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Abstract

Let Xq,...,X, be independent random points drawn from an ab-
solutely continuous probability measure with density f in R?. Under
mild conditions on f, we derive a Poisson limit theorem for the num-
ber of large probability nearest neighbor balls. Denoting by F, the
maximum probability measure of nearest neighbor balls, this limit the-
orem implies a Gumbel extreme value distribution for nP, — Inn as
n — 0o. Moreover, we derive a tight upper bound on the upper tail
of the distribution of nF,, — Inn, which does not depend on f.
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1 Introduction

Let X, X1,...,X,,... beindependent, identically distributed (i.i.d.) random
vectors taking values in R?. We assume throughout the paper that the distri-
bution of X, which is denoted by pu, has a density f with respect to Lebesgue
measure .

Writing || - || for the Euclidean norm on R?, put

Ry = Jmin 1X: — X;ll,
and let

P,: max p{S(Xi, Rin)}

1<i<n
denote the maximum probability of the nearest neighbor (NN) balls, where
S(z,r) :={y € R?: ||y — x| < r} stands for the closed ball with center x and
radius 7. This paper deals with both the finite-sample and the asymptotic
distribution of

nP, —Inn,
as n — oQ.

There is a huge related literature for Poisson sample size. Let N be a
random variable that is independent of X7, X5, ... and has a Poisson distri-
bution with E(N) = n. Then

Xi, . Xy (1)

is a non-homogeneous Poisson process with intensity function nf. For the
nucleuses X, ..., Xy, A4, (X;) denotes the Voronoi cell around X, and ; and
ﬁj stand for the inscribed and circumscribed radii of gn(Xj), respectively,
i.e., we have

?j = sup{r >0: S(Xj,r) - gn(XJ)}

and R B
R; =inf{r > 0: A,(X;) C S(X;,r)}.

If X1, X5, ... arei.i.d. uniformly distributed on the unit cube [0, 1]¢, then
(2a) and (2c) of Theorem 1 in Calka and Chenavier [3] read

. d -~ - .
nh_)nOloIP (2 n {S <0, 1I<nja%)}:vrj)} Inn < y) =G(y)



and

: 5 d—1 _
JI_%OP (n)\ {S (O, ax, Rj))} —1In (adn (Inn) ) < y) = G(y),
y € R. Here, ay > 0 is a universal constant, and

G(y) = exp(—exp(—y))

denotes the distribution function of the Gumbel extreme value distribution.

The paper is organized as follows. In Section 2 we study the distribution
of nP,—Inn. Theorem 1 is on a universal and tight bound on the upper tail of
nP, —Inn. Under mild conditions on the density, Theorem 2 shows that the
number of exceedances of nearest neighbor ball probabilities over a certain
sequence of thresholds has an asymptotic Poisson distribution as n — oo.
As a consequence, the limit distribution of nP, —Inn is the Gumbel extreme
value distribution. Theorem 3 in Section 3 is the extension of Theorem 1 for
Poisson sample size. All proofs are presented in Section 4. The main tool for
proving Theorem 2 is a novel Poisson limit theorem for sums of indicators of
exchangeable events, which is formulated as Proposition 1. The final section
sheds some light on a technical condition on f that is used in the proof of
the main result.

Although there is a weak dependence between the probabilities of nearest
neighbor balls, a main message of this paper is that one can neglect this
dependence when looking for the limit distribution of the maximum proba-
bility.

2 The maximum nearest neighbor ball

Under the assumption that the density f is sufficiently smooth and bounded
away from zero, Henze [7] and [8] derived the limit distribution of the maxi-
mum approrimate probability measure
R
112%}; f(XZ)Rz,nUd (2)
of NN-balls. Here, vy = 7%2/T'(1 + d/2) stands for the volume of the unit
ball in R

In the following, we consider the number of points among Xi,..., X,
for which the probability content of the nearest neighbor ball exceeds some
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(large) threshold. To be more specific, we fix y € R and consider the random

variable
n

C, = ZH{nu{S(Xi, Rin)} >y+Inn},

1=1

where I{-} denotes the indicator function. Writing ” 2y for convergence in
distribution, we will show that, under some conditions on the density f,

D
C,— Z asn— oo,

where Z is a random variable with the Poisson distribution Po(exp(—y)).
Now, C,, = 0 if, and only if, nP, — Inn <y, and it follows that

lim P(nP, —Inn <y)=P(Z=0)=G(y), yeR. (3)

n—oo

Since 1 — G(y) < exp(—y) if y > 0, (3) implies

limsupP (nP, —Inn >y) <e™, y>0. (4)

n—oo

Our first result is a non-asymptotic upper bound on the upper tail of the
distribution of nP, — Inn. This bound holds without any condition on the
density and thus entails (4) universally.

