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Abstract: In this paper we present a simple partitioning based technique
to refine the statistical analysis of classification algorithms. The core of our
idea is to divide the input space into two parts such that the first part
contains a suitable vicinity around the decision boundary, while the second
part is sufficiently far away from the decision boundary. Using a set of
margin conditions we are then able to control the classification error on
both parts separately. By balancing out these two error terms we obtain
a refined error analysis in a final step. We apply this general idea to the
histogram rule and show that even for this simple method we obtain, under
certain assumptions, better rates than the ones known for support vector
machines, for certain plug-in classifiers, and for a recently analysed tree
based adaptive-partitioning ansatz.
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1. Introduction

Given a dataset D := ((x, i), ..., (Tn,yn)) of observations drawn in an i.i.d.
fashion from a probability measure P on X x Y, where X € R? and Y :=
{—1,1}, the learning goal of binary classification is to find a decision function
fp: X — {-=1,1} such that for new data (x,y) we have fp(z) = y with high
probability.

The problem of classification is, apart from regression, one of the most con-
sidered problems in learning theory and many classical learning methods have
been presented in the literature such as histogram rules, nearest neighbor meth-
ods or moving window rules. A general reference for these methods is [4]. Several
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more recent methods use trees to build a classifier, for example the random for-
est algorithm, introduced in [3], makes a prediction by a majority vote over a
collection of random forest trees. Another example is the tree based adaptive-
partitioning algorithm, presented in [2]. Here, a classifier is picked by empirical
risk minimization over a nested sequence (Sy,)m>1 of families of sets which con-
sists of dyadic or decorated trees. An example of a non-tree based algorithm is
described in [1]. Here, the final classifier is found by empirical risk minimization
over a suitable grid of plug-in rules. Another non-tree based algorithm is, for ex-
ample, the support vector machine (SVM), which solves a regularized empirical
risk minimization problem over a reproducing kernel Hilbert space H. For more
details on statistical properties of SVM for classification we refer the reader to
[7, Chapter 8].

In this paper we discuss a partitioning based technique to analyse the sta-
tistical properties of classification algorithms. In particular we show for the
histogram rule that under certain assumptions this technique leads to rates,
which are faster than the rates obtained in [2],[3], and [7]. To be more precise,
we divide the input space X into two overlapping regions that are adjustable
by a parameter r in such a way that one set, which we will denote by A,
contains points near the decision boundary, whereas the other set B, contains
those that are sufficiently bounded far away from the decision boundary. We
examine the excess risks over these two sets separately by using an oracle in-
equality for empirical risk minimizers on both parts. It turns out that under a
suitable assumption, which describes the location of critical noise, we have no
approximation error as well as an optimal variance bound on B,., which in turn
leads to an O(n~!) behaviour of the excess risk on B,. However, this bound
still depends on the parameter r, namely it increases for » — 0. In contrast our
bound on the risk on A, decreases for » — 0. By balancing out these two risks
with respect to r we obtain a refined bound on X under additional assumptions
describing the concentration of mass around the decision boundary.

A more detailed discussion on this technique and the statistical result are
presented in Section 3. Moreover a comparison of the resulting learning rates to
the known ones for the SVM and the tree based adaptive-partitioning algorithm
described in [2] can be find at the end of Section 3. We note that all proofs are
deferred to Section 4.

2. General assumptions

To describe our learning goal we consider in the following the classification loss
L := Lejass(y,t) = Y x R — [0,00), defined by L(y,t) := 1(_sq)(y - signt) for
y € Y,t € R, where 1(_ o) denotes the indicator function on (—oo, 0]. We define
the risk of a measurable estimator f: X — R by

Rop(f) = / L(y, f(x)) dP(x,y)

XXY
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and the empirical risk by

n

Rin(f) =+ 3 Ly, f(a),

i=1

where D := 13" 5.,
possible risk

y:) denotes the Dirac measure in (2;,y;). The smallest

Rip:= : i}r{lf_}R Rer.p(f)

!
is called the Bayes risk, and a measurable function f7 p: X — R so that
Rer,p(fi p) = Ri p holds is called Bayes decision function. Recall that the
Bayes decision function fi p for the classification loss is given by sign(2P(y =
1jz) — 1) for € X, where P(-|z) is the conditional probability on Y given z.
Let us now briefly describe a particular histogram rule. To this end, let A =
(A;);>1 be a partition of R? into cubes of side length s € (0,1] and X := [—1, 1%
For z € X we denote by A(z) the unique cell of A with € A(z) and call the
map hps: X =Y defined by

o —1 iffP,s(x) <0,
hP,s(x) = {1 iffp’s(it) >0, Y

where fps(x) := P(A(x) x {1}) — P(A(z) x {—1}), infinite sample histogram
rule. For a dataset D we further write

1 — 1 —
fps=— D L= law (@) - - D lpym 1y Lag ().
=1 i=1

Thus, the empirical histogram is defined by hp s := signfp s. We define the set
F by

F = > ¢laige{-1,1}
A;N[=1,1]4#£0

Then, it is easy to show that the empirical histogram rule hp s is an empirical
risk minimizer over F for the classification loss, that means

Rrp(hps) = J}Ielff Rrp(f)

Since we aim in a further step to examine the risk on subsets of X consisting of
cells, we have to specify the loss on those subsets. Therefore, we define for an
arbitrary index set J C {1,...,m} the set

T, =4 (2)

jedJ
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and the related loss Ly, : X x Y x R — [0, 00) by

LTJ(z7y7t) = 1Uj€J Aj (x)LCIaSS(y7t)' (3)

Furthermore, we define the risk over T by

Ris, plf) = /X | Lny @ f (@) dP ().

