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Abstract

In this paper we introduce a nearest neighbor based estimate of
the prediction interval with prescribed conditional coverage probabil-
ity and with small length. In the special case, when there is no feature
vector, the problem is the estimate of a confidence interval. For con-
fidence interval estimate, we show the distribution-free strong consis-
tency of the conditional coverage probability and of excess length of
the interval, while the conditional coverage probability of prediction
interval has the distribution-free strong consistency property and un-
der weak conditions on the underlying distributions strong consistency
and the fast rate of convergence of the excess length are shown. As a
consequence, we construct a confidence set estimate for classification.
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1 Introduction
Consider a training data set
DTL: {(thl)v-'-a(XnaYn)}’ (1)

and a test point (X1, Y,41), with the training and test data all drawn
i.i.d. from the same distribution. Here each X; € R? is a feature vector,
while Y; € R is a response variable. The problem of predictive inference is
the following: if we observe the n training data points D,, and are given
the feature vector X,, 41 for a new test data point, we would like construct
a prediction interval C,(z) = Cp(Dp,x) for Y,41 such that we believe
Cn(Xpn41) is likely to contain the test point’s true response value Y, 1.
We are interested in the conditional coverage probability

P{Yn—i-l S Cn(Xn-‘rl) ‘ Dann-H = 1‘} (2)

and in the length of the interval C),(x). Most of the related literature study
the (unconditional) coverage probability

P{Yn11 € Cn(Xns1)},
while Vovk [16] considers the conditional coverage probability
P{Yt1 € Cn(Xn+1) | Du}
and Barber et al. [1] investigate the conditional coverage probability
P{Yn41 € Cn(Xnt) | X1 =z}

If there is no feature vector X;, then the problem is reduced to the
estimation of confidence interval.
In this paper we consider three set estimation problems:

e confidence interval of given conditional coverage probability and of
small length,

e prediction interval of given conditional coverage probability (2) and
of small length,

e confidence set for classification with given conditional coverage prob-
ability (2) and with small size.



Such estimates can be derived from the estimates of quantiles or condi-
tional quantiles. For example, concerning the confidence interval one may
search for the shortest interval with prescribed empirical distribution. In
the sequel we modify this principle such that choose the shortest interval
with a bit smaller empirical distribution. It turns out that these interval
estimation problems are easier than the corresponding point estimation,
which means that the rate of convergence of the length of the interval is
super-polynomial.

Lei et al. [12], Papadopoulos et al. [14], Romano, Patterson and Candés
[15], Vovk [16], studied estimates of prediction intervals. These authors dis-
cuss and investigate various concepts on the basis of independent and iden-
tically distributed or exchangeable samples. Concerning an overview on the
validity and on efficiency, especially a negative result for the non-asymptotic
situation see Vovk [16] and Barber et al. [1]. Lei and Wasserman [11] and
Lei, Robins and Wasserman [13] contain results on batch mode prediction,
while Vovk [16] and Lei et al. [12] are on online (or sequential) prediction.

Usually, the authors use a prediction set around a point prediction of Y,
especially intervals are considered, which are symmetric around a regres-
sion function estimate, showing the consistency of the coverage probability,
also refining the procedures under computational aspects (see Papadopou-
los et al. [14]). Here we show the consistency of the conditional coverage
probability and investigate the rate of convergence for the excess of the es-
timated prediction (confidence) interval length with respect to the minimal
prediction (confidence) interval length.

2 Estimate the confidence interval

In this setup there is no feature vector. For the random variable Y, intro-
duce the distribution function

F(y) :=P{Y <y}.
If 0 < p < 1, then the set of possible quantiles is an interval () such
that
[Qp,lowa Qp,up) cQcC [Qp,lowa Qp,up}a

where

Apup *= Fu_l(p) = sup Yy
yeR:F(y)<p

is the upper quantile, and

— 1 — min
qp,low low (p) yeR:F(y)>p



denotes the lower quantile. In general, the quantile is not unique. The
quantile is unique, if
Adp,low = 49p,up-

Concerning a confidence interval

C = [floafhi])

we need that for the coverage probability
P{YeC}>1-aq,
where 0 < a < 1 is fixed, and the size of the interval

A= fri — fio

is as small as possible.
If the lower and upper quantiles are known, then the optimal confidence
interval can be constructed as follows: Put
D(p) = Fip(p+1-a) = F,' (),

- “low

(0 <p< ) and
p* = argmin D(p).