Theorem 1 Without any restriction on the density f, we have
P(nP, —Inn >y) < exp (—n—y+ —) {y<n-—Inn}, yeR. (5
n n

Theorem 1 implies a non-asymptotic upper bound on the mean of nP, —
Inn, since

E[nP, —Inn] <E[(nP, —Inn)*]

:/ P(nP, —Inn >y) dy
0

/°° ( n—1 lnn)
< exp | — y+— | dy
0 n n

n (lnn)
= exp )

n—1 n




Notice that this upper bound approaches 1 for large n, and that the mean of
the standard Gumbel distribution is the Euler-Mascheroni constant, which
is — [; e VInydy = 0.5772...

Recall that the support of u is defined by
supp(p) == {z € R®: u{S(z,7)} > 0 for each r > 0},
i.e., the support of j is the smallest closed set in R? having p-measure one.

Theorem 2 Assume there are 5 € (0,1), ¢pax < 00 and § > 0 such that,
for any r,s > 0 and any x,z € supp(p) with |z — z|| > max{r,s} and
p(S(x,r)) = p(S(z,5)) <9, one has

p(S(@,r)NS(28))
MEET v
and
1 (5(2,25)) < Cmacpt (S(2,9)) - (7)
Then
ZH{nM{S(Xi, Rin)} >y+Inn} =5 Polexp(—y)), yeR, (8)
and hence
nli_}rgolP’(nPn —Inn <y)=G(y), yeR. (9)

Remark 1 [t is easy to see that (6) and (7) hold if the density is both
bounded from above by fa: and bounded away from zero by fiin > 0. Indeed,

putting
1 fmzn d fmax
f:=1—— Crnaz = 2
2 fma!ﬁ fmZTL

we have

p(S(,r)nSzs)
p(5(2,5)) ( (ZaS))




and

H (S(Z, 25)) S fmax A (S(Z, 25))
= fmaz 27X (S(2,9))
< Cmaz 1 (S(2,8)) -
A challenging problem left is to weaken the conditions of Theorem 2 or
to prove that (8) and (9) hold without any conditions on the density. We
believe that such uniwersal limit results are possible, because the summands

in (8) are identically distributed, and their distribution does not depend on
the actual density. More discussion on condition (6) is given in Section 5.

3 The maximum nearest neighbor ball for a
non-homogeneous Poisson process

In this section we consider the non-homogeneous Poisson process X1,..., Xy
defined by (1). Putting

Ri,:= min [|X; — X

J#LISN
and B B
Py = max p{S(Xi, Rin) b,
the following result is the Poisson-analogue to Theorem 1.

Theorem 3 Without any restriction on the density f we have

- 1 2
P<npn_lnn2y> < e Vexp (M) JER.
n

4 Proofs

Proof of Theorem 1. Since the right hand side of (5) is larger than 1 if
y < 0, we take y > 0 in what follows. Moreover, in view of P, < 1 the left
hand side of (5) vanishes if y > n — Inn. We therefore assume without loss
of generality that

y+Inn
n

<1. (10)



For a fixed z € R?, let
H(r) =P (Jla—X|| <7), 720, (1)

be the distribution function of ||x— X/||. By the probability integral transform
(cf. Biau and Devroye [1], p. 8), the random variable

Hy([le = X)) = p{S(z, |l = X))}
is uniformly distributed on [0, 1]. We thus have
p{S(x, H(p)} =p, 0<p<1, (12)

where H_'(p) = inf{r : H,(r) > p}. It follows that

P(nP,—Inn>y)=P (n max p{S(X;,Ri)} —Inn > y)
<nPnp{S(X1,Rin)} —Inn > y)

1
=nP <,U{S(X1aR1n )} = y_l_ . )

P ( min p{S(X,. [ X0~ X)) > HM)

Now, (10) implies

2<5<

( y+lnn)"_
=n|l-—
n

< nexp (_(y+1n7:1)(n— 1))

n—1 Inn
sep T vt )

