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Sylow Numbers and Integral Group
Rings

I. Koster

G. Navarro raised in [5] the question whether the character table determines |[Ng(P)| for some
Sylow p-subgroup P of G. While the question is still open in general some progress has been
recently made, see [3], [6].

In this note we want to analyse the situation for groups with two minimal normal subgroups
and mention some applications of Proposition 1. Note that we only considers finite groups as
Sylow’s Theorems only make sense for groups of finite order. By Syl,(G) we denote the set of
all Sylow p-subgroups of G. The set of all prime divisors of |G| is denoted by 7(G). The Sylow
p-number n,(G) is the number of Sylow p-subgroups and sn(G) = {n,(G) : p € 7(G) } the set of
all Sylow p-numbers of G.

Proposition 1: Let G be a finite group with normal subgroups M, NG where M N N = {1}.
Then
G/M G/N
ny(G) = ny(G/M)n,(G/N)
7y (G/MN)
Proof: Let P € Syl,(G). By Hall’s formula [2, Theorem 2.1] we obtain

np(G) = np(G/M)ny,(M)ny(Npar (P 10 M))

and
np(G/N) = np(G/MN)n,(MN/N)ny(Npan/n(PN/NNOMN/N))
After rearranging the given equations we need to prove that
+ np(G/M)ny, (G/N)
() = == G M)
& np(G/M)ny(M)n,(Npp (PN M)) = ny(G/M)ny,(M)n,(Npyn/n(PN/NNOMN/N))
= np(NpM(P N M)) = np(NpMN/N(PN/N N MN/N))

NOW consider the natural surjective group homomorphism Nd) : G = G/N and the restriction
¢ :Npy(PNM) = Npyn/n(PN/NNMN/N). Note that ¢ is well-defined.

We want to study the kernel ker(¢). Let p € P and m € M and assume that pm € ker(¢), i.e.
pm € N. Consider the equation pm = n, where n € N. Decompose m (resp. n) in the p-part
my, € M and the p’-part my, € M (resp. n in n, and n, ). This yields

PmpMyr = NpTpr = Np TNy,
< pmy, = np/npmg,l,
MNN={1} 1
S pmy =nym, g,

-1 _ -1
S pmpny, T = Nym,,.
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As the order of pmpn;1 is a p-power, np/mzj,l =1and as M NN = {1} we immediately get

my = ny = 1. Therefore we have that pm = pm, = n,, is a p-element and ker(¢) is a p-group.

In the last part we need to prove that ¢~) is surjective.
Assume that pmN € Npyy/n(PN/NNMN/N), i.e for each 2N € PN/NNMN/N there exists
yN € PN/N N MN/N such that

(pm) " 'NzNpmN = m ™ 'p~tzpmN = yN.

In particular, as yN € PN/N there exist a y € P with (pm)~lzpm = yn. Let pm € PM
be an arbitrary preimage of pmN (note that PM — PMN/N is surjective). Let © € PN M.
As N € PN/NN MN/N and pmN € Npyn/ny(PN/N N MN/N) there exists y € P with
yN € PN/N N MN/N such that

IneN:m plapm =yn

1

M<G 1 p _
= rmn - =y
~—~

-
eEM €N
Asy e PN MN this yields y; € PN M and y» € PN N such that y = y;y2 and thus

_ _ _ MNN=1
yrim Ty tapm =yon 2T 1

= (pm)_lx(pm) =y € PN M.

This yields that pm € Npp (P N M). Therefore ¢ is surjective and as n,(Npy (P N M)) =
np(Npar (PN M)/ ker(¢)) = np(Npyrn/n(PN/N N MN/N)) the result holds.

As we are looking for a possible candidate for a counterexample to the claim, that X(G) deter-
mines sn(G) we obtain the following.

Corollary 2: Suppose G has a minimal nonsolvable normal subgroup N. If G is of minimal order
such that X(G) does not determine sn(G) then N < G < Aut(N).

Proof: By Proposition 1 we can assume that G has exactly one minimal normal subgroup. As
N = S* with S simple we see that Cg(N)NN = 1. If C¢(N) # 1 then there is a minimal normal
subgroup N of G contained in Cg(N), a contradiction to the fact that G has only N as minimal
normal subgroup. So Cg(N) = 1.

Consider ¢ : Inn(G) — Aut(N), o, — o4|n. As @ is group homomorphism we know that
G = G/Z(G) 2 Inn(G) = im(¢) < Aut(N). Thus the claim holds.

At the end we want to prove that the Sylow numbers of groups, where all Sylow p-subgroups
are abelian, are determined by ZG. In particular this holds for non-p-solvable groups:

Proposition 3: Assume G is a finite group such that P € Syl,(G) is abelian for each p € 7(G).
Then ZG determines n,(G) for each p.

Proof of Proposition 3: Let G be a group where all Sylow p-subgroups are abelian for each
p € 7(G). Note that ZG determines Spec(G) and in particular X(G). Assume that G is a minimal
counterexample, i.e. there exists at least one Sylow number n,(G) not determined by ZG. Using [1]
there are subgroups H, K and S such that

(1) G=HKS and |G| = |H||K]|S|;

(2) HQG and K < Ng(9);

(3) H and K are solvable and S is semisimple.
Assume that H = {1} then G = S x K and by using [4, Theorem 2.1] we see that G is p-solvable
for each p € w(K) and n,(G) determined by [6, Theorem B]. If p € 7(S) then n,(G) = n,(S) and
S is determined up to isomorphism by X(G).



Assume that S = {1} then G is solvable and in particular p-solvable for each p € 7(G). Then
again X(G) determines n,(G). Assume that K = {1}. By [4, Theorem 2.1] G is p-solvable for
each p € w(H), i.e. n,y(G) is determined by X(G). If p € w(S) then n,(G) = n,(S)|H : Cy(P)| for
P € Syl(G). As |H| is coprime to p we obtain [¢“ N P| = [tH/" 0 PH/H| for each conjugacy
class & of G. As S is determined up to isomorphism and the p-power maps are given we can
use [6, Theorem A].

Thus H, K and S are not trivial. If p € 7(K)Un(H) then G is p-solvable and n,(G) determines.
Assume that p € 7(S). By Proposition 1 G has only one minimal normal subgroup X = C¥ C H.
Consider Cg(X). If Cq(X) C X then G is p-constrained and by the F*-Theorem we know G is
determined up to isomorphism by ZG. Assume Cg(X) > X. If C5(X) is solvable then the Fitting
subgroup F := F(Cg(X)) is a p-group and Cg(F) C Ce,,(x)(F) € F, so G is again p-constrained.
Now assume Cg(X) is not solvable, thus Cq(X)NE(G) # {1} where E(G) denotes the layer of G.
By [1] the non-solvable composition factors are isomorphic to Ji, PSLy(2/) and PSLa(q) where
¢ = £3 mod 8. The Schur mulitipliers of these groups are either trivial or 2. Thus either G has
a minimal normal 2-group or a minimal normal nonsolvable subgroup, a contradiction.
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