As mentioned in the introduction, we have to make assumptions on P to ob-
tain rates. Therefore we recall some notions from [7, Chapter 8], which describe
the behaviour of P in the vicinity of the decision boundary. To this end, let
n: X — [0,1], defined by n(z) := P(y = 1|z),z € X be a version of the poste-
rior probability of P, that means that the probability measures P(-|z) form a
regular conditional probability of P. We write

Xy ={zeX:nl)>1/2},
X1 ={zeX:n(x)<1/2}.

Then, the function A,: X — [0, 0] defined by

d(1'7X1) ifr e X_q,

Ay(z) =< d(z,X_1) ifzre Xy, (4)
0 otherwise,
where d(z, A) := infcad(x,2’), is called distance to the decision boundary.

This helps us to describe the mass of the marginal distribution Px of P around
the decision boundary by the following exponents. We say that P has strong
margin exponent (SME) a € (0,00] if there exists a constant cgyr > 0 such
that

Px({Ay(2) < t}) < (csurt)®

for all ¢ > 0. Descriptively, the strong margin exponent o measures the amount
of mass close to the decision boundary. Therefore, large values of o are better
since they reflect a low concentration of mass in this region, which makes the
classification easier. Furthermore, we say that P has margin-noise exponent
(MNE) 8 € (0, 0] if there exists a constant cyng > 0 such that

/ 2n() — 1] dPx (2) < (cnnst)?
{A,(z)<t}

for all ¢ > 0. The margin-noise exponent § measures the mass and the noise,
that means the amount of points z € X with n(z) = 1/2, around the decision
boundary. That is, we have high margin-noise exponent if we have low mass
and/or high noise around the decision boundary. Next, we say that the distance
to the decision boundary A, controls the noise from below by the exponent ~y
if there exist a v € [0,00) and a constant c,¢ > 0 with

AJ(@) < erol2n(@) 1| (5)
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for Px-almost all z € X. That means, if n(x) is close to 1/2 for some z € X,
this z is close to the decision boundary. For examples of typical values of these
exponents and relations between them we refer the reader to [7, Chapter 8].

Finally, in order to describe the region of the decision boundary in a more
geometrical way, we say according to [5, 3.2.14(1)] that a general set T C X
is m-rectifiable for an integer m > 0 if there exists a Lipschitzian function
mapping some bounded subset of R™ onto T. Moreover, we denote by %%~ ! the
(d — 1)-dimensional Hausdorff measure on R

The following lemma, which is based on [6, Lemma A.10.4], describes the
Lebesgue measure of the decision boundary in terms of the Hausdorff measure.
Its result will be necessary for the analysis of the main theorem in Section 3.

Lemma 2.1. Let X = [~1,1]% and P be a probability measure on X x {—1,1}
with fized versionn: X — [0,1] of its posterior probability. Moreover let \? be the
d-dimensional Lebesgue measure and H?~! be the (d—1)-dimensional Hausdorff
measure on R%. Furthermore, let Xo equal the relative boundary of X, in X,
that means Xo = dx X1, with H¥~1(Xo) > 0 and let Xo be (d — 1)-rectifiable.
Then, there exists a 6* > 0 such that for all 6 € (0,6*] we have

M{re X|A) <6}) <4HT'{z e X|n(x)=1/2})-6.

3. Oracle inequality and learning rates

Our goal is to find an upper bound for the excess risk Ry, p(hp,s) — R} p. The
idea is to split X into two overlapping sets and to find a bound on the risks over
these sets by using information on P. To this end, we denote the set of indices
of cubes that intersect X by

Ji={j>11A4n[-1,1"#0}.

Next, we split this set into cubes that lie near the decision boundary and into
cubes that are bounded away from the decision boundary. To be more precisely,
we define, for r > 0 and a version 7 for which the assumptions at the end of
Section 2 hold, the set of indices of cubes near the decision boundary by

Jy={jeJ|VeeAd;:A)zx)<3r}
and the set of indices of cubes that are sufficiently bounded away by
Jp={jeJ|Veed;: Ay(zx)>r}.

Moreover, we write
A= 4, (6)
jedy

B,:= | 4, (7)

jeJyg
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As the following lemma shows, we need to define requirements on the side length
of the cells to ensure that X C A, U B,.. Besides that, it shows that we are able
to assign all x € A;, where j € Jg, either to the class X_; or to X;.

Lemma 3.1. Let A = (A;);>1 be a partition of R into cubes of side length
€ (0,1] and let X :=[~1,1]%. For r > s/2 define the sets A, and B, by (6)
and (7). Then,

i) we have X C A, U B,.,
i) we have either A; N X, =0 or AjNX_1 =0 forje Jg.

Since the excess risk is non-negative, we obtain under the assumption of
Lemma 3.1(i) that

Rr.p(hps) —RLp

8
< (RLA,.7P(hD,s) - REAT,P) + (RLBT,P(hD75) - *LBT,P) - )
That means, we can bound the excess risk R, p(hp,s) —R7 p if we find bounds
on the excess risks over the sets A, and B,. For that purpose, we use an oracle
inequality for empirical risk minimizer separately on both error terms, see [7,
Theorem 7.2]. This is possible, since the following lemma shows that, considering
the loss Lr, for any set Ty constructed as in (2), the empirical histogram rule
hp,s is still an empirical risk minimizer over F.