P(nP, —lnn>y) <nk {E” ( min p{S(Xy, [ X1 - X;])} = yHnn}Xl)}

O

Proof of Theorem 3. We again assume (10) in what follows. By condi-



tioning on N, we have

NE

P(nﬁn—lnnZy): P(nﬁn—lnnZy|N:k)IP’(N:k)

e
I
—_

WE

P(nP, —Inn>y)P(N =k).

e
I
—_

Putting y,, := (y + Inn)/n, we obtain
P(nP, —Inn >y)=P(kP, —Ink > ky, —Ink),
and Theorem 1 implies

P(kP, —Ink > ky, —Ink) < exp (—k—;l (ky, —Ink) + %)
=exp(—(k — 1y, +1nk).

It follows that

P(nﬁn “lnn > y) <3 exp (—(k — yn + k) P(N = k)
k=1
> k
n—"n —Yn kT
=Y ;k(e y) o

X (nevn)”
— ey” n Z - 7
~ (k—1)!

=ne’" """ exp (ne_y")

=nexp(—n(l —e ¥)).

Since z > 0 entails e * < 1 — z + 22, we finally obtain

P 2
P (nF— > ) < newp (-l ) = oxp (L)

n

The main tool in the proof Theorem 2 is the following result.



Proposition 1 For each n > 2, let A, 1,..., A, be exchangeable events,
and let

n

Yo=Y A}

J=1

If, for some v € (0, 00),

lim n*P (ApiN...NA) = v* for each k> 1, (13)

n—o0

then -
Y, —Y as n— oo,

where Y has the Poisson distribution Po(v).

Proof. The proof uses the method of moments, see, e.g., [2], Section 30.
Putting

Sor= Y. P(Au,N...NAy), ke{l,... n}

1<y < <ip<n

and writing Z*) = Z(Z —1)---(Z — k + 1) for the kth descending factorial
of a random variable Z, we have

E [Y,¥] = k! Sy
Since A, 1, ..., A, , are exchangeable, (13) implies

lim E [Yn(k)} =" k>

n— oo

Now, v* = E [Y®], where Y has the Poisson distribution Po(r). We thus
have

lim E[Y®]=E[YW], k>1. (14)
n—oo
Since .
=0 \J
where {]g}, ey {Z} denote Stirling numbers of the second kind (see, e.g.,

[5], p. 262), (14) entails lim,, ., E[Y*] = E[Y*] for each k > 1. Since the
distribution of Y is uniquely determined by the sequence of moments (E[Y*]),
k > 1, the assertion follows. O



Proof of Theorem 2. Fix y € R. In what follows, we will verify (13) for
An,i = {nM{S(XuRZ,n)} Zy_'_hln}v (S {17"'7n}7
and v = exp(—y). Throughout the proof we tacitly assume

+1Inn
O<yn::y - < 1.

This assumption entails no loss of generality since n tends to infinity. With
H,(-) given in (11), we put

R;, = Hy!/((y+Inn)/n), ie{l,...,n}
For the special case k = 1, conditioning on X; and (12) yield

n]P)(An,l) = n]P)(:u (S(Xla le)) > yn)
= nE[P (1 (S(X1, Rin)) 2 g | X1) |

B[ (1 - (S H )]

< y—l—lnn)"_1
=n(1-
n

Using the inequalities 1 — 1/t < Int <t — 1 gives lim, oo nP(A4,1) = e7v.
Thus (13) is proved for k = 1, remarkably without any condition on the
underlying density f. We now assume k£ > 2 and put

1

Rijp = L nin 1Xs = X5, rig = jnin, 1Xi — Xl

Then
Rm = min{Rng,m Ti,k},

and because of Rkn — 0 P-almost surely as n — o0, it follows that, on a
set of probability 1,

R, = Rkn for each i € {1,...,k}



if n is large enough. Conditioning on X3, ..., X} we have
P (M A,,)

X min{ B, 7i4) > yn})

X Bin) 2 o 1(S(Xis7i)) = 9} )