O<p<a
Then
A* = min D(p) = D(p*
omin D{p) = D(p*),
fi=Fo' (")
and

fii = Fip(@" +1-a).

ow

For the sake of simplicity, throughout the paper we assume that the arg min
exists. In the general case, p* can be defined such that D(p*) < info<p<q D(p)+
1/n2, where n is the sample size.

If the lower and upper quantiles are unknown, then assume, that we
observed data {Yi,...,Y,} consisting of independent and identically dis-
tributed copies of Y.

Let

1 n
Fuly) = > Tyicy,
i=1

be the empirical distribution function, where I denotes the indicator func-
tion, while

F1 (p):= min , O<pxl1
®) yER:Fn(y)Zpy
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and

Fn_,lle(p) = sup v, O<p<l1
yER:Fr (y)<p

are the corresponding quantile function estimates. From these estimates
one may derive the plug-in estimate of the optimal confidence interval. Put

Dy (p) := F;llow(p-i- 1—a—1Inn/vn) = F,..(p+Inn/vn)

(0 <p< ) and
P = argmin D, (p).

O0<p<a
Then
A, = Dn(pn)a
_ -1
fn,lo - Fn,up(pn + ln n/\/ﬁ)
and

Fani = Fyy o (on + 1 — a — Inn/v/n).
The main point here is that we underestimate the optimal confidence in-
terval resulting in distribution-free consistency.

Lei, Robins and Wasserman [13] studied the extension of our problem,
when Y is d’ dimensional and the aim was to approximate the confidence
set of minimal Lebesque measure. They assumed a smooth density of Y,
and from the kernel density estimate they derived a confidence set estimate.
For Lipschitz continuous density and for the expected Lebesgue measure
of the symmetric difference of the optimal and estimated confidence set

they got a rate of convergence O (ln n/nl/(d/”)), which is O (ln n/n1/3),

for d = 1. Here we do not assume a density and construct a confidence
interval instead of a confidence set such that the tail of the excess of the
estimated confidence interval length with respect to the minimal confidence
interval has the rate of convergence O (1 /n? 1“").

Put

Cn = [fn,loa fn,hi]-

The following theorem is on the tail distribution of the conditional coverage
probability P{Y,,+1 € Cy, | Y1,...,Y,} and of the excess length (A, —A*)":

Theorem 1. For any distribution of Y and € > 0,
P{|P{Yp41 € Cp | Y1,.... Y, } — (1 — )| > ¢}
<8(n+1)e ™ NB L s, (3)
and

P{A, — A* > 0} < 2/n2I"", (4)



The proof of this theorem is in the last section. (3) implies that

lgm IP{Y,H_lECn’Yl,...,Yn}:l—OJ (5)
a.s. and
]E{|P{Yn+1 € Cn ‘ }/1, . -aYn} - (1 - a)|} =0 (hln/\/ﬁ) . (6)

Furthermore, because of
o 0. ]
> P{A, - AT =0} <) 2/ < oo,
n=1 n=1

the Borel-Cantelli lemma implies the strong distribution-free consistency of
the excess length:

lim [A, — A*]T =0

n—oo

3 Conformal prediction
Introduce the conditional distribution function
Fly o) =P{Y <y| X =a}

and the corresponding lower and upper conditional quantile functions are
defined by

dptow(t) = Fy 0, (p) = SR Y-
and
Gpup() = Fyap(p) :=  sup
yeR:F(ylr)<p
respectively.

The conformal prediction is an interval

C(x) = [fio(x), fhi()]-

Concerning a prediction interval C(z), we need that for the conditional
coverage probability (called also conditional validity in [11] and in [16])

P{Y € O(X) | X =2} > 1—a, (7)



where 0 < «a < 1 is fixed, and the length of the interval

Az) = fni() = fio(x)

is as small as possible (efficiency, compare [11] and [16]).

