero
by C 1

log(n)2
for n sufficiently large. The absolute value of the characteristic function is

bounded by one. Thus, by Lemma 6
√
n

log(n)4
sup

|u|,|v|≤π
√
K̂n

S1
1,n

is bounded for all n ∈ N with probability one.
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To obtain analogous bounds for S2
1,n, we observe that ∂

∂u2
ϕ(XMn ,YMn )

(u0, v0) is bounded
by some constant since all moments of X(2) are finite. Thus we can use Lemma 5 and
Lemma 8 again. Thus √

n

log(n)4
sup

|u|,|v|≤π
√
K̂n

S2
1,n

is bounded for all n ∈ N with probability one.

The same arguments as for S1,n are applicable to S3,n and yield the same bounds.

To obtain these bounds for S2,n and S4,n, we may use an analogous argument. As we have
seen at the beginning of the proof we can assume that |ϕ(ẑ1,ẑ2)n1

(u, v) · ϕε̂n1,1(u) · ϕδ̂n1,1(v)|
is bounded away from zero by 1

2 log(n) . Furthermore

|ϕ(X,Y )n1
(t0, 0)| =

∣∣∣ 1
n

n∑
l=1

exp
(
i · (t ·X(1) + 0 · Y (1)

)∣∣∣
is clearly bounded by one and

| ∂
∂u2

ϕ(X,Y )n1
(t0, 0)| = | 1

n

n∑
j=1

iX
(2)
j ei(tX

(1)
j +0Y

(1)
j )|

≤ 1

n

n∑
j=1

|X(2)
j | → E{|X(2)|} a.s.

implies that ∂
∂u2

ϕ(X,Y )n1
(t0, 0) is almost surely bounded. Thus using the same decompo-

sition for S2 and S4 as for S1 and applying Lemma 9 instead of Lemma 5 and Lemma 6
yields the desired bounds.

Returning to (18), we use the above bounds as well as βn = n
1
11 and K̂n ≤ n

1
11 . With

probability one, there exists a random C > 0 such that

(K̂n)3β2n sup
|u|≤π
√
K̂n,|v|≤π

√
K̂n

|Lϕu,n(v)− Lϕu(v)|

≤ n
5
11 sup
|u|≤π
√
K̂n,|v|≤π

√
K̂n

(S1,n + S2,n + S3,n + S4,n)

≤ C · n
5
11 · log(n)4√

n

holds. Since the right hand side tends to 0 the assertion follows. �

Proof of Theorem 1. Under the assumptions of Theorem 1, Lemma 4 is applicable.
Thus we can conclude the assertion of Theorem 1 from Lemma 3. �
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Supplementary material for the referees, not for publication

Proof of Lemma 1 The first assertion follows from some elementary calculations. Using
(5) and the independence assumption we see that the characteristic function ϕ(X,Y ) of
(X,Y ) is given by

ϕ(X,Y )(u1, . . . , ud, v1, . . . , vl)

= E

exp

i · d∑
j=1

uj ·X(j) + i ·
l∑

k=1

vk · Y (k)


= E

exp

i · d∑
j=1

uj · (aj · Z1 + εj) + i ·
l∑

k=1

vk · (bk · Z2 + δk)


= E

{
exp

i · ( d∑
j=1

uj · aj · Z1 +
l∑

k=1

vk · bk · Z2)

 · d∏
j=1

exp (i · uj · εj)

·
l∏

k=1

exp (i · vk · δk)

}

= ϕ(Z1,Z2)

 d∑
j=1

uj · aj ,
l∑

k=1

vk · bk

 · d∏
j=1

ϕεj (uj) ·
l∏

k=1

ϕδk(vk).