=P (M, (S
= P (N, {u(S(
— B[P (M (050X Rat)) 2 o (S(Xi 1) 2 0} | X X0 |

=[P (S ) 20 X1 ) TTHAS om0

Furthermore, we obtain
P (N (S (KXo, Rigen)) 2 wa} | Xy, Xe )
—P (m’f ARign > Hy (yn)} | Xl,...,Xk>
—P (mf;l{Ri,k,n >R} X, ,Xk)
- IP’(Xkﬂ, X g UL S(X R X ,Xk>
— (1—p (U, S(Xs, RN
Notice that we have the obvious lower bound

b (1= (U S(X BE))) " TTHR(S (X 7)) > v}

i=1

k n=k
> P (1—ZM(S(X,.,R;H))> Hﬂ{u (Xi,7ige) = Y}t

N y+Inn\" L
=N 1—]{; HI[{/J/ X@,T2k)>y’n}'

Since the latter converges almost surely to e ¥ as n — oo, Fatou’s lemma
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implies

lim inf n*P (ﬂz 1 An)

n—oo

—lim infE[nk (1 _ (Uf:15xi7Rzan>) HH{M (Xiy i) > yn}}

n— o0

> E[lim inf n* (1 — (UfﬂSXi,R;n)) HH{M (X rig)) > yn}]

n—oo

_ky

e
It thus remains to show

limsupn'P (Nf_A,;) < e ™. (15)

n—oo

Let D, be the event that the balls S(X;, R;,), i = 1,...,k, are pairwise
disjoint. Putting

nk —HH{,U Xu/rzk)>yn}a
we have

limsup n*P(A, 1 N ...N A,z)

n—oo

= limsupn*E (1 — I (Uf 1S(XG, R; ))n_k L,k

n—o0

D
< limsupn* E | exp (—(n — k)u (UL, S(X, RL,))) Hn,k}
|

n—oo

|
< limsupnkE ( y * nn) I{D,

n—oo

+ limsupn* E [exp (=(n— k)p (U, S(X3, R,))) H{D;}Hn,k]

n—oo

<e ™ flimsupn*E [exp (—(n — k) (UleS(Xi, R;kn))) H{Dz}ﬂnv’f] :

n— oo

It thus remains to show

lim nF E[exp (—(n —k)u (UleS(X,-, R:))) {Dg L, .] = 0. (16)

n— o0

11



Under some additional smoothness conditions on the density, Henze [7] ver-
ified (16) for the related problem of finding the limit distribution of the
random variable figuring in (2). By analogy with his way of proof, we intro-
duce an equivalence relation on the set {1,..., k} as follows: An equivalence
class consists of a singleton {i} if

S(Xi, Ri,,) N S(X;, R;,) =10
for each j # i. Otherwise, ¢ and j are called equivalent if there is a subset
{i1,... 30} of {1,... k} such that i = i; and j = i, and
S(X R* ) ﬁ S(Xim+17 2m+1 TL) # @

tm)

foreachm € {1,...,/—1}. Let P ={Q1,...,Q,} beapartition of {1,... k},
and denote by F, the event that (), forms an equivalence class. For the
event D,,, the partition Py := {{1},...,{k}} is the trivial one, while on the
complement Dy any partition P is non-trivial, which means that ¢ < k. In
order to prove (16), we have to show that

lim sup n*E [exp (—(n—k)p (Ui S(X, R:))) Lo H H{Eu}] =0 (17)

n—o0

for each non-trivial partition P. Since balls that belong to different equiva-
lence classes are disjoint, we have

p (UEAS(X, RL,) HH{E} (U1, Uscq, S(X0, RY,) HH{E}

:Zu(uie@u (X, R;,,) HH{E}
u=1

Writing |B| for the number of elements of a finite set B, it follows that

n exp (—(n — k) (UL, S(Xi. RY,,) Hﬂ{u (Xiria)) 2 v} [ 1B

q

H 'Q“'He p(UieQuS(Xi.RY,,) HHH{M(S(Xi,n,k))zyn}HH{EU}

<e
u=1 u=1 u=11€Qy u=1
q
H( el (UieanSui) TT (s Xz-,n,m)zyn}ﬂ{Eu}).
=1 1€Qu

12



In view of independence, we have

k q
nkE [e—nu(uf_1S(Xi7R?,n)) H H{,U(S(XH Tz’,k)) > yn} H ]I{Eu}:|
i=1 u=1

q
H [ ‘Qu UzEQuS(X Rz n H I[{Iu Xi7,ri,k>> Z yn}]:[{Eu}:| .