An extension of our problem can be found in Lei et al. [12] (with a gen-
eralization to multi-dimensional ¥ in Lei and Wasserman [11]) such that
C(x) is an arbitrary (measurable) set, and under (7) the aim is to minimize
A(C(x)), where X stands for the Lebesgue measure. From a kernel density
estimate they derived a consistent estimate of the optimal prediction set,
and for Lipschitz continuous conditional density showed the rate of conver-
gence of order O (ln n/ nt/ (d+3)). Our setup is much simpler such that there
is no need to assume the existence of the density of (X,Y’). Here, we do not
assume a density of (X,Y"). Interestingly, under mild conditions, especially
Lipschitz continuity of the function F(y | -), we get a super-polynomial rate
O (1 /n? ln") in the case of prediction interval, instead of a prediction set.

If the conditional distribution function and the conditional quantile
functions are known, then the optimal prediction interval can be con-
structed. Put

D(p) == F, L,(p+1—a)—F;\(p),
(0 < p< ) and

*

p* = p*(x) := arg min D(p).

O<p<a
Then
A*(z) = min D(p) = D(p"),
fio(@) = Fpup(07)
and

fri(z) = F L (p"+1-a).

x,low

If the conditional distribution function and the conditional quantile
function are unknown, then assume, that we observed data (1). The obvious
way is to estimate the conditional distribution function and the conditional
quantile function. Allowing additional measurement errors, Hansmann and
Kohler [10] studied local averaging regression based, in detail kernel regres-
sion based, conditional quantile function estimates. Here we introduce a
k-nearest-neighbor (k-NN) estimate, which is easier to analyze. For a fixed
x € R? reorder the data (X1,Y}),...,(X,,Y,) according to increasing val-
ues of || X; — z||. The reordered data sequence is denoted by

(X(n,l)(l‘)a Yv(n,l)(w))v SRR (X(n,n) (:U)> Yv(n,n) (:E))



X(n,k) () is the k-th nearest neighbor of x. The tie breaking is done by
randomization. If the distribution of feature vector X is denoted by u,
then for the sake of simplicity, we assume that p has a density, therefore
tie happens with probability 0.

The k-NN estimate of the conditional distribution function is defined
by

Fkn Y | ;U k Z Y(n 1)(1’)<y7

while
F—l = min ) 0 < < 1
x,k,n,low (p) yER:Fy, n(y\$)>Py g

and
F;Ji,n’up(p) = sup Y, 0<p<l1
YER:Fy n (yl2)<p
are the corresponding conditional quantile function estimates. From these
estimates one may derive the plug-in estimate of the optimal prediction
interval. Put
Du(p) = Fypppion@+ 1= —tpn) = Frp 0 (0 tn)

z,k,n,low z,k,n,up

(0 < p < o) with

= Inn(1/VEk + (k/n)"/?),

and
Pn = pp(x) := argmin D, (p).
0<p<a
Then
Ap(z) = Dp(pn),
frnto(x) = Fm_k noup P+ ten)
and

fk,n,hi( ) Fxénlow(pn“‘l_a_tk,n)-

This estimate has a simple interpretation. If y; < --- < y; denotes the
ordered samples of Y;, 1)(2), ..., Y x)(2), then

Fypn (ylz)= Zlyﬂy



For

yg(”) = arg min[F:r_,li,n,low (Z/k +l1-a- th,n) - yl]
yis i/ k<a

= arg min[yLk(i/kH—a—mk,n)J — il
yis i<ka

= arg min[y 4 p(1—a—2t,.,.)) — Yils
yis i<ka

we have that

Jenio(T) = Yg(n)+|kt,n]

and

fk,n,hi(x) = Yg(n)+k(1—a)—kty |-

Put
Cin(T) = [frmio(®), frmpi(x)]-

The next theorem is on the strong universal consistency of the con-
ditional coverage probability and on the rate of convergence under some
smoothness condition. In order to have non-trivial rate of convergence of
the conditional coverage probability, one has to assume tail and smooth-
ness conditions, otherwise the rate of convergence can be arbitrarily slow,
see Chapter 3 in [9]. For most of the related results, the feature vec-
tor X is assumed to be bounded, which excludes the classical parametric
problem, where the conditional distributions of X given Y are multidimen-
sional Gaussian distributions. Next, we introduce a mild combined tail and
smoothness condition, under which we get fast rate of convergence.