Lemma 3.2. Consider for an arbitrary index set J C {1,...,m} the set Ty :=
Ujes Aj and the related loss L, : X x Y x R — [0,00) defined in (3). Then,
the empirical histogram rule hp s is an empirical risk minimizer over F for the
loss Lt,, that means

Rig,p(hp,s) = fifelfTRLTJ,D(f)o

Before we state our oracle inequality, we discuss in a more detailed way
the improvement that we gained by our separation technique described above.
First, we make no approximation error on the set B,, which consists of cells
that are sufficiently bounded away from the decision boundary. This follows
from the circumstance that hp s learns correctly on those cells and follows even
intuitively inasmuch as the noise concentration is rather low in this region. We
refer the reader to Part 1 of the proof of Lemma 3.4 for details. Second, the
main refinement arises from the fact that we achieve, under the condition that
the decision boundary controls the noise from above, in the variance bound on
B,., a bound of the form

Ep(Lof—Lofip)? <V -Ep(Lof—Loffp)

where V' > 0, the best possible exponent, § = 1. This bound plays an important
part in the analysis of the risk terms, since we have small variance if the right-
hand side of the latter bound is small, as the next lemma shows.
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Lemma 3.3. Let X := [—1,1]% and P be a probability measure on X x {—1,1}
with fized version n: X — [0,1] of its posterior probability. Assume that the
associated distance to the decision boundary A, controls the noise from below
by the exponent vy € [0,00) and consider for some fized r > 0 the set B,., defined
in (7). Furthermore let L := L5 be the classification loss and let fL p bea
fized Bayes decision function. Then, for all measurable f: X — {—1,1} we have

C
Ep(Lp, o f — L, o fi p)* < EIEP(LB of—Lg,ofp)

We remark that the right-hand side of the variance bound on B, depends on
the separation parameter r. This dependence is also reflected in the risk term
on B,. In particular, we show in the proof of our main theorem by applying [7,
Theorem 7.2] on the risk term on the set B, that the improvements mentioned
above lead to

32c1 (84H1s7d 4 1)
r'n

Rig, ,p(hps) —RL, p <

with probability P* > 1 — e 7, where 7 > 1 and ¢; is a positive constant.
Whereas this error term increases for r — 0, the error term on the set A, behaves
exactly the opposite way, that is, it decreases for r — 0. In fact, bounding the
risk on A, requires additional knowledge of the behaviour of P in the vicinity
of the decision boundary. By applying [7, Theorem 7.2] on the risk on the set
A, we show under the assumption that P has strong margin exponent a and
margin-noise exponent 3 that

—d =t
RLA,P(hD) — R*LA,P < GCMNESB +4 (8‘/(657‘24—7—))
holds with probability P™ > 1 — e~ 7. Here, c¢5 is a positive constant, 7 > 1 and
V' is the prefactor of the variance bound on A,, shown in Part 2 of the proof of
Lemma 3.4. If we balance the obtained risk terms over A, and B, with respect
to r, we obtain the oracle inequality presented in our main theorem. For this
purpose, we define the positive constant

)

oty
- (16y(a+2y) - 8" max{crc, 27} - (a4 )7 T O
CcCoT=vy

which depends on a7y and d and where ¢ := 24 max{12H?~({n = 1/2}),1} -

max {1 aivcgﬁﬁ (WC;C)%*” }

Theorem 3.4. Let A = (A;);>1 be a partition of R? into cubes of side length
€ (0,1]. Let X := [~1,1]* and P be a probability measure on X x {—1,1}

with fized version n: X — [0,1] of its posterior probability. Assume that the

associated distance to the decision boundary A, controls the noise from below
by the exponent v € [0,00) and assume as well that P has MNE S € [0,00) and
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SME « € (0,00]. Furthermore, let Xo equal the relative boundary of X1 in X,
that means Xo = 6x X1, with H1(Xo) > 0 and let Xo be (d — 1)-rectifiable.
Let L be the classification loss and let for fixed n > 1 and 7 > 1 the bounds

(1+’Y)(‘1+’Y)+2‘YZ T\ 1 5 w) 5
~ (1+7y) () +v2+dy 14y) (aty)+vy2+dy
s <& (2) , 9)

and

A4+ (aty)++2
~ 5
d Ca,y,d
s'n>T | —— 10
- (min{‘sg, 1}) (10)

be satisfied, where the constant ¢ ,q > 0 depends on «,v,d and the constant
0* > 0 is the one of Lemma 2.1. Then, there exists a constant cq ~.qa > 0 such
that

. (A+v)(et) .
RL,P(hD,s) _ RE,P < 6 (CMNES)ﬁ + Caryd (%) (1) ()4 (11)
holds with probability P* > 1 —2e™7, where the constant cq ,q only depends on
o,y and d.

The proof shows that the constants cq ,q is given by

RS

o d+1
Capy,d =128 -8 max{crc, 27} - max{ P Coyd-

(12)
Note that the assumptions (9) and (10) on the side length s of the cubes are
natural assumptions, since s has to be small enough given a specific number
of observations, but yet should not shrink too fast for grown observations. By
choosing an appropriate sequence of s,, in dependence of our data length n and
setting a constraint on the margin-noise exponent 3 we state learning rates in
the next theorem. Prior to that, we define the positive constant

Ca,B,y,7,d
Aty (atr)+92
(A+7)(atv) B+ (aty)+72) +d(1+7) (a+7)

d1+9)(@4+7) - Capy,a - T AEFD@EN2
68 (1 +7)(a+7) +7?)

that depends on «, 3,7, 7 and d and where ¢, 4 is the constant from (12).

Theorem 3.5. Assume that X and P satisfy the assumptions of Theorem 3.4
for B <~ 1k, where k := (1+7)(a+7). In addition assume that the side length
Sp in Theorem 3.4 is given by

Y S
Sp = 50¢,B,’y,7’,dn B(r+y2)+dr |
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Then, there exists a constant cq g,~,r.a > 0 such that for all n > ng

Bk
* T B (kt~2Y L dr
Rirp(hps,) = Rip < Capryran Prir?its

holds with probability P™ > 1 — 2e™", where ng and the constant co g~,r,d only
depend on T,c, B,y and d.