ZeQu

Thus, (17) is proved if we can show

hmE[ Qulemm(icaus i) TT 1{u(S Xz-,n,k>>2yn}ﬂ{Eu}]=

n—oo
ZeQu

for each u with 2 < |Q,| < k. Without loss of generality assume

Qu={1,....,|Qul}
Then

N (S (X, 7ik)) = )

=Nn= S(X;, min || X;—X > Y,
=1 ,u( ( i3 <|Qul || ]H)) Y

\Qu\{ . X, }
=N min S(X, | X — X > U
it ]<|Qullu( ( H ]H)) Y

= N2 i sion {10 (X X5 = X51) > ya}
= N2 Niicion U1X = X501 > Hy (ya)}
= Mij<|Qulizi L1 Xi — Xjl| > max(R;,,, R )},
and we obtain
pl@elem(Cieu ) TT Hu(S,r,s) = v} HEu)
1€EQu
(U2 s (xR
— @l (IS D) o (1K X | > max{ RE, R W HE.)
< plQule (USSR, Lo a1 X=X > max{ R?,, R:, YTHE,Y.
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Now, condition (6) implies

nuy (U?:1S(Xia R;kn))

=npu (S(X1, Ry,)) +nu (S(Xe, R3 ) —np (S(X2, Ry,) N S(X1, Ry L))
_ytn (2 p(S(Xa, RB3,) NS(X, Rin))>

B n 1 (S(Xa, R3,,))

> (y+1nn)(2 - p)
= (y+Inn)(1+¢)

(say). Notice that € > 0 since 0 < § < 1. Thus,

nlIE {e_"“(UiEQ"S(X"R;”)) [T Hu(s(Xirin) > yn}H{Eu}}
1€Quy
< plul -1+ [ﬂ{m,j<|Qu,#j{HXZ-—XjH > max(R; R;,n}}}H{Eu}}

=0 (=) P(E,).
In order to bound P(FE,) we need the following lemma:

Lemma 1 On E, there is a random integer L € {1,...,|Q.|} depending on
Xi,...,X|q, such that Q, \ {L} forms an equivalence class.

Proof. Let m = |Qu.]. Regard Xi,...,X,, as vertices of a graph in
which any two vertices X; and X are connected by a node if S(X;, R;,) N
S(Xj, R;,,) # 0. Since Q, = {1,...,m} is an equivalence class, this graph is
connected. If there is at least one vertex X, (say) with degree 1, put L := j.
Otherwise, the degree of each vertex is at least two, and we have m > 3. If
m = 3, the graph is a triangle, and we can choose L arbitrarily. Now suppose
the lemma is true for any graph having m > 3 vertices, in which each vertex
degree is at least 2. If we have an additional (m + 1)th vertex X,,.1, this
is connected to at least two other vertices X; and X; (say). Of the graph
with vertices Xy, ..., X,, we can delete one vertex, and the remaining graph
is connected. But X, is then connected to either X; or X;, and we may
choose L = 7 or L = j. Notice that for d = 1 the proof is trivial since
Uicq.S(Xs, R;,,) is an interval, and we can take either L =1 or L =m. O

By induction, we now show that

P(E,) = O ((Inn/n)9"1) (18)

14



as n — oo for each m :=|Q,| € {2,...,k — 1}. We start with the base case
m = 2. Notice that P(E,) < P(|| X, — Xi|| < R3,, + Rj,,) and
P([| X2 = Xaf| < B3, + Ry, | X1)
= P(| Xy = Xull < Ry, + BRI, By < BT, XG)
+P(| Xy = Xl S RS, + R, Ry > Bi, | X0)
<SP(| Xy — Xq|| < 2Ry, | Xh) + P(| X — Xo|| <2R;5, | X4).

Now, condition (7) entails

P Xz = Xl < 2R7, | X1) = p(S(X1,2R7 ) < Cmaz 1(S(X3, Ry )
y+1nn

= Cmax .

Putting R, := H} (maa(y + Inn) /n), a second appeal to (7) yields

y+1nn

1(S(X2,2R3,,)) < Cmae 1(S(X2, 5 ,)) = Caa
and thus 2R;, < Eg’n. Consequently,

P(| X, — Xi| < 2R3, | X1) < P(| X5 = X1l < Ron | X).