Definition 1. For each y, the function F(y | -) satisfies the modified Lip-
schitz condition, if there is a constant C* such that for any y € R and
z,z € R4

[F(y | x) = Fy | 2)] < C* (S asg) ', (8)

where Sy denotes the sphere centered at x and having the radius r (cf. [3],
[8))-

If the density f of p is continuous, then the right hand side of (8)
is approximately equal to C*f(z)"/4||z — z||. For d = 1, the standard
exponential distribution is an example, where the right hand side of (8)
is approximately equal to C*e™® max{x — z, z — x}. Interestingly, one can
show densities for modified Lipschitz condition, where E{|| X ||} = oo, for
example, f is the Cauchy density.



Theorem 2. Assume that p has a density. Ifk = ky, such that k,/(Inn)? —
oo and (Inn)%, /n — 0, then for any distribution of (X,Y),

7}1_?30 P{Yn+1 € Cpon(Xnt1) | Dp, Xny1 =2} =1 -« (9)

a.s. for p-almost-all x. If, in addition, for each y, the function F(y | -)
satisfies the modified Lipschitz condition, then for any fized x,

E{|P{Yn+1 € Ck n(XnJrl) | Dn7Xn+1 = l‘} - (1 - Oé)|}

0 (m n/\/kn> +0 (lnn(kn/n)l/d) . (10)
For the choice
ky = |const - n?/(@+2) | (11)

the rate (10) is of order

Inn
© (nmm)) ' (12)
Under mild condition, the following theorem states strong consistency

and the rate of convergence of the excess length [A,(z) — A*(x)]T:

Theorem 3. Assume that p has a density and k, /(Inn)? — oo and (Inn)%k, /n —
0.

(i) If either the conditional quantiles at p* and at p* + 1 — a are unique,
or the function F(y | -) satisfies the modified Lipschitz condition, then

lim [A,(z) — A*(z)]T =0 (13)

n—o0

a.s. for p-almost-all x.
(ii) Under the modified Lipschitz condition we have that

P{A,(z) — A*(z) > 0} < 2n7207 4 9= 3kn/1lnnz2cn (14)

We get that Ij,,>20« = 1, if n is large enough. Thus, the choice (11)
and (14) imply the super-polynomial rate of convergence:

P{A,(z) — A*(z) > 0} < 2n7207 4 9e=3ka/14 — (1 /p20 1),

It is an open problem whether (13) is satisfied without assuming any-
thing on the conditional distribution function, or whether there is an esti-
mate of the optimal prediction interval with distribution-free consistency
of the excess length of the prediction interval.



4 Estimate the confidence set for classification

The previous results have some consequences in classification. For the
classification, the label Y takes values in the finite set {1,..., K} and the
Bayes decision ¢g* minimizes the error probability:

g*(x) = argmax Pj(z),
J
where
Pi(x)=P{Y =j| X =2z}, j=1,...,K.

A possibility for improving the confidence of the classification is the
Bayes decision with rejection option, which means that for small values of
max; Pj(x) one does not make any decision, see Problem 2.5 in [7].

Another possibility is, that instead of deciding on a single label, we give
a list of labels. Such list is called confidence set for classification. The
problem is to construct a confidence set C),(z) = C,(Dy,x) such that for
the conditional coverage probability

P{Y € O(X) | X =2} > 1—aq,

where 0 < a < 1 is fixed, and the cardinality |C(x)| of the set C(x) is as
small as possible. (Cf. [4] and [5].)