The proof shows that the constant c, g, 7,4 is given by
 _dw

3
- R w2
1} Cary, " T Ca gy rd:

d-k
Bk +~2)’

To obtain the rates we have to know the P describing parameters. However, it
is possible to yield the rates in Theorem 3.5 by a training validation ansatz,
that is by splitting the dataset into two parts and considering a suitable set of
candidates s,. In order to compare our rate obtained in Theorem 3.5, we now
consider, besides our geometric assumption on X, namely

(i) Xo is (d — 1)-rectifiable with H?~1(X) > 0 and X; equals the relative
boundary of X7 in X,

the following two assumptions on P:

(ii) P has SME « € (0, oo},

(iii) there exists a v € [0,00) and constants ¢y, ¢, cuc > 0 such that
a) c1|2n(z) — 1 = cLcAj(z),
b) ca2n(z) — 1| < cucAj(z).

Here, assumption (ii7),) coincides up to the constant c; with the definition in
(5). Furthermore, assumption (4ii);) indicates that we have an upper control by
A, on the noise, which is a kind of inverse to (7ii),). Then, [7, Lemma 8.17]
shows under the assumptions (i7) and (#i7) that P has MNE 8 = « + 7. Hence,
we find in Theorem 3.5 with x := (1 + v)(« + ) and a suitable cell-width that
hp.s, learns with a rate with exponent

B(A+7)(at+v) _ (aty) (A+7) (aty)
Bl(A+7) (a+y)+72+d(1+7)(at+y) — (a+)[(1+7y) (et+y)+72]+d(1+7) (a+7)
_ (A4 (atn)
= A(et)+ i +d(1+y)

A simple transformation shows that this exponent equals

(1+y)(et) — oty — oty - aty 13
(et N2 +d(1+y) — 2 - 2 - X
A+ylaty)+y?+di+y) = 117” a+27+11—,y+d4 at2ytd— 11> (13)

First, we compare the rate with exponent (13) with the rate achieved by sup-
port vector machines (SVM) for the hinge loss by considering the assumptions
(2), (1) and (#i¢). For this purpose, [7, Chapter 8.3(8.18)] shows that the best
possible rate for the SVM is obtained by

oty
P
n a+2v+d s
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where p > 0 is an arbitrary small number. Hence, our rate in (13) is better by
ol

—15 in the denominator. For the typical value of v = 1, indicating a mod-
erate control of noise by the decision boundary, our rate is better by —1/2 in
the denominator. Finally, we remark that for both results less assumptions are
sufficient.

Second, we compare our rate with the ones for certain plug-in classifiers, see
[1], and with the rates of a classification scheme, described in [2]. In both cases,
the authors use the so called margin assumption, which is comparable to the
Definition of the noise exponent in [7]. Hence, we find under assumptions (i7)
and (4i7) with [7, Exercise 8.5] that the margin condition is fulfilled for /. In

addition to (i) and (i4¢) we impose the following two conditions:

(iv) n is Hoelder-continuous with exponent -,
(v) Px is the Lebesgue measure.

Under condition (¢) and (v) we find with Lemma 2.1 that assumption (i7) is
fulfilled for o« = 1. Furthermore, we find under condition (iv) with Lemma A.1
that assumption (i) is fulfilled with exponent ~. Hence, the conditions (i) and
(#i1) — (v) yield in (13) a rate with exponent

14+

142y+d— ="

T+
Furthermore, [1, Theorem 4.3] shows that certain plug-in classifier yield under
the same conditions (7) and (¢i7) — (v) the rate

n” TR (14)

and we find that our rate is better by *ﬁ in the denominator. Under the
same assumptions, [2, Corollary 5.2(ii)] shows that the described classification

scheme obtains the rate
N EE
(logn)z+a 2l
— .

Hence, our rate is worse by ﬁ However, the results from [2] are also compara-

ble under another set of assumptions. Indeed, if we assume that the conditions
(7) — (4v) hold, then, our rate given in (13) holds and [2, Corollary 5.2(i)] shows
that the described classification scheme yields the rate

oty
log n a+2y+d
n

and our rate is again better by —ﬁ in the denominator. Note that for a =
1 this rate equals (14) up to the logarithm. Finally, we remark that for our
results as well as for the results from [1] and [2] less assumptions are sufficient
and in the comparisons above we tried to formulate reasonable sets of common

assumptions.
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4. Proofs

Proof of Lemma 2.1: For a set T C X and ¢ > 0 we define as in [6] the sets
T :={zec X|d(z,T) <6},
T7%: =X\ (X\T)*".

Since X7 := {z € X |n(z) <1/2} is bounded and measurable, we find with
[6, Lemma A.10.3] and the proof of [6, Lemma+A.10.4(ii)] that there exists a
0* > 0, such that for all § € (0,0*] we have

M(XFP\ X0 <4HTH0X)) - 6 =4HT {z e X | n(z) =1/2})-6.  (15)
Next, we show that
{zeX|A(x) <} C X\ X0 U X,. (16)
For this purpose, we remark that according to (4) we have
{zreX|A(x) <4}
={zeXi|dz, X 1)<d}U{zxe X 1]dz, X1)<I}UX.

Let us first show that {z € X;|d(z, X_1) <d} ¢ X;°\ X °. To this end,
consider an z € X; with d(z, X_1) < 4, where we check at once that = € X1+5.
Now, assume that z € X% = X\ (X \ X;)™. Then, we find that = ¢ (X\X;)°
such that d(z, X \ X;) = d(z,X_; U Xg) > 6. Hence, = ¢ X;°. Next, let us
show that {z € X_;|d(z,X;) <} C X;°\ X;°. To this end, consider an
x € X_; with d(z,X;) < §. Then, it is clear that € X;"° by definition of
Xf"s. Furthermore, x ¢ Xl_(S since Xl_5 = X\ (X_1)*® ¢ X;. Having showed
(16), we find together with the fact that A\%(X() = 0 since Xy = 90X, is (d — 1)-
rectifiable that
M{z e X[A) <)) < AXO\X).