Furthermore, using

ϕεj (0) = ϕδk (0) = 1 (j = 2, . . . , d, k = 2, . . . , l)

and
ϕ′ε2 (0) = i ·Eε2 = 0 = ϕ′δ2 (0)

we get

ϕ(X,Y )(u1, 0, . . . , 0, v1, 0, . . . , 0) = ϕ(Z1,Z2)(u1, v1) · ϕε1(u1) · ϕδ1(v1)

as well as
∂

∂u2
ϕ(X,Y )(u1, 0, . . . , 0, v1, 0, . . . , 0)

= a2 ·
∂

∂u1
ϕ(Z1,Z2)(u1, v1) · ϕε1(u1) · ϕδ1(v1)

+ϕ(Z1,Z2)(u1, v1) · ϕε1(u1) · ϕδ1(v1) · ϕ′ε2 (0)

= a2 ·
∂

∂u1
ϕ(Z1,Z2)(u1, v1) · ϕε1(u1) · ϕδ1(v1)

and
∂

∂v2
ϕ(X,Y )(u1, 0, . . . , 0, v1, 0, . . . , 0) = b2 ·

∂

∂v1
ϕ(Z1,Z2)(u1, v1) · ϕε1(u1) · ϕδ1(v1).

i



To show the second assertion, assume that in addition to (5)

X(1)

X(2)

...
X(d)

Y (1)

Y (2)

...
Y (l)


=



1 · Z̃1

ã2 · Z̃1
...

ãd · Z̃1

1 · Z̃2

b̃2 · Z̃2
...

b̃l · Z̃2


+



ε̃1
ε̃2
...
ε̃d
δ̃1
δ̃2
...
δ̃l


.

also holds in distribution and that the appearing random variables are square integrable
and satisfy assumptions A4) and A5). Set a1 = ã1 = b1 = b̃1 = 1. By independence, we
have for i, j ∈ {1, . . . , d}

ajaiE{Z2
1} = E{X(j) ·X(i)} = ãj ãiE{Z̃2

1}

for i, j ∈ {1, . . . , d}. Since the left hand side does not vanish, every factor on the right
hand side shares this property. This yields

a2 =
E{X(2) ·X(3)}
E{X(1) ·X(3)}

= ã2.

Similiar arguments show aj = ãj and bi = b̃i for all j ∈ {1, . . . , d} and all i ∈ {1, . . . , l}.
Using the same argument as in the proof of Lemma 3, we have

ϕ(Z1,Z2) =

exp
(∫ v

0

1

b2
·

∂
∂v2

ϕ(X,Y )(u, 0, . . . , 0, s, 0, . . . , 0)

ϕ(X,Y )(u, 0, . . . , 0, s, 0, . . . , 0)
ds
)

· exp
(∫ u

0

1

a2
·

∂
∂u2

ϕ(X,Y )(t, 0, . . . , 0)

ϕ(X,Y )(t, 0, . . . , 0)
dt
)

and

ϕ(Z̃1,Z̃2)
=

exp
(∫ v

0

1

b̃2
·

∂
∂v2

ϕ(X,Y )(u, 0, . . . , 0, s, 0, . . . , 0)

ϕ(X,Y )(u, 0, . . . , 0, s, 0, . . . , 0)
ds
)

· exp
(∫ u

0

1

ã2
·

∂
∂u2

ϕ(X,Y )(t, 0, . . . , 0)

ϕ(X,Y )(t, 0, . . . , 0)
dt
)
.

With ã2 = a2 and b̃2 = b2 we conclude ϕ(Z̃1,Z̃2)
= ϕ(Z1,Z2). Combining this with

ϕ(Z̃1,Z̃2)
(ãj · uj , 0) · ϕε̃j (uj) = ϕ(X,Y )(0, . . . , 0, uj , 0, . . . , 0) = ϕ(Z1,Z2)(aj · uj , 0) · ϕεj (uj)

ii



and similar relations yields

ϕεj = ϕε̃j and ϕδi = ϕδ̃i

for all j ∈ {1, . . . , d} and all i ∈ {1, . . . , l}. Together with

ϕ(Z̃1,Z̃2)
= ϕ(Z1,Z2)

this implies the second assertion.
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2013-011 Kohls, K; Rösch, A.; Siebert, K.G.: Convergence of Adaptive Finite Elements for
Control Constrained Optimal Control Problems

2013-010 Corli, A.; Rohde, C.; Schleper, V.: Parabolic Approximations of Diffusive-Dispersive
Equations

2013-009 Nava-Yazdani, E.; Polthier, K.: De Casteljau’s Algorithm on Manifolds
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