If the a posteriori probabilities Pj(z), j = 1,..., K are known, then the
optimal confidence set can be constructed. Let Pl(i)( x) > > Py ()
be the ordered values of Pi(z), ..., Px(z). Define L*(z) by the inequalities

L*(x)

ZP%Z zl-a> Z PZ]‘T
Then, the optimal confidence set is

C*(m) = {i1($)7 ) ZL*(x)(x)}

If the a posteriori probabilities Pj(z) are unknown, then an approxima-
tion of P; is denoted by P;, j = 1,..., K, from which the corresponding
plug-in confidence set is as follows: Let F; (,y(x) > -+ = P; (,y(z) be the

ordered values of Py(x),..., Px(z). Define L(z) by the inequalities

(z)
-y

bu

—~

z)

- F)z](x)< ) >1

.
Il
H~z



with a £ > 0. Then, the plug-in confidence set is

C(a) = {ir (), . i (@)}

In this way we underestimate the optimal confidence set.
Choose an integer k less than n, then the k-nearest-neighbor estimate
of P; is

As before, from these estimates we deliive the plug-in confidence set Chp(x)
such that C, and P, ; correspond to C' and P}, respectively. Furthermore,

f=tpn =Inn(1/Vk + (k/n)"/?).

Theorem 4. Assume that p has a density. Ifk = ky, such that k, /(Inn)? —
oo and (Inn)%k, /n — 0, then for any distribution of (X,Y),

lirgianP’{YnH € Cn(Xn+1) | Dy Xpp1 =2} > 1—« (16)

a.s. for p-almost-all x. If, in addition, the modified Lipschitz condition is
satisfied, then for any fized x,

E{((1—a)—P{Yni1 € Co(Xns1) | Du, Xny1 = 2})*}
=0 <1nn/\/@ +0 (lnn(kn/n)l/d) . (17)

Theorem 5. Assume that p has a density and k,,/(Inn)? = oo and (Inn)%k, /n —
0. Under the modified Lipschitz condition we have that

P{|Cy ()| — |C* ()| > 0} < 2n 72107 4 2= 3kn/Mlunz2er - (1g)

5 Proofs

Proof Theorem 1. We have that
P{Yn41 € Cp | Y1,.... Y0} = F(funi) — F(fao)-

and

[ (fn hz) - (fn,lo)] - (1 - O‘)‘

< |IF(fani) = F(fao)l = (1 — @ = 2Inn/v/n)| + 2Inn/vn
’ fn hz (fn,la)] - [Fn(fn,hi) - Fn(fn,lo)“ +21In n/\/ﬁ
<2

up‘F — Fu(y)| +2Inn/vn.

11



Thus, Theorem 12.4 in Devroye, Gyorfi and Lugosi [7] implies that

PUF(fani) = F(fago)] — (1 —a)| > €}
< P{2sgp |F(y) - Fn(y)| = 2’5/2} + Hann/\/ﬁZs/Q

< 8(” + 1)67n82/128 + Hlnn/\/ﬁzs/4‘
Furthermore,

Ap — A" = Dy(pn) — D(p")
Dn(p") — D(p")
< (F L(p*) — Fbo (0" +nn/vn))
+(F low(p +1—a-Inn/yvn)— low(p +1-— ))+

(19)
One has
P{F,, (p*) = Frup(p* +1nn//n) > 0}
< P{FW(F,, (0") 2 p" +Inn/vn}
=P{Fu(F,, (0") — F(Fy (p)) = Inn/V/n}.
The Hoeffding inequality implies that
P{Fy, (p°) = Fr i (0" +Inn/v/in) > 0} < 720 0nn/Vi = g 2o,
Similarly, we get that
P{ nlow(p*—i—l—a Inn/vn) — F L (p* +1—a) >0} < 1/n?™"
O

Proof of Theorem 2. One has that

P{YnJrl S Ckm,(XnJrl) | DnaXnJrl = x} = F(fk’,n,hi(x) | 'r)_F(fk,n,lo(x) | J))

Devroye [6] proved that k,,/Ilnn — oo and k,,/n — 0 imply that

[F(y | 2) = Fi,nly | 2)] =0 (20)
a.s. for all y and for p-almost all z, from which we get

sup [F(y | #) = Fi,n(y | 2)] = 0 (21)
Y

12



a.s. for p-almost all z, where we used the argument of the standard proof
of Glivenko-Cantelli theorem showing that the pointwise convergence of
empirical distribution functions implies the uniform convergence. We have
that

[F(fenni(@) | 2) = F(femio(z) | 2)] — (1 — o)
< F(fomni(@) | 2) = F(fomio(@) | ©)] = (1= @ = 2tp0) | + 21
= |[F(frnni(@) | 2) = F(frnio(z) | )]
— [Frn(frnhi(@) | ) = Frn(frnio(®) | 2)]] + 210
< 2sgp\F(y | @) = Fin(y | 2)] + 2tg - (22)
Under the conditions of the theorem

tkn,n — 0.