Finally, with (15) we obtain that

Ni({z € X|A(@) <8 }) < N(XH\ X70) < 41 ({z € X |n(x) = 1/2}) -5
for all 6 € (0, 6*]. O

Proof of Lemma 3.1:
i) We define the set of indices
Jo={jeJ|FzecA;: Ayz)<r}

and define the set

C.i= J A

JeJE
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Since X C B, U C,, it suffices to show that C, C A,. To show the latter
we fix an « € C,. If € Xy we immediately have A, (z) = 0 < 3r, hence
we assume w.l.o.g. that € X;. Then, there exists a j € J{ such that

x € Aj. Furthermore, there exists an z* € A; with A, (2*) < r and we
find

Ay@) = inf o=/l

. /
< i (o= oo+ 27— 2'loc)

< s+ A7)
< s+,
where | - ||oo is the supremum norm in R?. Since s < 2r, it follows that
A, (x) < 3r and therefore = € A,.
i) We assume for A; with j € J that we have an z; € A; N X; # 0 and
an z_q € A; N X_; # 0. Then, the connecting line Z_7z7 from z_; to
x1 is contained in Aj; since A; is convex and we have [|[x_1 — z1]0 < s.

Moreover, since A, (z) > r for all z € B, we have XoN B, = . Next, pick
an m > 1 such that

to=0, tym=1,  t=—
m
and

x; =t;x_q1 + (1 — ti)$1

fori =0,...,m. Clearly, ; € T_127 and x; € X_1 U X;. Since zy € X3
and x,, € X_1, there exists an ¢ with z; € X3 and z;4; € X_; and we
find that

lzi — Zit1lloo = Ay(zi) >

On the other hand,

1 s 2r
||xZ - zi—&-l”oo = *”17_1 — 131”00 < —< —
m m m

such that r < %, which is not true for m > 3. Hence, we can not have an
rmreA;NXy#0andanz_1 € A;NX_y #0 for j € Jp.

O

Proof of Lemma 3.2: For f € F we have
Res,,o(f)

_ / Lz, (z,y. f(2)) dD(x,y)
XxXY

:ZA YLclass(yaf(z))dD(l',y).

jedJ
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Next, we take a closer look at the risk on a single cell A; for a j € J. That is,

/ Lclass(yaf(m))de y ZlA xl yﬁécz
A]‘XY

The risk on a cell is the smaller the less often we have y; # ¢; such that the
best classifier on a cell is the one which decides by majority. This is true for
the histogram rule by definition. Since the risk is zero on A; with j ¢ J, the
histogram rule minimizes the risk with respect to Lz, . O

Proof of Lemma 3.3: We define hy := Lp, o f — Lp, o f p for a measurable
f+ X = {=1,1}. Since (Lp, o f — Lg, o f p)* = 15,722 we obtain
Ep(hs —Ephy)?
<Ep(hs)?
=Ep(Lp, o f~Lg, o fip)
1 *
= §EP13r|f = fi.pl

For x € B, we have A, (x) > r and thus we find with our lower-control assump-
tion that

r7 < AY(r) < crel2n(z) — 1|
and therefore
1 <eper™2n(z) — 1.

By using 1p, L=r1 f | = = 1(x_,A{f<0}nB,, Where A denotes the symmetric dif-
ference defined by CAD :=(C\D)U(D\QC) for sets C, D C X and by using
Lemma A.1 we obtain for the variance bound

Be(hy ~Ephy)? < 5 [ 16, @)|f(@) - Jj,p(@)] dPx (o)
2 [ 14 (@)2n(@) — 11f() - . p(x)] dPx (2)

2rY

IN

= Zo |2n(x) — 1|dPx (x)
" Jxoia{s<onns

= e (R, p(F) =Ry, )
= LCRphy.
O
Proof of Theorem 3.4: We define the set of cubes A, and B, as in (6), (7)
for the choice of

1—6
T ) T++(2-0)
)

” (1)

T = Ca,~,d (



I. Blaschzyk and I. Steinwart/Classification Rates under Refined Margin Conditions 14

where
o

0= . 18
a+y (18)

To estimate the excess risk Ry, p(hp,s) — R} p, we split the risk as in (8) by

Rr.p(hps) —RLp

< (RLAT,P(hD,s) - RZAT7P) + (RLBT,P(hD,s) - REBT,p) .

This separation is valid by Lemma 3.1(i), since s < r. To see that, we remark

that
e T 14+v(2—6)+d(1—6) e oY
T T+~(2—6 . T T~ (2—0
) - — s e <covd( )17( )

8 < Capyd ( n

sin
e 1+v(2—6)
) 7\ Ty \ TRE-0FaI=

— s < Ca,y,d |\ —

n

and conclude by replacing 6 by (18) that s < r holds if

(At+y) (aty)++2 ol
s < E(1+w)(a+w)+72+dw Z (1+7) (a+y)+y2+dy
= Ta,y,d n

3

which equals (9). The rest of the proof is structured in three parts, where we
establish error bounds on A, and B, in the first two parts and combine the
results obtained in the third and last part of the proof. In the following we
write A := A, and B := B, and keep in mind, that these sets depend on a
parameter r. Furthermore we write hp := hp .
Part 1: In the first part we establish an oracle inequality for Ry, p(hps) —
Lp,p- Therefore we define h}s = Lpof—Lpo fj, pand find that