Let 74 be the minimum number of cones of angle 7 /3 centered at 0 such that
their union covers RY. Then the cone covering lemma (cf. Lemma 10.1 in
Devroye and Gyorfi [4], and Lemma 6.2 in Gyorfi et al. [6]) says that, for
any 0 < a <1 and any x;, we have

p({as € R pu(S(2s, [lza — 1)) < a}) < vaa. (19)
Now, (19) implies
p({zz € R |22 — || < Hy'(a)})raa,
whence
P(IX: — X1 < B | X1) < e 200
We thus obtain

Inn
P(|Xo — Xu|| <R3, + R, | X1) =0 <T) ) (20)

15



and so (18) is proved for m = 2. For the induction step, assume (18) holds
for |Qu] =m € {2,...,k—2}. If Q, with |Q.] = m + 1 is an equivalence
class, then by Lemma 1 there are random integers L, and Ly less than m+ 2,
such that @, \ {L;} forms an equivalence class, and

||XL1 - XL2 H S Rzl,n + Rzz,n'
It follows that

P(E,) <(m+1)mP(E,N{Li=m+1, Ly = 1})
<k(k—1DP{Q,\ {m+ 1} forms an equivalence class }
A X — Xl < Ry + R
= k(k — 1)E[I{Q, \ {m + 1} forms an equivalence class }
(||Xm+1 _X1|| <Rm+1n Rin | Xl?“"Xm)}
= k(k — DE[I{Q. \ {m + 1} forms an equivalence class }
P ||Xm+1 X1|| < Rm+1n Rin ‘ Xl) }

(
<0 (T) P(Q. \ {m + 1} forms an equivalence class)

B0 (/o))

Notice that the penultimate equation follows from the induction hypothesis,
and the last "<” is a consequence of (20). Notice further that these limit
relations imply (18), whence

leuE[e—"M(UiEQuS(X%RZn)) H H{u(S(Xi,rik)) > yn J{ £}
1€EQu

O( |Qul—1— 5) (E,)

O (n'?717) O ((Inn/m) 417

o(1).

Summarizing, we have shown (17) and thus (15). Hence (13) is verified with
v = exp(—y), and the theorem is proved. 0
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5 Discussion on condition (6)

In this final section we comment on condition (6). For d = 1, we verify (6)
if on S(x,r) U S(z,s) the distribution function F of p is either convex or
concave. If ||z — z|| > r + s, then S(x,r) and S(z, s) are disjoint, therefore
suppose 7 + s > ||x — z|| > max(r,s). Assume that F' is convex, the proof
for concave F' is similar. If x < z, the convexity of F' and

p(S(z,8)) = F(z+s) = F(z—s) =p
(say) imply F'(z) — F(z — s) < p/2. Thus

1 (S(,7) (1 8(2,5)) = [z — 5,2 +7])
< min{u([z — s, 2]), p([z, z +r])}
=min{F(z) — F(z —s), F(x +r) — F(x)}
< F(z2)—F(z—s)
<p/2

and hence

p(S(@,r)NS(z8))
1 (S5(z,5))

Thus (6) is satisfied with 5 = 1/2.
For d > 1, the problem is more involved. Again, suppose r+s > ||z—z|| >
max(r, s). Writing (-, -) for the inner product in R?, introduce the half spaces

1
< -
-2

H={uecR: (u—22-2)>0}, Hy={ucR": (u—z2z—2)>0}
Then

w(S(z,r)NS(z,s)) =w((S(z,s) N Hy) N (S(x,7) N Hy))

- w(S(z,8) N Hy) 4+ pu (S(x,r) N Hy)
< 5 :

We introduce another implicit condition as follows: Assume there are o €
(1,2) and § > 0 such that, for any r,s > 0 and any z,z € supp(u) with
r+s> ||z —z|| > max(r,s) and p (S(z,7)) = p(S(z,s)) <0, one has either

w(S(z,s) N Hy) < apu(S(x,r) N HY) (21)
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p(S(x,r)N Hy) < ap(S(z,s)NHS). (22)
In case of (21) we have
w(S(z,8) N Hy) + p(S(x,r) N Hy) - ap(S(x,r)NHS) + p(S(z,r) N Hy)
2 - 2
p (S, r) N HY) + p (S(z,r) N Hy)
2

<

oo R

p(S(z,r)),

and (6) is verified with § = «a/2. The case of (22) is similar. For the
univariate case and for < z, (21) and (22) mean

F(z) = F(z—s) < a(F(z) — F(x—1)) (23)
and
Flx+r)—F(z) <a(F(z+s)—F(2)). (24)

For convex F' and small ¢, (24) is approximately satisfied with o ~ 1. Vice
versa, (23) holds for concave F'.
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