Therefore (21) and (22) imply (9). Because of (22), (10) is proved if
{sup|F(y | 2) ~ Fiay | 9]} =0 (1nk/VE) +0 ((h/m) . (23)
Put

Fionly|2) =B{Finly|z)| X1,...,X

k
Z (Y | X(n,iy(2))-

?v \

Concerning (23), we show that
B {sup 1Py [ 9) - Finly | )l } = O (mi/VE) (21
and
B {sup Py |0) - Fly [0} =0 (/) /7). (25)
Proof of (24): We have
B {sup Py | ) = Funly | 2]

1
E{/ P{Sup]ka(y | ) — Frpn(y | z)| > s | Xl,...,Xn} ds}.
0 Y

13



Conditioning with respect to Xi,...,X,, we note that Fj,(y | z) is an
arithmetic mean of independent {0, 1} valued random variables. Although
these random variables are not identically distributed, we can extend the
proof of Theorem 12.4 in Devroye, Gyorfi and Lugosi [7], which is a sharp-
ened version of the Glivenko-Cantelli theorem. Thus, we obtain that

v {S“p Fen(y | 2) = Fin(y | 2)] > 5| X1, .. X} < 9k + 1)e k32,
Y
0 < s < 1, which implies
_ 1 ,
E {sup |Fion(y | ) — Frn(y | :17)|} < / min{1,2(k + 1)e~**/32) s
v 0

1
<e+2(k+ 1)/ e ks*/32 g

£

22 [®
<e+2(k+ 1)—\[ et 12t

\/E ke2/32

<e+ 6746—1%2/32,
€

which yields (24) by the choice ¢ = Ink/Vk.
Proof of (25): The modified Lipschitz condition (8) implies that for each v,

El
M-

|Frn(y | z) = F(y | )| < |F(y | Xy () — F(y | z)|

=1

)1/d

| =
]~

I
—

<C* /,L(SI,”I*X(n,i)(x)”

7

. 1/d
< C* (S o- Xy @)

For i.i.d. uniformly distributed Uy, ..., Uy, let Uy p), ..., Ug, pn) denote the
corresponding order statistic. If p has a density, then from Section 1.2 in
Biau and Devroye [2] we have that

19

M(SI,HJC—X("k)(z)w U(k,n) (26)

Thus, for any fixed y and s > 0 with (s/C*)¢ > k/n, the Bernstein inequal-

14



ity implies that

P {suplFinly | )~ Fly | )] = 5

{C’*U(lléi) > 8}

{Utk = (5071}

1 — . .
_p {n 3 (HUiS(S/C*)d —(s/C )d) < —[(s/C*) - k/n]}
=1
_ nl(s/C*)%—k/n)?
< e 2(s/C*)A42[(s/C*)d—k/n]/3

<P
P

Therefore
B {sup Py [ )~ Fly | )]}
Yy

_ /Olw{sgprﬁw 0) = Fy | )] 2 s | ds

o0 ___ nls/en)d—k/m]?
< 20*(k/n)1/d+/ e 205/C)T42((s/CF)—k/n]/3 ]
20 (k/n)1/4

SQC*(k/n)l/d—i—/ e—3n(s/C*)d/32d$
2C* (k/n)t/d

< 2C* (k/n)Y* + O((1/n) /%)
= O((k/n)"?),

and so we get (25). O
Proof of Theorem 3. Notice that

Ay (x) — A%(x)

— * — * +
F$,up(p ) - Fa:,li,n,up(p + tk’vn))

- * - * +
+ (Fppgon @ 1= a—tin) = Fr (0" +1—a)) "o (27)

15



Proof of (ii): We have that

P{F;;p(p*) — F P+ ten) > O}

< P{Fpn(Fpup(p™) | 2) = p* + thn }

_P{Fknw,p(* @) = F(Fp by (0") | ©) = nn(1/VE + (k/m)"/) }
ap(0) 1) = Fon(Fry %) | @) = nn/ Vi |

+P{Fkn<Fx, 307 | 2) = F(Fo b, (07) | 2) = nn(k/n)"/"}.