Ihflloe = ILp o f—Lpo fi, plle <1

for all f € F. Furthermore with Lemma 3.3 we obtain

CLC C1
Ep(hf)® < —-Ephi < —Ephf, (19)
where ¢; := max{crc,27}. We observe that 7 < ¢;, since with assumption
2
(10), where we rewrite the exponent by (H”)(O;J”)*'V = 1+}y(*2‘9_9), we find
1—6
_a ( T )m
r = _
a,y,d sin,

1-6
1+v(2-0) 1+~v(2-9)

. 6* 1-0
min{%-,1
< éamd ( { 2 }>

Ca,y,d

6*
ing —,1
mln{3, }

1
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and therefore r7 < 27 < ¢;. As we conclude from Lemma 3.2 that hp is an
empirical risk minimizer over F for the loss Lp, we are able to use [7, Theo-
rem 7.2], an improved oracle inequality for ERM. We obtain for all fixed 7 > 1
and n > 1 that

32¢1(log(|F|+ 1)+ 1)

rin

Rip.p(hp) =Ry, p <6(RL, pr—Ri,p)+

holds with probability P" > 1 —e™", where R} pz = infrerRp, p(f)
Next, we refine the right-hand side of this oracle inequality. Obviously we have
|F| < 2. We bound the the cardinality |.J| by using a volume comparison
argument. To this end, we define the set J:= {j > 1|A; N2[~1, 1 #0} and
observe that (J;c; Aj C U ;74 C 2Bya . Then,

st =X A4 | <x* [ U4 ) <A (4B) =84,
JjeJ ]Gj

such that we deduce with |J| < 8%s~¢ that

log(|F]+ 1) < log 98%s” +1)

= (8%~ + 1)log(2)
<8ls7d 41
< gitlgd,

Thus,

32¢1 (84 s=d 4 1)
rin

Rip.p(hp) =Ry, p <6(RL, pr—RL,p)+ (20)

holds with probability P* > 1 —e™".
Finally, we have to bound the approzimation error Ry, pr — Rl p =

infrer Rip, p(f) —Ri, p- We find with hps € F and Lemma A.1 that

* * *
Rippr—Ripp <Rigrlhes)—Ri, p

(X18{hp,s>0})NB
o (21)
jeay Y (X18{hps201)N4;
= O’

since (X1A{hps > 0}) N A; = 0 for each j € J. To see the latter, we first
remark that the latter set contains those € A; for that either hp () > 0 and
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n(xz) < 1/2 or hps(x) < 0 and n(x) > 1/2. Since we have A4; C X_; U X; we
can ignore the case n(x) = 1/2. Furthermore, we know by Lemma 3.1(ii) that
either A;NX_1 =0 or A;NX; = 0. Let us first consider the case A; N X_; =0
and thus A; C X;. According to the definition of the histogram rule, c.f. (1),
we find for all = € A; that hp(x) = 1, since

frs(z)
(Aj(x) x {1}) — P(A;(2) x {-1})

14, x {1y (@, y) P(dy|x) dPx ()

7\/ /]_ij{_l}(l‘,y)P(dy|I)dpx($)
A; JY

—~

S

Il
)

Ly @ D) dPx (@) - /A Ly (@ —1)(1 = (@) dPx (2)

J J

2n(xz) — 1dPx ()

J

T~

v Il
=
kS

Obviously we have n(z) > 1/2 and hpg(xz) = 1 for all € A;. Analogously
we can show for cells with A; N Xy = 0 for j € Jj that n(z) < 1/2 and
hps(x) = —1 for all z € A;. Hence, (X1A{hps > 0})NA; =0 for all j € Jp
and the approximation error vanishes on the set B.

Altogether, for the oracle inequality on B we obtain with (20) and (21) that

32¢1 (841574 4 1)
r’n

Rip.p(hp) =Rp, p < (22)
holds with probability P* > 1 —e™".

Part 2: In the second part we establish an oracle inequality for R, p(hp)—
R} ,.p: again by using [7, Theorem 7.2]. Analogously to Part 1 we define th =

Laof—Laofi, pfor f €F and find [[h4 ] < 1. Since ()2 = 1, L=20rl —
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1(X,1A{f<0})nA we find with [Appendix, Lemma A.1] that
Ep( h

- / ) = I ()] dPx(0)

T2 /Aﬁ{?n—th} |fo(@) = fL, p(2)dPx (x)

1 *
T3 /Aﬂ{lzn 1<t} [fo@) = fL,.p(@)]dPx(x)
! (23)
=% 2n(z) = 1|l fo(x) — fL, p(2)|dPx (z)
An{|2n—1|>t}
+Px({x € A:[2n(x) — 1| <t})
< %/ADU(:E) — 1| fo(x) — f1 .. p(x)|dPx (z)

+ Px({z € A:2n(z) — 1] < t})
< t_lEph’}lo + min{Px(A), Px({z € X : |2n(x) — 1| < t})}

for all t > 0. We turn our attention to the minimum and note, that by the
definition of A we have

Px(A) < Px({A,(z) < 3r}). (24)

For x € X with |2n(x)—1| < t by the definition of the lower control we conclude
from

that

and consequently
{reX:|2n@)—1| <t} C{zeX:A(x)< (cct)?}. (25)

Then we find by (24), (25) and by the definition of the strong margin exponent
that

min{Px (A4), Px({z € X : |2n(z) — 1| < t})}

< min{Px({,(x) < 3r}), Px({z € X : Ay(a) < (crct) 7))} (26)
)% CgME(CLct)%}'

Combining (26) with (23) we obtain

< mln{ (CSME?W

Ep(h?o - IEph’;‘O)2 < t_lEph?O + min{(csme3r)®, Syp(cLet)

a (27)
<tT'Ephf, + cduplcuct)”
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Minimizing the right-hand side of (27) yields

min (' Ephf, + cuplerct) ) = e (Ephf) ™7,

te B o
where ¢y := %ﬂcgﬁﬁ (25LC) =+ such that with

V = max{1, ¢} (28)
and (18) we have
- 1ya = 6
Ep(hf)? <t 'Ephf + csm(cyt™)® = ca (Ephf) ™ <V (Ephf)”. (29)

Note, that the definition of V' yields Ve > 1. Since hp is an ERM over F for
the loss L4 due to Lemma 3.2, by using [7, Theorem 7.2] we obtain for fixed
72> 1and n > 1 that

Rr,p(hp) =Ry, p

8V (log(|F|+ 1) + ) > = (30)

SO(Rypr - Rip) 4 |

holds with probability P™ > 1—e~". In order to refine the right-hand side in (30),
we establish a bound on the cardinality |F| = 2l7al and on the approximation
error. To bound the mentioned cardinality we use the fact that A lies in a
tube around the decision line, that is ;o ;, 4; C {Ay(x) < 3r}, see (6). We
remark that 3r < §* holds, where 0* is the constant from Lemma 2.1, since with
assumption (10) we have

1—-6
. T \The-o . for .
3r = 3Ca,'y,d (@) roeEee S 3 min {3, 1} S 0%,

Then, with Lemma 2.1 we find that
A ({Ay(z) <3r}) <12HT({n=1/2})r
and we obtain
[als® =X 45 | <AM({A(2) <3r}) < 12H ({n = 1/2})r
Jj€Ja
This yields to

|Jal < 12K ({n = 1/2})rs™ % = czrs ™,
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where c3 := 12H?"1({n = 1/2}). By r > s > 5% we hence conclude that

log(|]F|+1) = log(2€3rs_d +1)
<log(2 - 27 ")
_ log(chrs*dH)
= (cars™* + 1)log(2)

< C3T57d +rs@

(31)

where ¢; = 2max{12H%~!({n = 1/2}),1}. Thus (30) changes to

. . . 8V (cyrs™ 4+ 1)\ *?
Rrap(hp) =Ry, p <6(RL, pr—RL,p)+4 ((n (32)

with probability P* > 1 —e™7.
Finally, we have to bound the approzimation error R}, p =R}, pin (32).
For fo = hps we have with Lemma A.1 that

Rraplhps) =Ry, p= |2n — 1] dPx

/(XlA{hP,s>O})mA

/ 2n — 1| dPx.

jeay ) (X1bthps201)N04;

We split J), in indices where cells do not intersect the decision line and those
which do by

J:h = {jEJ£|Px(AjﬁX1):OVP)((AjﬂXfl):O}
J;lz Z:{jEJ;”Px(Aijl)>0/\PX(AJ'QX71)>O}.

such that

/ 2n — 1| dPx
(X1A{hp,s>0})NA;

jedy

/ |2 — 1[dPx
(XlA{hP,SZO})ﬂA]‘

€Ty,

p>

J€TY,

/ |2’I7 — ].| dPX
(X128{hp,s=0})NA;

We notice that, as in the calculation of the approximation error in Part 1, the
first sum vanishes, since (X;A{hps > 0}) N A; =0 for all j € J, - Moreover,
we remark that J} —only contains cells of width s that intersect the decision
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boundary. Hence, by using the margin-noise assumption we find

Rrap(hps) —Rp, p= / 2y — 1| dPx
jejz (XlA{hp7SZO})ﬁAj
2
(33)
< 2n —1]dPx
{A(z)<s}
< (emnes)” .

Altogether for the oracle inequality on A with (32) we find that

—d =5
8V(C4Ti + T)) (34)

RLA,p(hD) — ,R’EA,P <6 (CMNES)B +4 <

holds with with probability P* > 1 —e™".

Part 3: In the last part we combine the results obtained in Part 1, the oracle
inequality on B and Part 2, the oracle inequality on A. That means, with the
separation in (8) we obtain with (22) and (34) for the oracle inequality on X
that

Rr.p(hps) —RLp
< (Rraplhps) —Ri,p)+ (Resp(hps) —Ri, p)

8V (cars™? + T)) = N 32c1 (841574 4 1)
n

(35)

< 6 (enngs)” + 4 ( i

holds with probability P™ > 1 — 2e~". Since s € (0,1] and r > s, we find that
rs—d > 1. Together with the fact 574 7 >1and ¢4 > 1 it follows that

Rr.p(hps) —RLp

ri’n

_1
8V (cars™ + T)) =9 N 32¢; (8915~ 4 1)
n

< 6 (cnnps)” +4 (

_1
8V (catrs™d + C47”I’Sd)> 20 n 32c1 (84H1rs7d + 7579)

rin

< 6 (cnnps)” + 4 ( -

1
—d\ 2—6 —
C5TTS CeTS
<6 (CMNES)B +4 (5 ) + 5
n rin

d

1
<6 (CMNES)B +r7o4 (czi) Ty
sn

CgT

d

rYsdn’

where ¢ := 24V max{12H*1({n = 1/2}),1} and cs := 64 - 8¢+ max{crc,2}.
Thus, inserting r, defined in (17), with the choice of éq 4 :=
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0, minimizes the right-hand side and yields to

((7(2—9)%)2*") )