As in the previous proofs, the Hoeffding inequality and the Bernstein in-
equality imply that

P{Fkn(Fx up( )| z) — Fkn( xup( | z) > mn/\f} —2k(1nn/\/E)2

_ n—21nn7

and for Inn > 2C*,

P{Fkn(F L) | @) = F(Fy L") | @) > Tnn(k/n) '/}

z,up\P ,up

{C*U(l/d) > lnn(k/n) 1/d}

<P{Ugpn > 2k/n}

1 n

=P {n Z Iy, <2b/n — B{ly,<o/n}) < —k/n}

i—1
__ n(k/n)?

< ¢ TEmT2R/ME

_ o 3k/14
Thus,

P {Fﬂgvip( ) = Fy iy F tin) > 0} < p72nn g e m3k/ Ml nzzo

T

The proof of

P{Fl (0" +1—a—tyn) — F (*+1—a)20}

mknlow a:low

< n—21nn + 6—3’{)/14]1111”220*

is similar.
Proof of (i): Because of (27) we have to prove that

- * +
(Fx,ip( ") - kal;nup(p +tk;,n)) —0
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and

+

(F} (P +l—a—ty,)—F, L (p"+1-a))" =0

z,k,n,low x,low

a.s. for py-almost-all x.
If the conditional quantiles at p* and at p*+1—« are unique, then Theorem
1 in Hansmann and Kohler [10] and (20) imply

— * — * + — * — 1) T
(Fx,;p(p ) - Fx,li,n,up(p + tkv”)) S (Fl’v;p(p ) - Fw,;,”ﬂp(p ))

and

!

_ N B i} N
( 96,1,n,l0w(p +1-a- tk,n) - F:t,llow(p +1-— OZ))

_ * — * +
< (Fm,li,n,low <p +1- Oé) - Fm,llow(p +1- a))
< P g ® 1= ) = Fpyp, (0 +1—a))
— 0

a.s. for p-almost-all x.
If the function F(y | -) satisfies the modified Lipschitz condition, and
Ijnn>2c+ = 1 for n large enough, then (14) implies that

P{An(x) — A*(.T}) > 0} < 2n—2lnn + 26—3kn/14

and so the condition k,/Inn — oo together with the Borel-Cantelli lemma
implies the strong consistency (13). O
Proof of Theorem 4. For the plug-in confidence set, we can bound the
conditional coverage probability and the excess size as follows.

P{Y e C(X) [ X =a}= ) Pjx)

j€C(x)
K
> Y Pi(x) =) |Pi(x) - Pi(x)]
jel(z) Jj=1
K ~
>1—a—t->Y [Pi(z)— Pi)]. (28)
j=1
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Furthermore,

Le@)-1e+@>0 = Li@)>1(x)

= Hi(m)—lZL*(x)
S S

< ]I ~ * (o ~
= a0 P 0 (2) - S0 [P (@) - Py (a)]

PEJ- (@) (2)

< Hl—a—f>1—a—2§{:1 \Pj(f)—lsj(fc)‘
=iy 1P @-B @) (29)
(28) implies that
IP){i/n+1 S Cn(Xn+1) | DTL?X”+1 = l’}
K
>1—a—tgn— Y |Pi(z) — Pojlx)|. (30)

j=1

Under the conditions of the theorem t, , — 0. Devroye [6] proved that
kn/Inn — oo and k,/n — 0 imply that

|Pj(2) = Poj(z)] = 0 (31)

a.s. for all j and for p-almost all x, from which we get the first half of the
theorem. Because of (30), (17) is proved if

E{|Pj(x) = Pa(@)|} = O (nk/VE) + 0 ((k/m"*).  (32)

This last step can be verified in the same way as in the proof of Theorem
2. O
Proof of Theorem 5. (29) implies that

K

P{|Cu(2)| = |C*(x)] > 0} S P{ thyn < ) |Pj(2) = Poy(2)]
j=1
< 2n—2lnn + 26_3k"/14]11""220*,

where the last step can be made as in the proof of Theorem 3. O
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