Rep(hps) =Ry p
1
B 1 Cs5T \ 2—0 CeT

<6(c s)” +r2-e4 (—)
< 6 (canes) sin r7sd

n
2—0+~(2—96) 14y
T )<1+v(2—9))(2—9) + Ce (7' )1+w<2—9)

sdn, ¢! sin

~ _1
=6 (CMNES)B +4(Cay,aC5) 77 (
a,v,d
147(2-6) 1

~ 2—06 2—6 14+~
Capd  Ac5" +Co ( T >m

B
=6(c s)” + —~ —
( MNE ) Cl”y’d Sdn

2—06 THase
= 6 (ennms)” + (7( ~v>06 +C6> (%) e

Cay.d st

2 2-06),1 et
< 6 (evngs)” + % max~{3( ) 1) (%) e
Ca,’y,d s n

and we find again by inserting 6 that

T A4y)(et+y) .
1 a
Rip(hp.) = Rip < 6 (ennns)” + capa (5= ) 7777 (36)
holds with probability P > 1 — 2e™7, where cq,q = w =
2cq max{wziw,l}
g :

a,y,d

O

a,y,d
Proof of Theorem 3.5: We begin by proving that the chosen sequence s,, satis-
1

fies assumptions (9) and (10). To this end, we define n; o 8,4 := (M) B

c1
ety ?
rtvy2+dy
a,y,d

2 _ K 2 K .
and (; = =& '({;(Z :ﬁ;i dzgfé J:ﬂ +)d+;)l ) We remark that ¢1 > 0 since we find by

B <y H(1+7)(a+7y) that

- - .
with ¢; == ¢ Tr+v?+dy - where Cqo,4,4 is the constant from Theorem 3.4,
(

Kk +7° +dy) = 7(B(k +7°) + dr) = & + ky* = vBr — B7°
> 2 + IWQ _ K2
=0.

Then, for n > nr 4 8,,4 a simple calculation shows that the latter is equivalent
to

- [ S
2 ~ o2 "
cinrtyitdy > Ca,B,y,m,dT Blrtvy2)+dr

which equals assumption (9) with s, = Capg,y,ran PP +dx. To see that
1

assumption (10) is satisfied we define 7i; o 84,4 = (%;ﬁ) ? with ¢y =
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rty?

T (5“73*‘1) - , where €4 ~ 4 is the constant from Theorem 3.4, §* the one
min{ %-,1} "1

2
from Lemma 2.1 and where (5 := W‘%. Then, a simple transformation

shows again that for all n > fir o 5,4,4 We find

= ~ G ST —1/d
Ca,B,y,m,dT B(r+v)+dr) > com ,

which equals assumption (10) with s,, := 6075,%77(171_(5(“;{2)%@.
Finally, we obtain for all n > ng := [max{n, «,8,,d, "r,a.8,v,d} | by inserting
our chosen sequence s, satisfying (9) and (10), in (11) that

Rer.p(hps,) —Rip

T \ iz
< 6(cmnes)” + Caprd ( ) o

sin
I S - g
= C +v4)+dr : c " ct+v2)+d
6CMNEca,[3,fy,'r,dn Pl +Ca:’Y:dTh+w ca,ﬁ,'y,‘r,dn Pl =) tdr
s B(N+'y2)2+dn .
6C NECe 5Ly T+ Capmy,dT <77 Br
_ MNE 07,74 ay.d n” Brtatitdn
K
o)
a,B,y,7,d
dr — —
Bl Coy,dT "T77 =+ Capy,dT <+ -7
= Blety?) o7 < ik n  Br+y2)+dr
P
o)
Ca,8,7,7,d
dk —
2 max {W, 1} Ca),y)(;TN+'Y _ N
< - n Bty +dr
~ A2
Ca,B,y,m.d

_ Bk
= Ca,B,y,7,dN B(r+~2)+dr

holds with probability P™ > 1 —2e™7, where ¢4 8,,7,d 1=
_ _dkr

__drs _ T L g P
2 max { B(r+~2)? 1} ca77767— 7 Ca,[B,’y,T,d' -

Appendix A: Appendix

Lemma A.1. Let Y := {—1,1} and P be a probability measure on X x Y.
For n(z) := P(y = 1|z),x € X define the set X, = {x € X |n(z) > 1/2}.
Let L be the classification loss and consider for A C X the loss La(x,y,t) :=
14(x)L(y,t), wherey € Y,t € R. For a measurable f: X — R we then have

R, p(f) - sz/ 20(a) — 1Py (x),
(XlA{fZO})F‘IA

where /\ denotes the symmetric difference.
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Proof of Lemma A.1: It is well known, e.g., [7, Example 3.8], that
RLA7 RLA P

| (37)
/ 120(2) — 1] 1(oer0y ((20(x) — V)signs(x)) dPx (z).

Next, for Px-almost all x € A we have

L(—00,0/((2n(2) — Dsignf(z)) = 1 & (2n(x) — Dsignf(z) <0
The latter is true if for € A holds that f(z) < 0 and n(x) > 1/2 or that
f(z) > 0 and n(x) < 1/2 or that n(x) = 1/2. However, for n(z) = 1/2 we have

|2n(x) — 1| = 0 and hence this case can be ignored. Then, the latter obviously
equals the set (X1A{f > 0})N A and we obtain in (37)

Riyolf) = Ripp = [ 20(a) — 1]dPx (@) =
(X1 8{f=0})NA
Lemma A.2. Let X :=[—1,1]% and P be a probability measure on X x {—1,1}

with fized versionn: X — [0, 1] of its posterior probability. Then, if n is Hoelder-
continuous with exponent v, we have that A, controls the noise from below with
exponent -y.

Proof of Lemma A.2: Fix w.l.o.g. an © € X;. Then, n(x) > 1/2. Since 7 is
Hoelder-continuous with exponent ~, there exists a constant ¢ > 0 such that we
have

2n(x) — 1| = 2[n(z) — 1/2| < 2[n(z) — n(z")] < 2¢(d(z,2"))”
for all ' € X_; and hence

12n(z) — 1] < 2¢_inf (d(z,%))” = 2cA)(z).
TeEX 4
Obviously the last inequality holds immediately for z € X with n(z) =1/2. O
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